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Introduction to the Series

The problems of modern society are both complex and interdisciplinary. Despite the
apparent diversity of problems, tools developed in one context are often adaptable to
an entirely different situation. For example, consider the Lyapunov’s well known
second method. This interesting and fruitful technique has gained increasing signi-
fycance and has given a decisive impetus for modern development of the stability
theory of differential equations. A manifest advantage of this method is that it does
not demand the knowledge of solutions and therefore has great power in application.
It is now well recognized that the concept of Lyapunov-like functions and the theory
of differential and integral inequalities can be utilized to investigate qualitative and
quantitative properties of nonlinear dynamic systems. Lyapunov-like functions serve
as vehicles to transform the given complicated dynamic systems into a relatively
simpler system and therefore it is sufficient to study the properties of this simpler
dynamic system. It is also being realized that the same versatile tools can be adapted
to discuss entirely different nonlinear systems, and that other tools, such as the vari-
ation of parameters and the method of upper and lower solutions provide equally
effective methods to deal with problems of a similar nature. Moreover, interesting
new ideas have been introduced which would seem to hold great potential.

Control theory, on the other hand, is that branch of application-oriented mathema-
tics that deals with the basic principles underlying the analysis and design of control
systems. To control an object implies the influence of its behavior so as to accomplish
a desired goal. In order to implement this influence, practitioners build devices that
incorporate various mathematical techniques. The study of these devices and their
interaction with the object being controlled is the subject of control theory. There
have been, roughly speaking, two main lines of work in control theory which are
complementary. One is based on the idea that a good model of the object to be
controlled is available and that we wish to optimize its behavior, and the other is
based on the constraints imposed by uncertainty about the model in which the object
operates. The control tool in the latter is the use of feedback in order to correct for
deviations from the desired behavior. Mathematically, stability theory, dynamic
systems and functional analysis have had a strong influence on this approach.

Volume 1, Theory of Integro-Differential Equations, is a joint contribution by
V. Lakshmikantham (USA) and M. Rama Mohana Rao (India).

Volume 2, Stability Analysis: Nonlinear Mechanics Equations, is by A. A. Martynyuk
(Ukraine).

Volume 3, Stability of Motion of Nonautonomous Systems: The Method of Limiting
Equations, is a collaborative work by J. Kato (Japan), A. A. Martynyuk (Ukraine) and
A. A. Shestakov (Russia).
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Volume 4, Control Theory and Its Applications, is by E. O. Roxin (USA).

Volume 5, Advances in Nonlinear Dynamics, is edited by S. Sivasundaram (USA) and
A. A. Martynyuk (Ukraine) and is a multiauthor volume dedicated to Professor
S. Leela (USA).

Volume 6, Solving Differential Problems by Multistep Initial and Boundary Value
Methods, is a joint contribution by L. Brugnano (Italy) and D. Trigiante (Italy).
Volume 7, Dynamics of Machines with Variable Mass, is by L. Cveticanin (Yugo-
slavia).

Volume 8, Optimization of Linear Control Systems: Analytical Methods and Compu-
tational Algorithms, is a joint contribution by F. A. Aliev (Azerbaijan) and V. B. La-
rin (Ukraine).

Volume 9, Dynamics and Control, is edited by G. Leitmann (USA), F. E. Udwadia
(USA) and A. V. Kryazhimskii (Russia) and is a multiauthor volume.

Volume 10, Volterra Equations and Applications, is edited by C. Corduneanu (USA)
and J. W. Sandberg (USA) and is a multiauthor volume.

Volume 11, Nonlinear Problems in Aviation and Aerospace, is edited by S. Sivasun-
daram (USA) and is a multiauthor volume.

Volume 12, Stabilization of Programmed Motion, is by E. Ya. Smirnov (Russia).
Volume 13, Advances in Stability Theory at the End of the 20th Century, is edited by
A. A. Martynyuk (Ukraine) and is a multiauthor volume.

Volume 14, Dichotomies and Stability in Nonautonomous Linear Systems, is a colla-
borative work by Yu. A. Mitropolsky (Ukraine), A. M. Samoilenko (Ukraine) and
V. L. Kulik (Ukraine).

Volume 15, Almost Periodic Solutions of Differential Equations in Banach Spaces, is
a collaborative work by Y. Hino (Japan), T. Naito (Japan), Nguyen Van Minh (Viet-
nam) and Jong Son Shin (Japan).

Volume 16, Functional Equations with Causal Operators, is by C. Corduneanu
(USA).

Volume 17, Optimal Control of the Growth of Wealth of Nations, is by E. N. Chukwu
(USA).

Volume 18, Stability and Stabilization of Nonlinear Systems with Random Structure,
is a joint contribution by I. Ya. Kats (Russia) and A. A. Martynyuk (Ukraine).
Volume 19, Lyapunov Functions in Differential Games, is by V. 1. Zhukovskiy
(Russia).

Volume 20, Stability of Differential Equations with Aftereffect, is a joint contribution
by N. V. Azbelev (Russia) and P. M. Simonov (Russia).

Volume 21, Asymptotic Methods in Resonance Analytical Dynamics, is  a colla-
borative work by E. A. Grebenikov (Russia), Yu. A. Mitropolsky (Ukraine) and
Yu. A. Ryabov (Russia).

Due to the increased interdependency and cooperation among the mathematical
sciences across the traditional boundaries, and the accomplishments thus far achieved
in the areas of stability and control, there is every reason to believe that many
breakthroughs await us, offering existing prospects for these versatile techniques to
advance further. It is in this spirit that we see the importance of the ‘Stability and
Control’ series, and we are immensely thankful to Taylor & Francis and Chapman &
Hall/CRC for their interest and cooperation in publishing this series.
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Preface

Many important systems in analytical dynamics are described by nonlinear mathe-
matical models, and the latter as a rule are represented by differential or integro-
differential equations. The absence of exact universal methods for the investigation
of nonlinear systems has driven the development of a wide range of approximate
analytic and numerical-analytic methods that can be implemented in effective com-
puter algorithms.

Trying to give them a general description, one can assert that practically all
approximate methods are constructed by the iteration principle. This means that
first an initial approximation is somehow chosen for the problem, and then, by
means of iterations, the addition of terms of different infinitesimal order to the
initial approximation are found. The term “iteration” is understood here as either
successive approximations, or a chain of successive transformations of phase vari-
ables, or a functional series with terms decreasing in value. From the historical
aspect, the first approximation was considered as a solution of some linear problem
(hence the term linearization method), to which some small functions (propor-
tional to the small parameter) determined within the framework of one or another
perturbation theory were added. For example, while studying the oscillations of
the mathematical pendulum Newton considered the small oscillations ¢(t) of the
pendulum, i.e. a linear problem of the form

¢+uwip= A,

where w, A are constants. This linear equation serves as the initial approximation
for the nonlinear equation

) +w’sing = A

xi
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xii METHODS OF NONLINEAR RESONANCE DYNAMICS

that describes oscillations 1 (t) of a mathematical pendulum, not necessarily small
in value.

Lagrange did the same when considering secular perturbations in the planetary
three-body problem under small perturbations. It was then that the system of
differential equations of the following form was solved:

i+ w’z = F(t),

where z is a six-, eight- or ten-dimensional vector, w the vector of constant fre-
quencies, and F(t) a vector-function Q-periodic with respect to ¢.

Another approach to nonlinear problem solving is when, as the initial ap-
proximation, the solution of a system is taken that is a nonlinear but essentially
“simpler” system than the initial one. This simplified system can be obtained by
different methods, but since the times of Lagrange and Gauss, in oscillatory models
of celestial mechanics the method of averaging (or smoothing) of periodic or quasi-
periodic functions being a part of the analytic structure of the equations was most
often used. Later, and particularly nowadays, averaging methods in combination
with asymptotic representations (in the sense of Poincaré) were used as the basic
constructive means of solving intricate problems of analytical dynamics, formalized
in the language of differential equations. This became possible thanks to the work
of N.N. Bogolyubov in the 1930s, where the problem of nonlinear problem solving
was formulated as a problem of transformation of the initial differential equations
into new simplified, so-called comparison equations. Since the choice of comparison
equations is arbitrary, one can make an optimal choice (e.g. from the standpoint
of their solvability, or the proximity of solutions of comparison equations to those
of the initial system, or the efficiency of numerical methods applied to them) that
determines the corresponding transformation of phase variables. It is easy to show
that if the differential equations are written in a normal form in the Cauchy sense,
then the functions that perform the change of variables satisfy some system of
quasi-linear systems in first-order partial derivatives.

From the aspect of geometric interpretation, the transformation of initial equa-
tions into comparison equations can be interpreted as the choice of a phase space
most optimal for the given problem, of its metrics and norm. The transformation
of equations means the search for the geometry that gives the simplest description
to the considered problem. But the simplest description of a problem does not
mean that the method of solution has been found. Therefore, as a rule, it is only
a reasonable combination of iteration procedures with a successful choice of the
initial approximation and with the use of fast algorithms and compact programs
that can guarantee the efficiency of the construction of an approximate solution
with prescribed accuracy.

So the search for the optimal geometry for each specific problem of analytical
dynamics is connected with the finding of some substitution of variables that binds
the old phase variables in which the initial description of the problem is made, with
new phase variables in which the problem is described by a method that is sim-
plest (or, rather, most convenient for the researcher). If we succeed in solving the
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PREFACE xiii

equations determining the substitution of variables, we obtain convenient relations
binding the initial phase space with the new one.

An excellent illustration of this is the well-known three-body problem of ana-
lytical dynamics. Here the famous problem of small denominators occurred for the
first time, which is in essence the most attractive mathematical object for research
in the field of resonance analytic dynamics.

Small denominators were first discovered in 1784 by Laplace when he studied
the motion of Jupiter and Saturn around the Sun. It turned out that small de-
nominators (below we will give their detailed description) led to very important
peculiarities in the motion of these planets, which could not be explained by the
outstanding mathematicians of the past (Eiler, Lagrange, Lambert and others).

The point is that the motions of planets and satellites (or, rather, their co-
ordinates and velocities) have a very complex nature and can be mathematically
represented in the form of multiple Fourier series, i.e. in the form of a combination
of a lot (most often an infinite set) of periodic motions with different periods or,
which is the same, with different frequencies. Usually it is possible to choose basic
or master frequencies that are large quantities compared with the other frequen-
cies. For example, in the two-planet problem (Sun—planet—planet) it is possible to
choose two basic frequencies corresponding to the average periods of the planets,
revolution around the Sun, being the average angular velocities of their motion
along heliocentric orbits. Astronomers call these basic frequencies the average mo-
tions. Strictly speaking, average motions of planets or satellites are not constant,
but as observations show, they change very slowly, i.e. they are slow functions of
time.

If in the two-planet problem the basic frequencies are closely commensurable,
it is then that we come across the problem of small denominators. Mathematically
the effect of small denominators shows in the fact that in the solutions of the
equations of planetary motion, represented by Fourier series, periodic terms appear
with coefficients whose denominators are close to zero, or in other words, periodic
harmonics with large amplitudes appear.

If there is an exact rational commensurability of the basic frequencies, linear
functions of time may also appear in the solutions (instead of periodic functions
with very large amplitudes). In planetary motion, effects occur that in physics are
called resonance effects, like the resonant oscillations of two pendulums with their
points of suspension located on a common horizontal rod.

In the case of frequency resonances, elements of planetary orbits and their an-
gular velocities undergo great changes which in comparatively short time intervals
are difficult to distinguish from secular, i.e. linear functions of time. For example,
in the case of Jupiter and Saturn their average motion changes so that over 100
years they are almost identical to secular motion. It was this circumstance that
prompted Lagrange to make an attempt, however abortive, to construct a theory
of the motion of Jupiter and Saturn with the average motions in the form of linear
functions of time.

Now we will describe the results obtained by Laplace in more detail. According
to the observations made by astronomers in the second half of the 18th century,
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xiv METHODS OF NONLINEAR RESONANCE DYNAMICS

the average motion of Saturn (heliocentric angular velocity of Saturn per day) is
n\”) = 120" 454645, and of Jupiter is n{" = 209”.128361. Tt is casy to calculate

that ngo) : ngo) = 2.483326 ~ 5 : 2, i.e. the average motions of those planets are
rationally almost commensurable.
From this relation it follows that

om{”) — 5n(”) = —4”.016503 = —0.0000194725 rad.

The corresponding differential equations for the longitude of Saturn (quan-
tity I1) and Jupiter (quantity l) taking account of mutual attractions has the

form
dl ul
d_tl - Z Ak ks cos(kry1 + kay2),
k17k2:7N1
dl aE
d_t2 = Z By ks c0s(k1y1 + kaya),
k1,ko=—Na>

where y,y2 are functions depending in a complicated way (however, almost lin-
earily) on time ¢ and on the longitudes l;,l> themselves. The analytic structure of
the coefficients Ay, k., Bk, i, is also very complicated, but in approximate theories
they can be considered as constants. If we write a rigorous closed system of differ-
ential equations of planetary dynamics, it will take the form of a multifrequency
rotary system with slow and fast variables, and consequently A, k,, Bk, k, are
represented by power series with respect to slow variables that are here the ratios
of the major semiaxes of the planets’ orbits. Besides, it is known that Ay, k., Bk ks
diminish quickly enough with increase of |ki], |k2|, and it is also important to note
that the coefficients Ay, 1, are proportional to the mass of Jupiter, and By, i, to
the mass of Saturn. This means that the coeflicients Ay, ;, are approximately 3
to 5 times larger than By, r,. Hence it should be expected that the effect of the
change of Iy is greater with time than that of the change of I5.

In the known theories of planetary motion (both modern and previous ones)
it is shown that within a time interval several decades long (i.e. during several
revolutions of Jupiter and Saturn around the Sun)

{ y1(t)
y2(1)
where n§°),n§°) almost exactly coincide with the values of average motions ob-

tained directly from observations over centuries. If we assume that Ay, r,, Bk, k.
are constants, and y;(t), y2(t) are expressed by formulae (%), then as a result of

Q

n§°)t + Y10,

(%)

X

néo)t + Y2,0,
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PREFACE XV

integration of the equations for the longitude we obtain

all Akhkz sin [(klngm + ango))t + dl]

h(t) = Aoot+ Y

k1,ka=—N; klngo) + kQ’néO)

)

No Bk1,k2 sin [(klngo) + kQ’néO))t + dg]

Io(t) = Boot + Y ,
k1. ko=— Ny kznéo) + klnﬁo)

di, do are constants.

Before Laplace, in the construction of theories of planetary motion around the
Sun astronomers confined themselves to terms with the smallest summation indices
k1,ke = 1,2 (certainly without a rigorous mathematical justification of such a
truncation of the series), implicitly supposing that all the remaining summands are
negligibly small (note that this is the situation that occurs in the case of theories
of motion of other big planets). However Laplace found that the harmonic

A_59 sin[(?néo) - 5n§0))t + dy]
Qng]) — 5n§0)

)

contrary to former ideas, has a very large amplitude due to the smallness of the

denominator QngJ) —5n§0) which is, e.g., two orders of magnitude (300 times) smaller

than the denominator 2ng0) + 5n§0). If ngo) and néo) had not been rationally almost
commensurable, then the written harmonic would have had a small amplitude, and
it could be ignored in the theory, like Laplace’s forerunners had done. So Laplace
found that the resonance ng‘” : néo) & 2 : 5 results in the appearance of a harmonic
with a large amplitude, and when this harmonic was taken into account in the
theory of the motion of Saturn and Jupiter it brought the theory and observations
into a comparative concord.

Thus, Laplace found that the average angular velocities of Saturn and Jupiter
contain long-period perturbations with the period of 833 years and with very large
amplitudes. If they are not accounted for, the discrepancies in the longitude be-
tween the theory and the observations of Saturn may reach 50", and —20"” and more
for Jupiter. It was such deviations of the theory from observations that stumped
researchers, because from the point of view of observational astronomy, these are
prohibitive amounts.

Historically the small-denominator problem emerged during the study of the
motion in the Sun—Jupiter—Saturn problem, though astronomers now relate it to
the problem with “not very sharp” resonance. Imagine for a moment that the

average motions of Saturn and Jupiter are equal to n§°) = 119".843122, ng‘” =

299".10779541, respectively. Then 2n{” — 5n!® = —0".00000019, and then the
above harmonic would have an amplitude 100 times larger. In this hypothetical case
the long period would be equal to 83300 years, and the discrepancies in longitudes

(because the term A_j - sin[(2n§0) - 5n§0))t + di] was not taken into account in
the theory) would reach inconceivable values, around 83° and 23°.
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xvi METHODS OF NONLINEAR RESONANCE DYNAMICS

Laplace’s investigations into the theory of the motion of Saturn and Jupiter
should be regarded as an outstanding achievement of mathematics and celestial me-
chanics, they are powerful analytical tools. They had put a number of fundamental
problems before mathematicians and astronomers; the solving of these problems
has enriched not only classical mathematics, but also modern mathematics.

After the discovery of the small-denominator effect by Laplace, and particularly
in the 19th century, the two lines of research began to show, clearly expressed but
tightly connected with each other.

The first line of investigation can be called astronomical. It lies in the develop-
ment of methods and direct construction of approximate solutions of those problems
of celestial mechanics where there is a resonance of frequencies (the commensura-
bility of average motions in the first place) of celestial bodies’ orbital motion.
Required of those solutions was a sufficiently precise description of real motions,
generally within a limited but large enough time interval. In mathematical terms
it is a question of the construction of asymptotic solutions of differential equations
of planetary dynamics in an asymptotically large time interval (of order O(u~1)).
Astronomers, one might say, have successfully solved this problem of perturbation
theory for not very sharp resonances by means of the classical series which we
understand to be analytical expressions for the required variables that contain sec-
ular, trigonometric and mixed perturbations, i.e. those of the form Bsinat, but
as a rule also the secular and mixed functions

AtP (k> 0), Cthsinat (k> 0).

Classical perturbation theory for the description of large planets’ orbital mo-
tion around the Sun was mainly developed by Euler, Clairaut, Lagrange, Laplace,
Gauss, Le Verrier, and Newcomb.

Another line of investigation in the small-denominator problem is mathematical
or theoretical; it lies in qualitative analysis of the solutions of differential equations
of celestial bodies’ motion, and in the construction of such series that are conver-
gent either in an asymptotically large time interval or in an infinite time interval.
From the analytical expressions for perturbations constructed by means of classi-
cal theory, it follows clearly enough that classical series are usable in a finite time
interval outside of which they do not correspond to real planetary motion due to
the presence of secular and mixed perturbations in the series. Therefore it seems
natural to search for such mathematical methods that would allow us to obtain
analytic expressions (above all, for the slow positional variables z) that do not
contain terms proportional to t* (k > 0).

Laplace was the first to pay attention to the drawbacks of classical series and
set the objective of finding solutions of planetary motion equations in the form of
trigonometric series (if the inevitable secular term of the form wt always present in
expressions for planetary longitudes is not accounted for).

In the 19th century a number of remarkable investigations were accomplished
(Delonet, Newcomb, Lindstedt, Gylden), making it possible to represent the so-
lutions of planetary problems as formal trigonometric series. The bright mathe-
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matical idea of Poincaré on the applicability of asymptotic representation theory
(proposed and developed by himself) to the problems of Hamiltonian dynamics al-
lowed the author to describe in his famous work New methods of celestial mechanics
from a unified standpoint the methods of the study of analytical dynamics prob-
lems that might seem different in essence and form. Thanks to the mathematical
genius of Poincaré, not only resonance analytical dynamics reached an unsurpassed
level, but in fact a scientific action program was formulated for the analytics of the
20th century.

One of the interesting new directions is the KAM (Kolmogorov—Arnold—Moser)
theory allowing us to construct exact (in the sense of convergence) solutions of the
Hamiltonian dynamics regular with respect to a small parameter, in spite of the
negative impact of the small denominators on the conditions of convergence of
an infinite chain of canonical transformations giving exact solutions in the limit.
KAM theory made it possible to solve in an exact wording the problem of stability
of a hypothetical planetary system (or rather its configuration), which should be
recognized as a remarkable achievement of modern mathematics. Unfortunately,
these results are so far inapplicable to our solar system because its dynamical
parameters (planetary masses, above all) do not satisfy the estimations of KAM
theory.

However it would be incorrect to contend that asymptotic methods in resonance
analytical dynamics are in a state of completeness. This is especially noticeable in
the construction of solutions of differential equations of analytical dynamics, i.e.
in constructive equation theory. A modern researcher dreams of such a computer
realization of the asymptotic or qualitative theory of differential equations that
would allow us to use analytical operations and graphical tools fully. However
it turns out that these issues are closely associated with the so-called problem of
asymptotic theory bifurcation in the neighborhood of low—order frequency reso-
nances, and with the problem of recalculation of the initial conditions at each step
of the iterations. In other words, in resonance analytical dynamics it is possible to
formulate some problems that seem to us most urgent:

Problem 1. Let a multifrequency system of differential equations be specified on
a torus, as well as the corresponding initial conditions. Is it possible to construct
a variant of asymptotic theory such that at each step of the transformation the
iterations are minimized by changing the initial conditions? The answer is yes.
Moreover, there exists an analytic algorithm allowing us to express the new initial
conditions through the old ones, and vice versa.

This algorithm is easily implemented on computer.

Problem 2. In the construction of asymptotic theory by means of successive
changes of variables it is inexpedient to specify beforehand the analytic structure
of the equations at each step, but this should be determined from some conditions
of each iteration norm minimization. We have developed an algorithm of obtaining
such minimization conditions for typical problems of resonance analytical dynamics.

Algorithms to solve the above-mentioned problems have called forth the ap-
pearance of the concept of the bifurcation of forms of the analytical theory of
perturbations of differential equations with a small parameter.
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xviii METHODS OF NONLINEAR RESONANCE DYNAMICS

Problem 3. The development of constructive numerical-analytic methods of
the construction of periodic and quasi-periodic solutions to problems of resonance
analytical dynamics that use converging analytic algorithms and are implemented
on computer, using symbolic programming packages.

These problems are actually the subject of this monograph. We are investigat-
ing the properties of the solutions of multifrequency regular systems of differential
equations of analytical dynamics on the assumption of the presence of frequency
resonances in the evolution process (with the change of t). Used for this purpose
are the averaging principle, asymptotic representation in the sense of Poincaré, and
converging iteration procedures of Lyapunov—Poincaré. A constructive asymptotic
theory allows us to obtain in an explicit analytic form iterations of any order with
respect to the small parameter, taking into account the above-mentioned minimiza-
tion considerations.

In this monograph a number of nonlinear oscillations concerned with applica-
tions are considered.
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1 Preliminaries

1.0 Introduction

In this chapter the basic theorems of mathematical analysis are given that are
necessary for the statement of the contents of the later chapters, as well as the
main symbols, properties of series asymptotic in the sense of Poincaré’s definition,
and the main points of the classical Lyapunov—Poincaré technique for differential
equations with small parameter. It seems important to give a full statement of
the famous Poincaré theorem on the existence of asymptotic solutions of ordinary
differential equations, since in the first place it is seldom found in modern mathe-
matics books and in the second it needs some essential comments when studying
multifrequency systems of ordinary differential equations. The matter mainly con-
cerns the value of the time interval within which it is possible to use asymptotic
approximations of exact solutions of differential equations, and also the theoretical
and practical errors accompanying those approximations.

In the study of the so-called generalized equation of asymptotic perturbation
theory (or Krylov—Bogolyubov generalized equation) the method of characteristics
for first-order partial differential equations has proved to be very effective because
it allows us to find exact solutions of equations of any approximation, and there-
fore at each step of the iterations we do not introduce an error into the asymptotic
approximation of the solution. This assertion is correct at least for rotary multi-
frequency systems of differential equations with slow and fast variables. In other
words, one can say that the matter concerns systems of differential equations set
on many-dimensional tori, with their right-hand members expressed by Fourier
divisible series, and their frequencies depending on slow state variables only. It
is to such systems that the “resonance conditions” are peculiar, or the equivalent

1
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2 METHODS OF NONLINEAR RESONANCE DYNAMICS

“problem of small denominators” that are the main obstacle during construction
of their exact solutions by iteration methods.
These are differential equations of the form

dx

E :,UX(LE,y,,U,),

dy (1.0.1)
E = w(:n) + uy(w’ynu)a

where z, X are m-dimensional vectors, ¥y, Y, w n-dimensional vectors of Euclidean
space, and p is a small positive parameter. We will also assume that the right-
hand members of system (1.0.1) are differentiable a sufficient number of times
with respect to z and y in some (m + n)-dimensional domain G4, 27-periodic
with respect to y and regular with respect to p at the point p = 0. The vector
w(z) = (wi(x), ..., wp(z)) is called the basic frequencies vector.

The mathematical theory of such systems, due to the high variety of the prop-
erties of solutions determined by the nonlinearity of the vector-functions X (z,y, u),
Y (z,y, u), and due to the possible occurrence (in the process of the dynamical evo-
lution of the system) of so-called small denominators, is not complete, though
it is essentially advanced. Since Laplace’s time the effect of small denomina-
tors has been understood as the appearance in formulae for the approximate
solution Z(t,u), §(t,u), of a small-denominators system — the scalar product
(k, w(z(t,p))), where k is an integral index vector, and z(¢, 1) is the z-projection
of the system solution. The smallness of the function (k, w) means that for some

vectors k = (k1,...,k,) and some points of the space of solutions, the frequen-
cies wi(z(t, 1)), ... ,wn(x(t, n)) are rationally commensurable or almost commen-
surable, i.e.

(k; w(z (t5, 1)) >0, 5 €[0, T].

Obviously for the existence of resonances it is necessary that n should not be
less than 2. Why then do small denominators appear?

Let us revert to the system of differential equations (1.0.1) and construct the
classical first approximation by the formula

t
(1)(t :u _ZUO+N/X Zo,Yo, M dr

0
=x0+ pat + p Z X0, 1) expq{i(k,wo)t +i(k,yo)},
( wo)
ll&lI>1
where
k]| = k1| + -« + |kn], ks=0,£1,£2,..., s=1,...,n.

If the initial point (zg, yo) is such that there occurs an exact resonance at the
initial time (k, wo) = 0, then a # 0, and the function z(M (¢, ), besides having
periodic summands, also contains the secular term pat proportional to ¢. If at the
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PRELIMINARIES 3

initial time (k, wg) ~ 0 (i.e. there is an almost exact resonance) for all vectors k
from some subset of integers I..s, then for exactly those vectors the amplitudes
of periodic functions on z") may become arbitrarily large, and for all other sum-
mation vectors k periodic functions will have small amplitudes, since for them the
values of (k, wg) are not small. Actually the situation is even more complicated,
because amplitudes in the trigonometric functions exp{i(k, wg)t} depend not only
on the values of (k, wp), but also on the values of the Fourier coefficients X (o, u)
that, generally speaking, decrease with the growing norm ||k||; therefore finally the
amplitude X /(k, wo) depends both on Xy (29, 1) and on (k, wp). Such a compli-
cated process of an increase or decrease of the amplitudes of harmonic functions as
early as in the first approximation makes it difficult to study the behavior of the
solutions z(t, i), y(t, 1), not to mention higher-order approximations.

Finally, we include in Chapter 1 the iteration variant of the part of the theory
of ordinary differential equations, known as the Poincaré-Lyapunov method. The
proposed iterations can be easily algorithmized, and this is illustrated by some
examples in Chapter 4. Note that most of the problems shown in this chapter are
also described by multifunctional systems of differential equations with functions
periodic with respect to fast phase variables y, and frequencies depend on slow
variables z.

1.1 Main Symbols

1. Let the real Euclidean space of dimension n be denoted by R,,, and the unitary
complex space by K,. Norms of vector spaces R,, and K,, that we are going to use
are as follows:

=]l =



4 METHODS OF NONLINEAR RESONANCE DYNAMICS

The norm of the imaginary part of the n-dimensional complex vector z € G, C
K, is calculated by the formula

[Imz|| = |Imz| + - + | Im 2z,].

7. (z,y) will denote as a rule the scalar product of two n-dimensional vectors,
and therefore

n
(l’, y) = Zwkyk-
k=1

The same symbol will denote matrix products and those of matrix and vector.

8. If the n-dimensional vector-function u = (uy,...,u,) depends on the n-
dimensional argument vector z = (z1,...,2y,), then Ou/dz is a Jacobian matrix
of order n x n

ou Ou;
— = , Lk=1,... n.
0z (62k >

9. The Fourier series of the 27-periodic function Z(z) of the n-dimensional
argument, z will be written in complex form:

Z(z)= Y Zpexpli(k,2)}, (1.1.1)

lI%]=0

1 2m 2m )
7 = W/o /0 2(2) exp{—i(k,2)} dz . .. e (1.12)

Assume that the function Z(z) satisfies the conditions of Dirichlet’s theorem
on the expansibility of a periodic function into a Fourier series in some complex
domain G, such that z € G,, C K,, and ||[Im z|| < p, where p is a real number. It
will often be convenient to present the series (1.1.1) in the form

Z(2) = Zn(2) + RN Z(2), (1.1.3)

ZIn(z)= > Zrexp{i(k,2)}, (1.1.4)
<[k <N

RyZ(z)= Y Zrexp{i(k,2)}. (1.1.5)
l[£l1>N+1

The function Zn(z) is always a trigonometric polynomial, and Ry Z(z) can be
both an infinite trigonometric sequence and a finite polynomial.

10. Function averaging (smoothing) operators will be denoted by the symbol
M with the subscript indicating those variables on which the averaging procedure
is executed.
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Let us introduce the following symbols denoting the averaging operators that
are used most often:

T
M[Z(z,t, 1)) = Z(z, ) = Tlgnool/ Z(z,t, p) dt, (1.1.6)
Mz[Z(z,p)] = ’ ’ (z,pn)dz1 ... dzp
(1.1.7)

Operator (1.1.7) is used if the function Z(z, u) is 2w-periodic with respect to
all components of the vector z in the range of definition, i.e.

Z(z+ (2m), p) = Z(2, 1),

where z + (27) denotes the vector (z1 + 2w, ..., z,, + 27).
In addition, the procedure of averaging over some of the arguments zq, ... , 2
(s <n) is applied:

M[Z(z,1)] = Z(2s41, - - -

s Zny W
2w 2w
27r / / (21, -+ 328y Zsd1y - -+ 5 2n) dz1 . .. dzg
(1.1.8)

11. A vinculum above literal symbols will denote the averaged value of a
function or a variable, or a solution of averaged (smoothed) equations. Z is an
averaged value of Z; if z(t,u) is a solution of some equation, then Z(¢,u) is the
solution of the respective averaged equation.

1.2 Asymptotic Series and their Properties

Consider an infinite power series of the form

Zﬂkzk(tvﬂ)a (121)
k=0

with each term defined in Go = {(¢,u): t € [0,T], u € [0, u*]}.
Denote its partial sum by

n

Su(t, ) =Y b zi(t, p). (1.2.2)

k=0
If there exists a function S(t,p) in G such that for any n > 0 there is a limit
relationship

S(t, 1) — Snl(t, 1)

1L—00 ,u"

=0, (1.2.3)

then we will say that series (1.2.1) is an asymptotic representation of the function
S(t, ) in Go (see Poincaré [2]). This is Poincaré’s definition, and it has proved to
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6 METHODS OF NONLINEAR RESONANCE DYNAMICS

be very efficient in nonlinear equation theory. Poincaré also proposed to use the
following symbol of identical equality for the determination of (1.2.3):

oo
St ) = pFzi(t, ). (1.2.4)
k=0
He called these relations asymptotic equalities. We will mostly call (1.2.1) an
asymptotic series.

Of course, every convergent power series is also an asymptotic series, but the
inverse proposition is obviously incorrect. From this definition follows a very im-
portant equality:

n

S(top) =Y _pFan(t,p) + o(u"). (1.2.5)
k=0

Two asymptotic series can be added and multiplied, i.e. if

Z/‘ (¢t (1.2.6)
Zu’“ (2)(¢ (1.2.7)
then
S(t, ) = Sy (t, 1) + Sa(t, p) Zu 2k (t 1), (1.2.8)
[It 1) = Su(t. ) Sa(t, ) Zu H (1.2.9)
where
2ty 1) = zS)(t, W) + 27 (¢ 1), (1.2.10)
[Tt = Zzgw,ﬂ 22, (). (1.2.11)
k s=0

If each term of the asymptotic series (1.2.1) is integrable with respect to ¢
within [t1,t2] C [0,T], then the following asymptotic equality is true:

S t,pu)dt = Z,u / zi(t, ) dt, (1.2.12)
ty
i.e. asymptotic series can be integrated term by term, giving an asymptotic series
as a result.
Inverse operations on asymptotic series (division and termwise differentiation)
are also possible, but under some additional conditions.
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If 237 (t, 1)) # 0 in Gs, then

Sy (t, o
SQEt,Z; D(t, p) = Zﬂkdk(t,ﬂ), (1.2.13)

where the coefficients di (¢, u) are defined in series from an infinite system of alge-
braic equations:

(1.2.14)

It has been shown by Poincaré [1] that generally speaking it is impossible to
differentiate the asymptotic series (1.2.4) term by term, even if each term of (1.2.1)
is a differentiable function. In other words, the series

N dze(t,p)
k kL
> =
k=0
and the function dS/dt can be such that

ds( t ” Z ’fdz’” (t ” (1.2.15)

At the same time Poincaré [1] showed that asymptotic series could be used for
the construction of solutions of differential equations in the following sense. Let
the function z(t, u), differentiable with respect to ¢, be the solution of the equation

dz
=Z(z,t 1.2.1
= = 2G.tn). (12.16)
and let the series
o0
D(t,p) =Y uhzn(t, p) (1.2.17)
k=0

formally satisfy equation (1.2.16) (whether it converges or diverges). Now write
the asymptotic equality

dD( t “ Z ’fdz’“ (t “ (1.2.18)

We can assert that
dz(t,p) _ dD(t, p)
dt dt

(1.2.19)
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8 METHODS OF NONLINEAR RESONANCE DYNAMICS

Now formulate an asymptotic equality for a composite function. Let the func-
tion F'(z) be analytic (see Schwartz [1]) in some neighborhood of the point z = 0.
Let there also exist the asymptotic equality

o(t,p) =Y phai(t, ). (1.2.20)
k=0

Then the following asymptotic equality is true:

Fla(t,p)=F <Z u’“xk(t,u)) : (1.2.21)
k=0

The above properties and relations for asymptotic representations can be eas-
ily generalized for the case of multivariable functions when the argument z =
(21,...,2,) has dimension n.

1.3 Poincaré’s Theorem on Asymptotic Approximations of Solutions
of Differential Equations

The basis for the applicability of asymptotic series in the theory of ordinary differ-
ential equations is the remarkable theorem proved by Poincaré in his famous work
New methods of celestial mechanics. The theorem is stated below, together with
a sufficiently detailed proof. It will henceforth allow us to explicitly write many
estimations necessary in specific cases.

Theorem 1.3.1 Let there be given the equation

dz

— =Z(z,t 1.3.1

= = 20t n) (1.1
and the initial condition

2(0, 1) = zo. (1.3.2)

In addition, let:

(1) the vector-function Z(z,t,u) be defined, continuous and bounded in the
(n + 2)-dimensional domain Gpia = Gpi1 X [0,T], analytic with respect
to z, u in the domain Gpy1 = 2z € Gy, p € 0, u*];

(2) the terms of the series (1.2.17) be analytic with respect to p € [0, u*] and
satisfy the conditions

20(0,p) =0,  k=0,1,2,... (1.3.3)

Then for any € > 0 there exists po € [0, u*] such that for all u € [0, po] and
t € [0, To < T the following estimation is true

I2(t, 1) = Sp(t: Wl <ee, (1.3.4)
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PRELIMINARIES 9

where z(t,u) is the exact solution of equation (1.3.1) with initial condition (1.3.2),

Sp(tau) = Zukzk(tvu)' (1.3.5)
k=0

Proof Condition (1) ensures the existence and uniqueness of the solution of
equation (1.3.1) within the interval [0, T* < T]. In equation (1.3.1) perform the
substitution of variables

2t 1) = Syl 1) + p7 ut, ). (1.3.6)
where u(t, ) is a new vector-function. Clearly this satisfies the differential equa-
tion

du ds
Pl — = Z(Sp + p M, t,p) — =2 1.3.7
Define the vector-function S,(¢, ) from the equation
ds =
d—tp = Z(Sp(ta :u))a (138)
which is obtained from the initial equation if the terms proportional to puP*!,
uPT2, ... are truncated from its right-hand member.

Taking into account the generalized Cauchy theorem (see Poincaré [2]) on solv-
ing differential equations with an analytic right-hand member in the form of power
series, for each component pP*'u; of the vector puPtlu the following inequality
can be written:

_ dSpk - M

dt m ’
1—au 1—|—upZus

s=1

Z (1.3.9)

where a, M are some positive numbers. The symbol < means termwise majoriza-
tion. For u = 0 it can be written that z = S,. On the other hand, series (1.2.17)
formally satisfies equation (1.3.1), and so the vector difference Z(S,+uP™ u, t, u)—
dS,/dt is divisible by pP*!. This implies that instead of the majorizing inequality
(1.3.9) it is possible to write a “more detailed” inequality

Muprtia <ap + Zus>
s=1
it n '
l—ap |1+ upZus

s=1

_ dSpk

Z (1.3.10)

Introducing the notation

_ Ma(a” + f)
1 —ap(l+prf)

ds -
:uerle = Zk - dlgka f = Zus
s=1
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10 METHODS OF NONLINEAR RESONANCE DYNAMICS

it becomes obvious that Ry < F (k = 1,...,n), and the differential equation
(1.3.7) takes the form

d
d—;‘ =R, R=(Ri,...,Rn). (1.3.11)
Simultaneously with the vector equation (1.3.7) consider the scalar differential
equation
df Ma(a® + f)
—=F =— - 1.3.12
= P = ot arf) ( )
with its general solution expressed by the formula
p 17[L#+ap+1up+1
(a” + f) = Ce*Mt, (1.3.13)

eaMP'Hf

If it is assumed that f(0,u) = 0, then the partial solution of equation (1.3.12)

satisfying this initial condition will be nonnegative for sufficiently small denomina-
tors u, and it is defined by the equality

P (D 1 llli+ap+1 p+1
o™ (a +@{L]p+1f = Mt (1.3.14)
Study the behavior of the function f(t,u). From (1.3.14) determine the inverse
function ¢ = t(f, p):

aMt = (1 —ap+ a? P ) In(a? + f) — p(1 — ap + a? ' pP ) Ina — ap?*' f.
(1.3.15)
Since we are interested in the behavior of the solutions of system (1.3.11) with
t > 0, first find the interval within which the function ¢ = #(f,u) is monotone
decreasing, i.e. the interval within which the derivative t'f > 0. It is easy to
calculate that if 0 < f < f, where
1-— 1—ap

[ =i (1.3.16)
then 0 <t <1,
_ p+1 p+1
_ |} 1 —ap+aPttprtt ey —(1-a )-I
= PP -
[ H J (1.3.17)
The intervals [0, f], [0,%] are respectively the intervals of monotone increase of

the functions t = ¢(f,u), f = f(t,u).

For each specific value of p the intervals [0, f], [0,f] are bounded, and conse-
quently the norm of the vector-function w(¢, 1) is also bounded above. Moreover,
the maximum interval [0,¢] and the norm estimation

(6, 1) = Syt )| < ma(l — apr), € [0,8], 0< p< inf{a, i},
(1.3.18)
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are known for each value of p.

From the expression (1.3.17) and inequality (1.3.18) it is clear that the smaller
is u, the bigger is £, and the value of na(l — au) tends to the finite value na.
From this it follows that for ¢ € [0,¢], the norm ||z — S,|| for any small values y,
generally speaking, may not be arbitrarily small, and therefore we should consider
another, smaller interval of the variable ¢. From (1.3.16) and (1.3.17) it follows that
if 4 — 0, then f — oo, ¢ — co. Intervals of monotone increase of the functions
t=t(f,n), f = f(t,u) become infinite, and consequently the function f(t,u) as
u — 0 becomes arbitrarily large, though puP*!f(t,u) — @ < a—*. For sufficiently
small p we have

= O(npPt™). (1.3.19)

In other words, considering such an interval of time, with y — 0 one cannot
construct a majorant f(¢, u) by Poincaré’s method, which could be effectively used
in obtaining e-estimation of the norm ||z — Sp||. Moreover, it can be shown that
for an arbitrary interval [0, £(u)] C [0,%] such that #(u) — oo with g — 0, the
majorant f(t,u) also increases indefinitely. This implies that in order to build a
good bounded majorant it is necessary to consider a limited interval of time [0, T]
on condition that

T(pu) = Ag < o0 as u — 0, (1.3.20)

where Ay is a finite positive number. With ¢ € [0, T*] and sufficiently small u the
majorant is bounded, and with pu — 0 it tends to the finite bound

; _ aMt _ aMT _
IPLI}) [t p)=a’ (e 1) <a(e 1). (1.3.21)

The differential equation (1.3.12) is a majorizing one for each of the equations of
system (1.3.11) with the initial conditions u1(0,u) = ... = u,(0, ) = f(0, ) = 0.
This implies that for every k& =1,...,n the following relations are true:

up(t,p) < f(t,p), k=1,....n, t€[0,Tp), To=inf{T,T*}.
(1.3.22)

From the boundedness of the functions wu(¢t,u) by t € [0,To] follows the
boundedness of the norm

llu(t, p)|| < na® (e*MT0 —1).
Now let an arbitrary € > 0 be set. Choose pg(g) from the condition
bt nar? (eeMTo — 1) = ¢, (1.3.23)
Then for every p € [0, uo(e)] and t € [0,To] we obtain
pP ut, pll <e,

and hence estimation (1.3.4) is true. The theorem is proved.
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12 METHODS OF NONLINEAR RESONANCE DYNAMICS

1.4 Geometric Interpretation of Solutions of Oscillating Systems

The behavior of solutions of multifrequency systems depends not only on whether
frequency resonances appear or not, but also on the nature of the norm of the
integral vector k for which the resonance relation k; : ko = wy : w; holds true
in the case of a dual-frequency system. If there are more than two frequencies,
then the following equality is called by definition the resonance relationship for
frequencies wy, ... ,wn:

(k,w) =0, (1.4.1)

where k = (k1,...,k,) is an n-dimensional integer vector.

Equality (1.4.1) expresses the exact resonance equality, or O-resonance. But
also in real situations, more probable are the cases when instead of (1.4.1) the
following approximate equality is true

(k" w)=a, k*=(k,... k), (1.4.2)
where |a| is some sufficiently small quantity. If a in this problem is considered a
small quantity, then the (k*,w) will be called the a-resonance.

The integer

111 = D _|k3| (1.4.3)
s=1

is called the order of the a-resonance.

Let there exist a-resonances with different integer vectors k(") and k(). The
a-resonance (kM),w) is called a lower-order resonance compared with the a-reso-
nance (£, w), if ||| < ||k®||. And conversely, a resonance (k(?),w) is called
a higher-order resonance compared with (k") w). If ||| = ||k®]|, then both
a-resonances are of the same order.

There always exists a resonance of least order, with its integer vector k* defined
from the condition

Il = inf (1
7)) = i 1£2)]. (14.4)

The interval [—a, «] will be called the a-resonance zone.

In the asymptotic theory of differential equations with periodic functions the
lowest (with small ||k||) small (with very small &) a-resonances are of great impor-
tance, because the growth of amplitudes of individual harmonics depends both on
the « value and on the norm of the vector ||k|. We give two examples to explain
this thesis.

Ezxample 1.4.1 In an n-dimensional domain of G,, Euclidean space let there be
given a p times differentiable function f(y) depending on n arguments y1,... ,yn-
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In addition, let it be 27-periodic in y. Then it can be presented by an n-fold Fourier

series
f@)= > fre'®v (1.4.5)
[kl >0
with bounded coefficients
v
< —F_ 1.4.6
|fk|_ ﬂ_kaHp’ ( )
. . orf . . .
where V), is an overall variation 50 9 in the parallelepiped of periods. Now
yl PR y n
assume that !
y = wt, (1.4.7)
where w = (w1,...,wy) is a numeric vector.
After replacement of the argument y by the function wt in Fourier series (1.4.5)
we get either a periodic function ¢ (if the frequencies wy, ... ,w, are rationally com-

mensurable, then there is exact resonance with some integer vectors kM), k(). .),
or a conditionally periodic function (in the case of rational incommensurability of
the frequencies). Integrating with respect to ¢, we get

t i(k,w)t
/ fwr)dr=ag+ait+ Y e (1.4.8)
0

e (k)

where the primes on the sum indicate that the summation is performed only with
respect to those indices k for which (k,w) # 0, i.e. the index vector k only takes
on “nonresonance” values. It is easy to calculate that

a1 = fo+ A, (1.4.9)
where fo is an absolute term of Fourier series (1.4.5), and A’ only appears when
the frequencies wy,...,w, are in resonance. In other words,

!

A= fi, (1.4.10)

ll&l>1

and in this sum, the index vector k only takes on those “resonance” values for
which (k,w) =0.

Thus, the resonance terms in the Fourier series lead to the appearance of
additional secular terms in the integral (1.4.8) in addition to the typical secular
term fot which is always present (except when the average value of f(y) in the
period equals zero).

Equality (1.4.8) also shows that the amplitude of the harmonic exp{i(k,y)}
equal to |fr|/|(k,w)| depends both on the value of the coefficient f;, and on that
of the denominator (k,w). With the same value of (k,w) the higher amplitude
will be that for which |fi| is higher, i.e. the greatest influence is exerted by the
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14 METHODS OF NONLINEAR RESONANCE DYNAMICS

initial Fourier coefficients, because the larger the norm ||k||, the smaller is f. In
particular this is clear from estimation (1.4.6).

This implies that there can be very sharp resonances (k,w) = 0, but due to
the large value of ||k|| their influence is imperceptible, because it is suppressed by
the number f;. On the other hand, a not very sharp resonance with a relatively
small value of ||k|| can provoke strong growth of amplitudes. We are dealing with
quite a complicated mechanism of simultaneous growth of harmonic oscillation
amplitudes due to the possible appearance of small denominators of the form (k,w)
in representations of functions, and their damping with the increased number of
the harmonic k. It is this mechanism that is always seen in the construction of the
asymptotic theory of differential equations describing multifrequency oscillatory
processes.

Ezample 1.4.2 Let there be given a Hamiltonian system

dz __0H

dt oy (1.4.11)
dy _ OH

dt oz’

where z is an n-dimensional pulse vector, y an n-dimensional vector of generalized
Lagrange coordinates, and the Hamiltonian has the form

Let the undisturbed Hamiltonian H(z,y) be calculated by the formula

n
2 2
Ho(z,y) = ho + E WETE + 1177 + a12T122 + Q2225
k=1

1 e —
T3 Zzhsj(y&y4,--- 2 Yn)T;Ts, (1.4.13)

s=3 j=3

where hg, wg, ajs are some positive numbers and the functions h,; do not depend
on y; and ys.
The undisturbed Hamiltonian system obviously has the form

dmgo)
dt
dméo)
dt
da\”) dH, 1
dt gy 2+

Copyright © 2004 CRC Press LLC



PRELIMINARIES 15

dyl”  8H, . o
ay, _ OHo _ 5
dt 9200 w1+ 2a112; " + a1z,
ay\”  0H, 0 o
dy,~ _ OHo _ )
dt 6xéo) wa + aipxy’ + 2a2215 7,
dyl(cO) 0H, 1 & ©
at <o>:wk+§zhkﬂj , k=3,...,n.
Oz, =

It admits the partial solution

mgo) =Ry, xéo) = Ry, x;@o) =0,

y;o) = (wl + 2011R1 + alQRQ)t + yg(()))’

ys” = (w2 + a1 Ry + 203 Ro)t + 31

y,(co) :wkt-l-y,(c%), k=3,...,n.

(1.4.14)

From (1.4.14) it is clear that in the undisturbed motion all pulses are continuous,
and the Lagrangian coordinates are the linear functions of time.
Now consider the initial system (1.4.11) with disturbance of the Hamiltonian

pHy = —pcosys.

The explicit form of a system with Hamiltonian H = Hg — pcosy; is written as

% = —usin
dt - M Y1,
diEQ
22
dt ’
dre _ LN~ Ohys
da 2 — oy, 1Y
e (1.4.15)
i =wi + 2a1171 + a2,
dt
d
% = Wy + a12x1 + 2a2219,
dyk 1 -
ﬁ—wk—FEZhjkxj, k:3,...,’l’l.
7=3
To equations (1.4.15) add the initial conditions
2?10 :Rl, .’EQO :Rz, xkO :0,
(0) (0) (0) i)

ys(0) =0, k=3,...,n, s=1,... n.
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System (1.4.15) with initial conditions (1.4.16) can be exactly integrated, and its
partial solution is expressed by the equalities

w1 + 2a11R1 + a12Rs

t =Ry — 1-d
xl( au) 1 2a11 ( ngo)a
Ri + 2a22R,
pat, ) = Ry — 2T ZEB (1 dng), a(t,) =0,
22
yl(tap’):2am¢a yQ(ta,U’):2am/¢}a yk(tap’):wkta k:?’a"'ana
1 (1.4.17)
o(t) = 5(001 + 2a11 Ry + a12R)t,
1
Y(t) = 5(602 + a;a Ry + 2a22Ry)t.

Formulae (1.4.17) include elliptical Jacobian functions (see Whittaker and Wat-
son [1]) am ¢, am 1, dny, dn with their moduli equal to

2\/20/11/1 2\/20/22/_1,

, Ko = )
w1 + 2a11 Ry + a12R» 2 ws + a9 R + 2095 R»

K1 =

It is known that the functions dny and dn are periodic, therefore z1(t, p)
and z5(t, ) are periodic as well. As for the amplitude functions am ¢ and am,
they are semi-linear functions of time. Indeed, if we use the trigonometric expansion
(see Duboshin [1])

TP 2%1 q" . nmy

MY = K (m1) n1i+ ¢ VK (k)

n=1

where K (k1) is a complete elliptic integral of the first kind,

K (V=)
q = exp —W )

then it is clear that with g — 0 the modulus of the elliptic integral x; — 0, and
under these conditions K (k1) — 7/2 and K(y/1—k?) = oo. So ¢ — 0. Thus
with 0 — 0

1
amep — @ = —(w1 + 2a11 Ry + (llQRQ)t,
2a11
or

amy = ¢ + O(p).

For simplicity assume that the Hamiltonian system describes the dynamics
of a mechanical or physical system with two degrees of freedom. Then in the
solution of (1.4.17) one should truncate the expressions for z (¢, u) and y(t, p)
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(k=3,...,n), and obtain
w1 + 2a11R1 + a12Rs

1 (b, p) = By — S, (1—dny),
2ot ) = Ry — wp + 0125:2:' 2a2: Ry (1—dnd), (1.4.18)

yr(t,p) = 2amep,  ya(t, p) = 2amy.
Compare this solution with the corresponding undisturbed solution obtained
from (1.4.14) by rejecting the formulae for ZU;CO) and y,(co) (k=3,...,n):
50 =R, o (1) = Re.
v (1) = (w1 + 2a11 Ry + ara Ro)t,
y$ () = (w2 + a1 Ry + 2ass Ry)t.

The disturbed pulses 1 (t, ) and z2(¢, u) change periodically around their

undisturbed values R; and R». The generalized coordinates y; (¢, u) and ya(t, p)
with time may differ greatly from the undisturbed functions y§0) (t) and yéo) (1),

since up to u

(0) 2a11
tp) —yy (1) = (w1 + 2a11 Ry + ar2Ro)t |1 — ’
st =0 = ainf + arafiy) { (w1 + 2a11 Ry + a12R2)2}
ya(t, p) — yéO) (t) = (w2 + a12R1 + 2a22Ro)t {1 — 2a22p1 2} ’
(w2 + a12 Ry + 2a2:R)

and with ¢ = 1/p these differences reach a finite value. But besides the secular
motion, the difference ys(t, u) — ygo) (t) also contains periodic functions of time.
Therefore the behavior of the functions y4(t, u) — ygo) (), despite their complexity,
suggests that the disturbed coordinates y1(t,u) and yo(¢, ) may go arbitrarily
far from undisturbed quantities.

The above analysis can be given a clear geometric interpretation (cf. Arnol’d [1],
and Poincaré [2]).

Represent a two-dimensional torus by circles of radii Ry > 0 and Ry > 0
(Fig. 1.4.1). In topological terms, a two-dimensional torus (or, more exactly, a
toroidal surface or a “hollow bagel”) is a direct product of two circles Cy and Cs
with radii R; and Rs. The position of any point P on the surface of the torus is
defined by two angular coordinates (longitude and latitude) of the point. We will
interpret the variables y%o) (t) and yéo) (t) as the angular coordinates of the point
P on the surface of the torus (or on the torus, for short). Then the initial values of
the pulses Ry and R (if they are positive) define the dimensions of the torus, and
the generalized Lagrangian coordinates yio) (t) and yéo) (t) describe the trajectory

of the point on the torus. The path defined by the two angular coordinates y%o) (t)
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4 0
M J B, -
’ \.;'},',"L‘,/
(b) () (d

Fic. 1.4.1. Two-dimensional torus (a); cross-section of the torus
(b); horizontal (longitudinal) section of the torus (¢); winding of a
two-dimensional torus (d).

and yéo) (t) winds round the torus; depending on the arithmetic properties of the

numbers wi = wi + 2a11R1 + a12 Ry and w3 = ws + a12R1 + 2a20Rs which can
be considered as some new frequencies, the torus winding may be solid everywhere
(if the frequencies wj and w3 are rationally incommensurable, i.e. if there is no
resonance) or will close after a certain number of convolutions by longitude and
latitude (if the frequencies are rationally commensurable) (Fig. 1.4.1).

Thus, depending on the arithmetic properties of a frequency vector with com-
ponents wj and w3, the path on the torus can be represented by a periodic function
(in the case of resonance) or a conditionally periodic function with two frequencies
(in the case of no resonance).

These geometric considerations are true if once the frequencies w;j and w3 are
calculated they henceforth remain constant, as for the undisturbed problem. If
one considers the disturbed problem (1.4.15) with n = 2 and consequently tries
to interpret the solution (1.4.18) geometrically, the periodic functions x; (¢, u) and
xo(t, ) suggest, as it were, pulsation of the torus, and this situation arises when
the periods of the functions z; and zo are rationally commensurable. Then the
pulsation is a periodic function, and therefore the initial torus will be repeated in
certain time intervals. On the pulsating torus a point will move in accordance with
formulae (1.4.18). It should also be noted that the functions z; and z5 are slowly
changing (with small values of i) time functions, therefore the torus pulsation goes
on very slowly, and with u — 0, z1(¢t,u) = Ry, z2(t, ) = Ro.

In the case of n > 2 degrees of freedom, the paths of Hamiltonian systems can
be interpreted in a similar way. It is possible to introduce an n-dimensional tore
as a direct product of n circumferences Cy,Cs, ... ,C, with radii Ry, Rs,..., Ry,
and on the surface of the n-dimensional torus n geographical coordinates y1,... ,yn
can be introduced—in the undisturbed version (with p = 0) of the linear func-
tions of time. If the frequencies wf,...,w} are rationally commensurable (i.e.

n
(k*,w*) = 0), then on the surface of the n-dimensional torus the trajectory of
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point P will close, and in this case we will obtain a periodic orbit, and if the fre-
quencies are rationally incommensurable with all integer vectors k, we will obtain
the everywhere solid winding of the n-dimensional torus. Similar considerations can
also be developed for a disturbed Hamiltonian system with n degrees of freedom.

1.5 On the Method of Characteristics for Quasi-Linear First-Order
Partial Differential Equations: Method of Characteristics

Since hereinafter we will repeatedly need the Krylov—Bogolyubov equation, we will
demonstrate the analytic aspects of the method of characteristics.

The generalized n-dimensional vector equation of Krylov—Bogolyubov consi-
dered as the basis of the asymptotic theory of equations using the averaging prin-
ciple, has the form
Ou <8u

+

AR Z(z,t,u)> =Z(Z+wu, t,u) — Z(2,t, ), (1.5.1)

where ¢ is a scalar variable, Z, Z, %, u are n-dimensional vectors, u is the sought
vector-function, and Zz and ¢ are its arguments. The exterior brackets in the left-
hand member of equation (1.5.1) stand for the product of the Jacobian matrix of
dimensions n x n and the n-dimensional vector Z.

Such an equation is called a quasi-linear first-order partial differential equation.
The structure of this equation includes the partial derivatives du/dz in the linear
way, but its right-hand member can depend on the function u itself in a nonlinear
way.

In conformity with the method of characteristics (see Stepanov [1]), construct
a system of ordinary differential equations for characteristics, which can be sym-
bolically written in the form

dz _ du
z z-Z
This symbolic equality actually stands for the following system of differential equa-
tions:
dz Zn d dity,
i: :_—:7’“1— — = u— :dta (]‘52)
Z1 Zn Zl - Zl Zn - Zn
where Zi,...,Z, are components of the vector Z; components of vectors Z — Z,

Z, u are denoted in a similar way.
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The system (1.5.2) can be written in the so-called normal form

dz; . _
E = Zl(zla cee ,zn,t,,u),
dz -
d_f:n = Zn(zla .. ,zn,t,,u),
dU1 =
E - Zl(zl + U1, ) Zn + Un, ta,U’) _Zl(zla aznata,u)a (153)
du _ _ = _
d—tn = Zn(zl +uy, .., Zn + Un, t’,U’) - Zn(zla' e ,Zn,t,,lt)-
This has order 2n, and it is important to note that its subsystem consisting of
the first n equations does not contain the functions uq,... ,u,, therefore it can be

integrated irrespective of the second subsystem. The validity of the applicability of
the method of characteristics to quasi-linear first-order partial differential equations
is based on the following remarkable assertion.

Let the general integral of system (1.5.3) be known:

\Pl(zla"' s Zns ULy .- ,Un,t,,U/) :Clﬁ

Then the arbitrary differential function V' with its arguments being the functions
Uq,...,Vsy, is the solution of the quasi-linear first-order partial differential equa-
tion (1.5.1).

Certainly, finding the general integral of a system of ordinary differential equa-
tions in normal form is not a simple task, but fortunately for multifrequency sys-
tems of differential equations with slow and fast variables, with their right-hand
members being multiple Fourier series, such a problem proves to be solvable. As
will be shown later, it allows us to advance the asymptotic theory of systems of
ordinary differential equations regular with respect to a small parameter arbitrar-
ily far, i.e. it is possible to basically define asymptotic approximations with an
arbitrarily large number in the form of explicit functions.

1.6 Iterative Variant of the Poincaré—Lyapunov Small Parameter
Method

This method was found for the first time by Lichtenstein [1]. It was developed in
more detail by Malkin [1] and applied to different problems of nonlinear oscillations.
This section is based mainly on the monograph by Grebenikov and Ryabov [1]. Tte-
ration algorithms are the basis for the numerical-analytic construction of periodic

Copyright © 2004 CRC Press LLC



PRELIMINARIES 21

and conditionally periodic solutions of nonlinear systems, which is the subject of
Chapter 4.
Let there be given a system of the form

dz
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well as the constant (or the constant vector) ¢, are found by means of successive
approximations

xl(tnu)a x?(ta,u)a e Co, cl(:“’)a c?(lu)’ e (167)

These approximations are determined by the following systems of differential
and algebraic (transcendent) equations:

Folco) = /H(t)Z(zO(t,co),t) it =0, (1.6.8)
dd% = P(t)a1 + pZ(:"(t, co), 1), (1.6.9)
Fi(c) = /H(t)Z(zO(t, e) + 21 (t, ), £) dt = 0, (1.6.10)
dd% = P(t)zs 4 pZ (Ot cr) + 31 (6, 1), 1), (1.6.11)

etc.

The simplest situation (first-order critical case) occurs when the system of
algebraic equations (1.6.8) has the so-called simple solution & (or several such
solutions), i.e. such that the determinant

det <8F°(CO)> (1.6.12)

660

Cco=Co

is nonzero. Then to every such solution ¢g, at least if u does not exceed a certain
limit, there corresponds the singular constant c.(u) (or a singular vector c.(u))
and the singular 2m-periodic solution z.(t, ) of system (1.6.2). The series (1.6.7)
converges to this solution . (¢, ) and to the constant ¢y (or to the vector &).
When g — 0 the solution z,(t,u) approaches zero.

But if the determinant (1.6.12) is zero or equation (1.6.8) is satisfied identically,
then different critical cases of second and higher order occur. The existence of 27-
periodic solutions and the construction of successive approximations converging
to those solutions are ensured by supplementary conditions (see Grebenikov and
Ryabov [4]).

¢) Autonomous systems Let the following autonomous system be considered in-

stead of (1.6.1):

d
d—': = Az + pZ(2), (1.6.13)

where A is a constant matrix, Z(z) a vector-function continuously differentiable
in a sufficiently large domain D, and the matrix A is such that the homogeneous
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system

dz

—=A 1.6.14

prialitd ( )
has a family of 27-periodic solutions 2°(t,c) depending on the arbitrary constant
¢ (or the constant vector ¢). Since the period of the sought periodic solution of
system (1.6.13) with u # 0 in the general case differs from 2, the substitution
t = (1 + ph)d is introduced, so system (1.6.13) is rewritten in the form

% — (14 ) Az + u(1 + uh) 2 (2). (1.6.15)

With g =0 we have a family of 27-periodic (with respect to 6) solutions 2°(6, c).
Upon the substitution z = 2°(#,¢) + z, we obtain for z the system

dr _ Az + phA(Z°(0,¢) + ) + p(1 + ph) Z(2°(8, ¢) + ).
do
(1.6.16)
The successive approximations
.171(0,,“), .172(0,,&), s hOa hl(u)a hQ(u)ﬂ ..y Co, cl(:u)a CQ(M)a ..
(1.6.17)

are constructed and these approximations are determined from the following dif-
ferential and algebraic (transcendent) equations:

27

Fofeo o) = [ H®) [haAz0(0.c0) + 2(:"(6.c0)] b =0,
o (1.6.18)
diBl 0 0
- Azy + phoAz°(0,co) + uZ(2°(0, o)), (1.6.19)
27
Fl(Cl,hl) E/H(G) [hlA(ZO(e,Cl) + 2?1)
0
1.6.20
+p(1 + phi) Z(2°(0, ¢1) + 21)] d6 = 0, ( )
dl‘Q _ 0 0
- Azo + phi A(2°(0,¢c1) + 21) + (1 + phi) Z(2°(0,¢1) + x1),
(1.6.21)

etc.

The simplest situation (the first-order critical case) occurs when the algebraic
(transcendent) system (1.6.8) with respect to hg, co has the simple solution &g, hg,
such that the determinant

det <6F0(co, h0)>

B(co. o) (1.6.22)

co=Co, ho=ho
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is nonzero. Then in any case, if u does not exceed a certain limit, then the series
(1.6.17) converge to the periodic solution z.(f,u) of system (1.6.16), to the con-
stant h,(u) and to the constant (or the constant vector) c.(u) respectively. The
constant h,(u) determines the period

T =2r(1 + phi(p))

of this solution as a function of u, and the constant (or the constant vector ¢, (u)
determines the solution z°(¢,c, (i) of the family z°(,¢), to which the T-periodic
solution of the initial system (1.6.13) with u # 0 corresponds.

If the determinant (1.6.22) is zero, or equation (1.6.18) is satisfied identically,
then we have the critical cases of first and higher order. The analysis of such cases
can be found in the book Grebenikov and Ryabov [4].

1.6.2 Iterations with quadratic convergence

a) Nonresonance (noncritical) case Write the system (1.6.2) in the form

dr
dt
where the function X (z,t) is continuously differentiable with respect to its argu-

ments and 27-periodic with respect to t. Successive 2w-periodic approximations of
the form (1.6.4) are determined from the equations

Pt)x + pX(z,t), (1.6.23)

dxp OX (xg—1,t)
e [P(t) th—— | Tk
OX (wp—1,t .6.
+p [X(Cﬁk—ht) - 7(2; - )CUI@—1:| ; (1.6.24)
k=1,2,..., 0=0.

The following asymptotic estimations are true (see Grebenikov and Ryabov [1]):

|Z1| ~ gy g1 — 2| ~ pler — 2P, B =12,
(1.6.25)

At least, with p values not exceeding a certain limit, the series {z(¢,u)} converge
to the 2m-periodic solution of system (1.6.23).

b) Resonance (critical) cases Replacing z°(t) by 2°(¢,c¢) in (1.6.2), write this

system in the following form:

Z—j = P(t)x + pX(x,¢,t), (1.6.26)
where
X(z,c,t) = Z(2°(t,¢) + =, t).
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The approximations

ml(tau)ﬂ 332(taﬂ)a BRI Co, Cl(,u), CQ(M)a

are found successively from the following systems of differential equations:

d.’L’l

25

(1.6.27)
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where H is a constant matrix, A a constant vector (differing from \g by the elements
of order p), and the functions F, ® are of the same nature as the functions X, Y,
but

(1) in the function F(¢,6) among the terms independent of § there are no
terms linear with respect to £, and all the terms depending on 6, including
those linear with respect to £, have coefficients of infinitesimal order not
lower than u,

(2) in the function ®(&,6) the terms depending on @ and independent of ¢,
have coefficients of infinitesimal order not lower than pu.

So

PN EE O ~ pllEll? + 12, p®(E,0) ~ pliEll + p. (1.6.33)

To simplify the notation of the following formulae, write the system (1.6.32),
without showing explicitly the parameter u, in the form

d
X —HE+ R0,
40 (1.6.34)
— = A+ (0
dt + (fi )5
where the functions F, ® are expressed by Fourier series (or polynomials),
F(E0) =Y F(©e®) a0 =Y &&e*D
lIkll>0 lIkll>0 (1.6.35)

and their coefficients Fj (&), ®;(£) are power series (or polynomials) with respect
to the components of the vector &.

It is supposed that the matrix H is nondegenerate, and its imaginary eigenva-
lues Fivy1, Five,-.. aresuch that all vy, 72, ... and the components A1, Ao, ..., A,
of the vector A are rationally incommensurable.

The solution (approximated) of system (1.6.34) will be calculated in the form
of Fourier polynomials of a high enough order N:

(=3 U™ gy =yt + Y Ve,

0<|[k||<N 1< k|| <N (1.6.36)

where (t) = wt + 1o, the vectors Uy, Vi, w are those we seek, and g is an
arbitrary vector.
Substituting (1.6.36) into (1.6.34), we arrive at the following relations:

Yo ik Upe ) =H Y Ut + F
1<k <N 0<[[kll<N

wt Y ilkw)Vie®) = x4+ @, (1.6.37)
1<||klI<N
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where F,® are found as a result of the substitution of (1.6.36) into the series (or
polynomials) (1.6.35). Had we performed such a substitution in an analytic form,
we would obtain a Fourier series of the following form:

F= Y DpUV)e*¥), &= 3" CU,V)eh),
|1k >0 k][>0 (1.6.38)

where U,V denote vectors with their components being the sets of components of
vectors Uy, 0 < ||k|| < N and Vi, 1 < ||k|| < N, respectively, and the coefficients
(vectors) Dy, C}, are in the general case certain functions of those vectors.

Restricting ourselves in the series (1.6.36) to harmonics of an order not higher
than N, we come to the following finite equations with respect to Uy, Vj, w:

w=A+Cy(U,V),
[i(k,w)E — H]Uy = Dy(U,V), 0 < [Ikl] < N, (1.6.39)

i(kaw)vk = Ck(Ua V)a 1< ||k|| < N,

where FE is a unit matrix.

If the numerical value of p is given and the right-hand members of equations
(1.6.4) are written in explicit form, then the algorithm proposed below allows us
to seek Uy, Vi, w (as vectors with numerical components) by means of successive
approximations U,Ej), Vk(j), w@, j=1,2,3,... Newton’s method is used, corre-
sponding to the quadratic convergence of iterations. It is essential that here the
explicit analytic expressions of the coefficients Dy, C}, as functions of the compo-
nents of vectors U, V' are not necessary.

The first approximation U,gl), Vk(l), w1 is determined by the formulae

w =X+ C(0,0),
[i(k,w)E — H|U{" = D(0,0), 0< Ikl <N, (1.6.40)
i(k, M) Vi = Cx(0,0), 1<K < N,
where Dy,(0,0), Co(0,0), C(0,0) are equal to the Fourier coefficients for the func-
tions F(&,0), (&,0) with £ =0, 0 = 1.
The value of w( is determined immediately, and thanks to the condition

det H # 0 we then find Uél) for any Dy(0,0).
Due to the incommensurability of A\i,...,An, 71,71,-.- the values

det[i(kaw(l)) - H]a (kaw(l))a ”k” < N,

are nonzero, at least with small u, which allows us to further determine all U ,51),

oV, 1< ||k < N.

Note that for some vectors k = k., the above-mentioned quantities may be
small, and in the corresponding formulae for U,gl), Vk(l) so-called small denomi-
nators will appear. If those small denominators are not accounted for and p is

Copyright © 2004 CRC Press LLC



28 METHODS OF NONLINEAR RESONANCE DYNAMICS

retained in the formulae as a literal component, we would obtain the following
asymptotic estimations:

IO~ e VO~ (1.6.41)

The first approximation &) (t), 81 (t) to the sought solution of equations
(1.6.34) will be obtained in the following form:

€= >yl et
0<|Ik|[<N
600 =uv00+ > B,

I<||klI<N

(1.6.42)

where (1) = wDt + 4.
For the calculation of the further approximation Newton’s procedure is used;

viz, in the calculation of the second approximation U,§2), Vk(2), w® we assume
in (1.6.39)

Up = U,gl) + bg), Vi = Vk(l) + v,(cl), w=w® 4O (1.6.43)
and construct equations with respect to bg), v,(cl), 1/,(:) (corrections to the first ap-
proximation), discarding terms of infinitesimal order higher than 1 with respect
to ||b§cl)||, ||v,gl)||, ||1/(1)||. Solving those (algebraic linear heterogeneous) equations
and substituting the obtained b;cl), v,(cl), w® into (1.6.43), we obtain the second
approximation for the vectors Uy, Vi, w, as well as the corresponding second ap-
proximation for £(t), 6(t). In a similar way we obtain the third approximation, etc.
(This method of construction of the solution of equations (1.6.34) will be described
in more detail in Section 4.6 below.)

1.7 Comments and References
Section 1.2 The correct definition of asymptotic series is given in Poin-
caré [2].

Section 1.8 The detailed proof of the theorem on asymptotic representations
of solutions of differential equations solutions can be found in Poincaré [2] and
Grebenikov [3].

Section 1.4 The material for this Section is taken from Grebenikov [1], Grebe-
nikov and Ryabov [3], Duboshin [1], and Arnold [2].

Section 1.5 The statement of the method of characteristics is taken from
Stepanov [1].

Section 1.6 A more detailed statement of this Section can be found in Grebe-
nikov and Ryabov [4], Lichtenstein [1], and Malkin [1].
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2 Averaging Principle for Multifrequency Systems
of Differential Equations

2.0 Introduction

We have mentioned above that the constructive theory of nonlinear equations based
on the application of iteration methods is the principal means of solving problems in
nonlinear analysis. Two approaches can be distinguished clearly enough: classical
and modern. We will analyze their peculiar properties, taking the class of ordinary
differential equations regular with respect to a small parameter.
Let there be given an n-dimensional differential equation with a small para-
meter
dz
E = Z(Zatap’)a Z(O) = 20, (201)
where the vector-function Z(z,t, u) regular with respect to a small parameter p is
defined and has properties ensuring the existence and uniqueness of the solution
to the Cauchy problem in an (n + 1)-dimensional field, z € G,,, t € R = [0, 00).
Our problem lies in finding this solution.
Along with equation (2.0.1) write an equivalent equation

Z_j = Z(t ) + 2ot ) — Z(zot 1), 2(0) = 2o, (2.0.2)

where Z(z,t,u) is a so far arbitrary function of its arguments. Then write the
linear relation

z(t, u) = Z(t, p) + u(t, p), (2.0.3)

29
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where Z,u are some new unknown functions. The solution of Cauchy problem
(2.0.1) with the help of relation (2.0.3) reduces to the solution of two Cauchy
problems for the differential equations

%§=Z@mu% 2(0) = 20 € G (2.0.4)
and
du _ S/ -
i Z(Z+u,t,p) — Z(Z,t, 1), u(0) = zo — Zo. (2.0.5)

Equation (2.0.4) determines the selection of the initial approximation Z(t, p)
to the exact solution z(t, u) of problem (2.0.1), and equation (2.0.5) determines the
so-called full disturbance (¢, ). From (2.0.5) it is clear that the determination of
the function u(t, u) depends on the selection of the function Z(Z,¢, ) and the ini-
tial point Zg. Moreover, finding this is only possible upon solving equation (2.0.4),
i.e. upon calculation of the initial approximation z(t,u). Thus, for the Cauchy
problem (2.0.1) several variations of the theory of disturbances with parameters
Z and %y can be constructed, so together they can be called a perturbation theory
generator for problem (2.0.1), and equation (2.0.4) itself can be called a generator
equation.

It is more common to use a generator A(t)Z linear with respect to zZ with
initial point Zg = zg, i.e. problem (2.0.1) is replaced by the problems

dz
@~ _ A(t)z, Z(0) = zo,
(Clli (2.0.6)
or
dz
d_Z:Z(ZataO)a 2(0)2201
dz (2.0.7)
5 = ZE+utp) = Z(2,1,0), u(0)=0,
or
dz -
a:Z(f, ,,LL), 2(0)_20;
a (2.0.8)
E:Z(2+u,t,,u)—2(2,t,,u), U(O):O

Equations (2.0.6) express the familiar method of linearization, equations (2.0.7)
express the small-parameter method, and equations (2.0.8) express the averaging
method if generator Z is constructed by means of any averaging operator.

The essence of the classical iteration method is the replacement of problem
(2.0.1) by problems (2.0.4) and (2.0.5), using relation (2.0.3) where the function u
depends solely on time ¢ and does not depend on spatial values. To solve problem
(2.0.1) completely, first one should find the solution of the generator equation
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(2.0.4) and only after that start solving the equation for disturbances (2.0.5) by

some iteration method that we denoted symbolically by
duk _ 5
W =7 (Z(tnu) + uk—l(tau)ﬂ tau) -Z (Z(tnu)atnu) >
ug(0) = 20 — Zo, k=1,2,...

(2.0.9)

The above statement has an obvious geometric interpretation. In the phase
space {z} there exists an integral curve z(t, u, 29) passing through the initial point
Zzo- In some n-dimensional cylinder with its axis being the sought integral curve,
construct a family of integral curves z(t, ), Z(t, u) +ug(t,u), k =1,2,... which
has a limit integral curve z(t, i1, 29) (if the iteration process is convergent). We see
that from the geometrical point of view all classical iteration methods are seen in
the initial phase space {z}.

Now assume that the function u depends not only on ¢ and u, but also on the
spatial coordinates of z, i.e. instead of (2.0.3) we write the equality

z(t, u) = Z(t, u) + u(z, t, ). (2.0.10)

Geometrically relation (2.0.10) expresses the transition of the spatial value {z}
to the new spatial value {Z} and vice versa, if the Jacobian matrix is nonsingular.
There is an obvious differential equality

dz dz Ou dz Ou
- =— —, = — 2.0.11
dt  dt (62’ dt) ot’ ( )

ou dz 0
where the symbol (6—:, d—j) denotes the product of the matrix (6—:) and the

vector (%)

Therefore here instead of the two Cauchy problems (2.0.4) and (2.0.5) we will
have the following Cauchy problems:

dz

dt

NI

(E,t,u), 2(0) = 2o, (204)

Ou ou ,_ i >
E"' <$7Z(Zata,u)> —Z(z-l-u,t,,u) Z(Z:tnu)a
U(O) =20 — 20. (2012)

The methods using equations (2.0.4) and (2.0.12) differ from the former ones
at least in one essential point: the determination of the multivariable function
u(Z,t, u) from the first-order partial differential equation (2.0.12) does not require
preliminary solution of the generator equation (2.0.4), since in equation (2.0.12) z
and t are peer arguments of the function u. This allows us to calculate the functions
w(Z,t,u) and Z(t,u) independently of each other, which is impossible in the case
of classical iteration methods.

Equation (2.0.12) is a Cauchy problem for quasi-linear n-dimensional systems of
first-order partial differential equations with respect to n-dimensional disturbance
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vector u. In principle its solution can be found by the method of characteristics (see
Stepanov [1]). A particular case of this equation was considered for the first time
by N.N. Bogolyubov when he studied the issue of the applicability of the averaging
method to one special class of ordinary differential equations (see Bogolyubov [1]).
That is why we call equation (2.0.12) the generalized Krylov—Bogolyubov equation.

So in this chapter the reader’s attention will be called to the main results of
the asymptotic theory of vector equation (2.0.12) with reference to multifrequency
systems of differential equations defined on multidimensional tori, typical of many
nonlinear problems in dynamics. In particular, we will consider some modern
iteration methods for construction of asymptotic solutions of Hamiltonian systems
with action—angle type variables and with a Hamiltonian periodic with respect to
slow angle variables.

2.1 Mathematical Averaging Principle

Now assume that the generator Z is constructed by means of some averaging ope-
rator. Then it is more convenient to consider the generator equation (2.0.4) not as
an equation defining the first approximation for the asymptotic theory of equation
(2.0.1), but as a final equation into which the initial equation (2.0.1) should be
transformed with the function u used as a function of such a transform.

Thus, it is also mathematically correct to state the problem as the finding of
a substitution of variables that transforms equation (2.0.1) into (2.0.4). Such a
statement was formulated by N.N. Bogolyubov in the 1930s in nonlinear equation
theory.

As is well known, the method of substitution of variables often offers real
opportunities for obtaining specific results. As applied to ordinary differential
equations, it can be used, in particular, for transformation of initial equations into
equations with a predetermined analytic structure.

Of course, it makes sense to state the problem of the transformation of equa-
tions when the transformed equations admit if not the complete solution, then in
any case a fuller study than the initial ones do.

Problem statement Find a substitution of variables z — z that will transform
equation (2.0.1) into (2.0.4). It is natural to seek the substitution in the class of
nondegenerate substitutions, i.e. such that if there exists a substitution z — Z,
then there exists an inverse one z — z.

Let the desired substitution of variables be represented by the equalities

z=u(z,t, 1), z0=u(Zo,0,u). (2.1.1)

Obviously, the following identity is true:
& _ (0u dz)  ou
0z’ dt ot

- = (2.1.2)
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Replacing in this identity the variables dz/dt and dZ/dt by the corresponding
functions Z(z,t,u) and Z(z,t,p), and taking account of the substitution of vari-
ables (2.1.1) we obtain a quasi-linear first-order partial differential equation, where
the unknown vector-function is the conversion function u(z, ¢, u):

S+ (5o 2am) = 2ttt (2.1.3)

By analogy with (2.0.12) we will call equation (2.1.3) a generalized equation of
asymptotic perturbation theory. In coordinate form equation (2.1.3) is as follows:

8u ou _
k Zazk 7""2n7t’u)

:Zk(ula"'aunata,u)a k:]-a"'an
To equation (2.1.3) or (2.1.4) the following initial conditions should be added:

(2.1.4)

u(Zo,t, u) = 2o. (2.1.5)

Thus, the substitution of variables (2.1.1) is defined by a system of quasi-linear
first-order partial differential equations with sought functions w(z,t, u) and initial
conditions (2.1.5). If transform (2.1.1) exists and is not degenerate in the domain
Gio C Gryz (ie. the Jacobian matrix is nondegenerate in G, ,), then in this
domain equations (2.0.1) and (2.0.4) are equivalent. Here instead of the terms
generator and generator equation it is more appropriate to use the terms system or
comparison equation. In other words, equation (2.1.3) is the comparison equation
for the initial system (2.0.1).

In principle, finding exact solutions of equations (2.0.1), (2.0.4) and (2.1.3)
is equally difficult, but for the construction of approximate solutions (and this is
what asymptotic perturbation theory deals with) of initial equations (2.0.1) the use
of comparison equations (2.0.4) and variables substitution (2.1.1) may be highly
effective, as numerous applications show.

To understand the sense of this discourse, consider two extreme cases that
denote the bounds of applicability of the variable substitution method.

A. Identical transformation. Let the comparison equation (2.0.4) coincide with
the initial equation (2.0.1), i.e

dz
— =Z(Z,t, ). 2.1.6
= =20t p) (2.1.6)
Then the generalized equation (2.1.3) takes the form
ou Ju
— —, Z(z,t = Z(u,t,p). 2.1.
5+ (G 2t) = 2wt (2.1.7)
Obviously equation (2.1.7) admits the simplest solution represented by the identical
transform
z=Z. (2.1.8)
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In this case it is very easy to solve the equation defining the substitution of
variables, but this solution would be no good, because we have not gained ground
towards solving the initial equations.

B. Transformation reducing to the simplest comparison equation. In this case
we will assume that the comparison vector-function Z(Z,t, i) is continuous: Z = a.
Then the comparison equation

dz
el 2.1.9
priakc (2.1.9)
can be easily integrated, and its general solution has the form

Z=at+C, (2.1.10)

and equation (2.1.3) will be as follows:

ou ou
= — = Z(u,t, ). 2.1.11
5+ (5 a) =zt (.111)
From (2.1.11) one can write the corresponding system for characteristics:
dt (2.1.12)
du _ Z(u,t, p)
dt - ) ’M *

Hence it is clear that the transformation of the initial equation (2.0.1) into
the simplest comparison equation (2.1.9) is equivalent to the solving of the initial
equations themselves, and consequently the problem of transforming the equations
turns out to be equivalent to the initial problem. This should have been expected.
If there existed a substitution of variables that transformed an initial nonlinear
problem into an integrable one, there would exist a universal method of solving
nonlinear problems, which is clearly impossible.

After the discourse on limiting situations it seems natural to find an interme-
diate, compromise approach both to the selection of comparison equations and to
the study of the properties of solving quasi-linear partial differential equations, de-
termining the corresponding substitution of variables. This constructive approach
is as follows.

1. The comparison vector-function Z(2,t,u) should be chosen so that its
analytical structure should be as simple as possible compared with Z(z,t, i), but
at the same time inherent to it should be the main, characteristic properties of the
latter, defining the properties of the solution of the initial equations. Only when
the comparison function Z(Z,t, i) is chosen in that way should it be expected that
the behavior of the solutions of the comparison equations may be analogous to that
of the solutions of the initial equations.

2. Comparison functions should be selected so that even if the quasi-linear first-
order partial differential equations for variables substitutions cannot be integrated
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exactly, then in any case they would allow for some analytical or qualitative analysis
of the behavior of their solutions. Among all possible properties of the function
w(Z,t, u) we will be interested in its boundedness and smoothness in some domain
variation of the arguments.

Items 1 and 2 characterize, as one might say, the mathematical averaging
principle—the essence of the Krylov—Bogolyubov transform (see Bogolyubov and
Mitropolsky [1], Grebenikov [3], and Grebenikov and Ryabov [1]) as applied to
systems of ordinary differential equations.

Now from these general observations we turn to the fundamentals of the con-
structive part of asymptotic perturbation theory for multifrequency systems of
differential equations with slow and fast variables:

dz

a = MX(wayat)a

o (2.1.13)
E = W(.’L‘,y) + ,U,Y(I,y,t)

Here x, X are m-dimensional variables, and y, w, Y are n-dimensional vari-
ables. Tt is better to make the selection of comparison functions X and Y (here
it should be stressed that, as a rule, the frequencies w(z,y) remain unchanged in
comparison equations as well) using the averaging operators. If vector-functions
X, w, Y are analytical with respect to their arguments, then it seems possible
to apply the formalism of power series both for the construction of comparison
equations and for finding solutions of equations defining variable substitution. For
example, write a comparison system for (2.1.13) in the form

i o, o

E —/AX(%,ZI/)"‘I;Q/J’ Ak(may)a

o > (2.1.14)
W o(&,9) + ¥ (3,5 *Bi(z,7

a _w(aj,y)+’[,t (a:,y)+z,u k(xay)a

E>2

where X, Y are some “average” values of the functions X, Y, and the functions A,
By, will be selected in each particular case, using some additional considerations.

The substitution of variables (z,y) — (Z,¥), transforming the multifrequency
system (2.1.13) into system (2.1.14) will be sought in the form of power series of a
small parameter:

=2+ phup(z,7.1),
k>1

y=79+ Y proe(@,5,1).
k>1

(2.1.15)
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The analytic representations (2.1.15) allow us to rearrange the generalized
equation (2.1.3) (which, as is known, is quasi-linear) into derivatives for the un-
known functions uy and vy:

Buk 8uk _
a9t + <a—ya w(x,y))

= Fk(ﬁs,gj,t,ul,vl,... ,uk_l,’l)k_l,Ag,Bg,... ,Ak),

v [(Ouk (2.1.16)
5 T <8y , w(%l/))

= \Ilk(fi,g,t,ul,vl,... ,/kal,Uk,AQ,BQ,... ,Ak,Bk),
k=2,3,...

With k£ =1 we have

0 0 v
G+ (G w@n) = X@50) - X@.9)

ot
N 5 Do) (2.1.17)
U1 U1 o _ w\T,Y _ R

The infinite system (2.1.16) has a remarkable property. It can be integrated in
series: first from the first equation of system (2.1.17) the vector-function u, (Z, g, t)
is found, then the second equation of system (2.1.17) is integrated; as a result, the
vector-function v1(Z,y,t) is found. Now we pass to system (2.1.16) with k = 2.
The analytic structure of the first equation of system (2.1.16) with & = 2 includes
the unknown function A, (Z,7) that can be selected quite arbitrarily. Usually it
is defined so as to destroy in the second member of the first equation of system
(2.1.16), i.e. in function F5(Z,¥,t,u1,v1, A2), the summands that can give the
largest increment in the solution us(Z,7,t). Having determined from any condi-
tions the vector-function By (Z,§), we define the vector-function vy (Z,q,t) from
the second equation of system (2.1.16) with k£ = 2. This process can be continued
for any value of k, and therefore, at least in principle, we can advance arbitrarily
far in the formal definition of series (2.1.15).

If we could define all the terms of these series and, moreover, prove their
convergence as well as the convergence of the series in (2.1.14) in some (m +
n + 2)-dimensional domain of the Euclidean space G, ., » of the substitution
of arguments Z, ¥, t, u, this would mean that the initial system is equivalent to
system (2.1.14) in G, .., In this situation we would deal with exact transforms
but not with asymptotic theory. Unfortunately, for complex nonlinear systems it is
practically impossible to do this, so in such cases asymptotic methods of problem
solving seems to be most suitable. Here a lot of variations are possible. Let us
consider two of them.

Instead of the substitution of variables (2.1.15) that contains an infinite number
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of functions ug(Z,¥,t) and v (Z,y,t) consider the finite expressions

r r
x:j'i_zlukuk(jagat)a y:g-l'z,ukvk(jagﬂt) (2118)
k=1 k=1

and demand that the substitution (2.1.18) should transform the initial equations
into the comparison system (2.1.14) containing an infinite number of functions
Ai(z,y) and Bg(Z,y). Such a substitution of variables (z,y) — (Z,y) can be
found in principle, but unlike the previous case, not all functions Ay (Z,7) and
Byj(Z,y) can be chosen at one’s own discretion.

Indeed, the equations determining 2r of the functions wui, v1,..., U, Uy,
exactly coincide with the first 2r equations of the finite system (2.1.16), where
the choice of functions Ay, Bs, ..., A, B, can be performed as before. As regards
the functions 4,11, Byi1,..., they are determined successively and uniquely as
quantities depending on similar quantities and functions with smaller indices, i.e.

AkaBk = gk(jagataula"' au'r'avraA%"' 7Bk71)a
k=r+1r+2 ...

Hence, the use of a substitution of variables of the type (2.1.18) in principle
solves the problem of the initial system transformation into the comparison system
(2.1.14), but the latter in this case only contains 2r—2 (but not an infinite number)
arbitrary functions As, Bs,..., A, B,.

But one can put the following question: is it possible to find a substitution of
the type (2.1.18), which would transform the initial equations into the comparison

system
dz o -
E =U (:E, )+Z,UzkAa($ay);
o k=2 . (2.1.19)
= w(@,g) +u¥ (@.5) + Y Wt Bz p)?

k=2
A detailed analysis shows that this problem has only an approximate solution
even in the framework of formal transforms. In other words, substitution of vari-
ables (2.1.18) allows us to transform initial equations into system (2.1.19) of order
O(p™t1). Indeed, let us suppose that the functions X and Y are representable by
the equalities
r—1

X(z,y,top) =Y pbXp(z,y,t) + O(ur),
k=0 (2.1.20)

r—1

Y(z,y,t,n) = pkVi(w,y,t) + O(u'*)
k=0

in the neighborhood of the point (Z,y,¢,0). Then the functions wug, vg, Ak, Bi
can be found from the first 2r equations of system (2.1.16) by means of the above
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procedure. But if for all that we substitute the second members of (2.1.20) and
(2.1.19) into

dz
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So, let there be given:

(1) a multifrequency system of the form (2.1.13);

(2) the range of definition of the right-hand sides of the system Gipi2 =
Gmin X [0, T] x [0, 1], and the initial point (zq, Yo) € Gmtn;

(3) the positive number N determining the inequality

Ikl < N, (22.1)

and amongst them there are resonance vectors k* determining the a-
resonance zone, i.e. such that

(8", w(z, y))| < a. (2.2.2)

According to the behavior of the partial solution z(t, o, yo, 1), y(t, xo,vo, 1) (here-
inafter denoted by (z(t,u), y(t, 1)) proceeding from the initial point (xg,yo) €
G an, any multifrequency system can be related to one of the following classes of
equations.

I. Class of locally nonresonance systems.

I1. Class of systems with the property of the solution (x(t, ), y(t, u)) remai-
ning in one of the a-resonance zones, or in other words, in the neighbor-
hood of one of the resonances with ||k*|] < N.

III. Class of systems with the property of the solution remaining in the neigh-
borhoods of several resonances.

IV. Class of systems not having the property of the solution remaining in
resonance zones.

V. Class of degenerate resonance systems.

To the class of locally nonresonance systems we will also relate multifrequency
systems for which

|(k, w(a(t, p), y(t, p))| > (2.2.3)

with all ¢t € [0,7T] and ||k|]| < N. From this it does not in the least follow that in
systems belonging to class I there are no a-resonances of frequencies. They may
occur, but for them ||k|| > N or t ¢ [0, T].

Class II includes those multifrequency systems with their partial solution
(z(t, ), y(t, p)) corresponding to the integer vector k") with its norm less than N
and satisfying the condition

(6, w(a(t, ), y(t,m))| < a (2.2.4)

for t € [a,b] C [0, T], 0<a<b<T and b—a = O(T). To Class IT we will
relate systems of differential equations that have the property of remaining in the
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a-resonance zone with the resonance vector k(*) within the time interval of length
commensurable with the given domain [0, T'].

Now we will describe the systems that we relate to class III.

Let there be some resonance vectors k1), ... k(8) for which the conditions of
remaining in the a-resonance zone are satisfied:

|(k(T)’ W(I(taﬂ)a y(t,,u))| <a, r=1,...,s,
te€fap b, 0<a; <...<as<T,

0<b <...<bs <T, ap<b,, (2.2.5)
by —a, = O(T), > (b —a,) = O(T).
r=1

Analyzing the conditions (2.2.5) we see that there are s resonance time inter-
vals, the length of each of them is commensurable with the total domain (in the
sense of the order of magnitude), and the sum of their lengths is also commensu-
rable with 7.

To class IV we relate those multifrequency systems with their partial solutions
satisfying the conditions of (2.2.5) on the one hand, and the conditions of the form

, (2.2.6)

0<n~< ‘ <k<a~>’ dw(x(t, p), y(t,u))>

dt

on the other, where ~ is positive. This shows the minimum rate of change of
the function (k("), w), guaranteering the withdrawal from the a-resonance zone
within [0, T7.

All the other behaviors of solutions of multifrequency systems will be related to
class V. For instance, such a situation is possible when with a finite 7' the number
of a-resonances s approaches infinity.

We have not hitherto ascertained the width of the a-zone and the value of ~.
If a does not depend on the small parameter u, and - does, then the intersection of
classes II, IIT and IV is possible. The opposite situation is also possible: ~(u) — 0
as p— 0, and a >0 as u — 0, and the solution may remain in the a-resonance
zone of one of the resonance points.

Classes III and IV are most difficult for study, because their solutions are
actually both resonance and nonresonance, and we do not know any conditions
allowing us to a priori point out the resonance and nonresonance time intervals
and consequently the evolution of the system towards the resonance or nonreso-
nance state. This assertion is even stronger when the matter concerns degenerate
multifrequency systems (class V).

In conclusion we note that at present some results on e-proximity of exact
and smoothed solutions are known in the case when a(y) — 0 as p — 0, and
t €0, u’~'] or t € [0, u~'], and some of them will be described below.
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2.3 The Basis of the Asymptotic Theory for Locally Nonresonance
Systems

In Section 2.2 we noted that one of the parameters of multifrequency system classi-
fication is an integral number N giving the number of those harmonics that should
be preserved in the expansions for functions X (z,y,t, u) and Y (z,y,¢, 1), in order
to ensure the construction of approximate asymptotic solutions with a given error.
In short, the number N makes a division between the retained finite expressions
in the expansions of functions X and Y and the truncated infinite residual series.
For Fourier series there exist effective estimations for the number N, which will be
given below.

Now we will decide an issue that is very important for further study. Consider
two rotary systems of order (m + n):

dz

W = /’LX(maynu)a
Cfli?j (2.3.1)
dz .
E = /J,XN(l‘, Y, ,U),
dij (2.3.2)
with the same initial conditions
z(0, ) = 2(0, 1),  y(0,p) = G(0, ), (2.3.3)

with their right-hand members defined in Gy = {(z,y): = € P, y € Qn}-

A rotary system will be understood as a multifrequency system with its frequencies

w(z) only depending on slow variables x, and vector-functions X (x,y, 1), Y (z,y, u)

being 2m-periodic functions with respect to y in the domain @, = ||[Imy|| < o.
Assume that:

(1) the solution of system (2.3.1) with the initial conditions (2.3.3) exists and
is unique;
(2) functions Xy, Yy, w in the domain G,,, 1, satisfy the Lipschitz condition

IXN(z1,91) — Xn(z2,92)|| < Ll — 22| + Lyllyr — yall,
lw(z1) —w(@2)|| < Lollz1 — 22|, (2.3.4)
YN (1,91) — YN (@2, 92)|| < le|lz1 — 22l + 1y lyr — w2l

where L,, Ly, L, l,, l, are Lipschitz constants;
(3) in the domain G+, the following inequalities hold:

1X(2,y) = Xn(@,y)ll < er, [Y(z,y) = Yn(z,y)l <eo, (2.3.5)

where €1,€2 are given positive numbers.
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Under these conditions the following estimations for solutions of rotary systems
(2.3.1) and (2.3.2) are true:

ly(t, 1) — Gt Wl < O Mt + Cf et 4 O,

ot 1) = #(t, m)|| < 1L+ pla] [CPAMT + CF apere! (2:3.6)
= plylly(t, ) = 5t )l ~ usz] )
where O
Cl(z) _ G3A +u€1’ 02(1) — Cl(z)’
AL — Ao
o = e1(Ly + ply) — pnlyes
3 = )
pLyly — LyLy, — pLyl, (2.3.7)
L,+1 1
A2 = u + —[,UQ(LE + ly)Q

2 2
— 4(U2Lyly — p2Laly — Ly, L))"
Inequalities (2.3.6) can be used for solving an inverse problem.

Let t € [0, T = Cpu~'], and let there be given deviations of solutions of the
system (2.3.1) and (2.3.2) from each other:

|z — 2| < o1, |y — gl < 6. (2.3.8)

It is necessary to estimate the norms || X (z,y, u) — Xn(z,y, 0|, 1Y (z,y, 1) —
Yn(z,y,p)||, i-e. calculate the values of 1 and e5.
If we solve the algebraic equations

CNeMT + O Nyed2T — pey = 6Ly + pila] + pily 52,

(2.3.9)
O+ O§ 2T 4 Oy = b,
with respect to €1 and €5, we obtain expressions of the form
e1=a1(u, T)61 + as(p, T)do,
1= a1 10+ ar(u, 1) (2.3.10)

€2 = bi(p, T)d1 + b2(p1,T) 6,

where ay(u, T), b (u, T) are composite functions of y and T'. However it is possible
to show that with sufficiently small g and T = Cp~?!

ar(p,T) = O(1), be(p, T) = O(1). (2.3.11)

So, from given values of §1, d2, u and T one can compute £; and &5 used
for truncation of infinite expansions in the second members of equations (2.3.1).
Indeed, let the functions X(z,y), Y(z,y) be [l times (I > n) differentiable with
respect to y in the domain G4, Then we have the estimation (see Grebenikov
and Ryabov [1])
c(

n,N) o= (s) _
S AAA N +0.5)" 2.3.12
<= § CY(N+05"" (2312

[xem- ¥ x| <G

O<|[k|<N

s=1
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with the following agreed notation:

nitt, if N>1,
ni+2 .
C(n, N) = TEE if N>2,
1 n—1
3$<@> , if n>2 N>n-—1.
w(4n —3) \ m

Cl(s) is a positive constant bounding above the norm of the s-th component of the
vector-function X in the domain G, 4p:

Hla) x(s)
6y?1 PP ay%"

= max sup
llell — o<ilali<llell (z,5)eGmin

HX(S) <0, (2.3.13)

A similar estimation can also be made for the components Y (z,y). If X and YV
depend on y, then C’l(s) = Cl(s) ().
Then construct two equations (or inequalities) of the form

C(n,N)

T (N4 05)" S0 <en, k=12 (2.3.14)

s=1
where ¢, are computed from the formulae (2.3.10). Each inequality is solved in-
dependently, the minimum N is found that satisfies the inequality, and then from
the two minimum values of N the higher one is chosen. This is the value of N for
which the infinite expansions for the functions X and Y are truncated.

Thus, we have solved three problems. If a number N is given, then, depending
on the degree of smoothness of the functions X and Y, it is possible to calculate
€1 and &9 characterizing the deviations in norm of the Fourier polynomials from
the given functions. With these estimations we are able to estimate the norms of
differences of solutions of two systems (formulae (2.3.6)) via known time functions.
If the deviations of solutions and the value of the time interval T are given, then
the number N can be found. In other words, at the first stage of the asymptotic
theory of differential equations we learned to truncate infinite expansions in the
right-hand side of equations in order to further deal with finite expressions.

Now instead of the rotary system (2.3.1) we will consider the multifrequency

system
B X (o) = 1 > Xi(x, p)e™)
dt b) ) - b) b)
<[k <N
d ; 2.3.1
d—‘z =w(z) + pYn(z,y,p) Sw@)+p Y Yz, pe'v), (2:3.15)

0<|[k||<N
QT(O,,LL) = Zo, y(oa'u) = Yo,

with its second members being trigonometric polynomials (with respect to fast
variables y), but not infinite series.
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Assume that the solution z(t,zo,yo, 1), y(t, 2o, yo, ) of the system (2.3.15)
is such that for all 1 < ||k|| < N and for any ¢ € [0, T'] the following inequality
holds:

|(l€, W(I(tax07y0hu)))| > «, (2316)

where « is a predefined number.

Under these conditions, in accordance with resonance system classifications,
multifrequency systems of the type (2.3.15) are locally nonresonant. To the right-
hand side of the system (2.3.15) we apply the averaging operator(1.1.7) with respect
to angle variables:

1

27 27
XN(I”U):W/O o XN(x,y,,u)dy:Xo(m,,u),

YN(‘Z",U’) =Yo(z, p).

Then the comparison system of the first approximation for (2.3.15) will be

(2.3.17)

written as
dz _
E = :uXO (l’, /’L)a
- (2.3.18)
4 _ w(Z) + pYo(Z, p)
dt HYo\T, [t),
the system of the r-th approximation will be written in the form
dz _ . k _
=7 = WXo(@, 1) + 3 ut Ax(@, ),
k=2 (2.3.19)
dy _ _ k _
7 =w(@) + Yo (@, 1) + Y u Bi(a, ),
k=2

and the comparison system of the general form (or of any approximation) will be

written as
dz _ k _
E = X(](.’I,',,LL)+ E 1% Ak(.’IJ,,LL),
k>2
@ - (2.3.20)

= w(Z) + pYo(Z, ) + ZMkBk(fa,u)-
E>2

dt

The vector-functions A; and By, are so far unknown.

Comparison systems (2.3.18), (2.3.19), and (2.3.20) have an important pro-
perty. The averaging operator with respect to y results in splitting of the (m +
n)-order equation system into two subsystems that are integrated independently:
one subsystem determining the slow averaged variables T has order m, the other
subsystem determining § has order n. If the subsystem of the first approximation

dz
g N 2.3.21
o =M o(Z, 1) (2.3.21)
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can be integrated, then the calculation of fast averaged variables y adds up to the
simple quadrature:

t

5t 1) = o + / [w(2(7, 1)) + 1Yo ((r, ), )] dr. (2.3.22)

It remains unclear how the functions Z and 7 relate to the exact solution of x,y
of rotary system (2.3.15). For the study of this question we will use the averaging
method, because we will need asymptotic representations of these functions. We
will seek for the substitution of variables

o(t,p) = z(t,p) + Y pruk (2,9, ),
E>1

y(t ) =gt p) + Y phor(@, 9, ),
E>1

(2.3.23)

that transforms system (2.3.15) into one of the comparison systems (2.3.18),
(2.3.19), (2.3.20), and we will see that in each case we get different substitutions
of variables (i.e. different functions uy and vy).

Upon differentiation of (2.3.23) and the execution of the corresponding calcu-
lations for transform (2.3.15) — (2.3.18) we get an infinite-dimensional system of
linear partial differential equations:

(‘98_1;1, w(a:)) = Xn (5, 1) — Xo(#. p),
(G @) = V@, = Y@ + (F5h, ),
' _ (%, Xo(w,u)> - (86—7“;1, Yo:(ya:,u))
<%_1;, w(i,)> _ <W’ ul) N (%yy“) v1> (2.3.24)
() (%50 )
- (%, Xo(a‘:,,u)> - (68—1;1, Yo(ﬁﬂ));

ou
<—T w(m)> = UT(i’g’Maulavla"' 7u’l“—17v’l“—1)a

v _ o
<a_:';a W(ﬂ?)) = an(m,y,,u,uhvl, v 7u’l“—15v7‘—13’u”l“)’
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For the transform (2.3.15) — (2.3.19) we have
Ouq _
)
0
(ﬂ w(a:)) ZYN(i,g,M)_%(i,M)—{— OF , Ut ),

oy’

0 ou
- (G xotww) - (G ¥oto ) — a(an),
Jva \\ _ (OVN(Z,7,p) OYnN(Z,4, 1)
Ow(T) 1 0%w(z)
+ oz 2 o g2 W)
0 Ov
- (%a Xo(m,,u)> - (8—371’ Yo(w,/.l,)> _BQ(i"alj’)a
(6(;;;’ w(m)> = Ur(iagauvulvvla au’l”—lav’l“—laAQaBQa aA’l”)a
(%_/2;1 w(j)> = Vr(ilaga,uaula v s Up—1, Up, AQaBQa cee 7A7'7B7“)a
<81;—2;15 w(a:)) = Ur+1(cﬁ,gj,,u,u1,'u1, e ,ur,vr,AQ,BQ, e ’AT‘)a
<81(;7';1, (.”E)) = ‘/;'+1(jagauaulavla' aUTaUT‘JrlaA?aB?a' aA'r'aBT')a
(2.3.25)
And finally, for the transform (2.3.15) — (2.3.20) we have
0
<aigla w(a:)) :XN(jagnu) _Xo(i"au)a
Ovy N - - Ow(Z)
<6_ga ( )) _YN(maya/J’)_Yb(wa )+< 6:7: y Ul |,
<68—,L;T; w(j)> = Ur(a_:;gnu;ulavla 7u7'711)r717*’42a 7A7')7
<88_1}y7" (E)> :er(:z'aguu;ulavla"' ;UrflauT;AQa"' 7A7'7-B7“)a
ou, _ _
( %;1 ’ w(w)) = UT‘-‘rl('Tﬂya/J'aula cee 5 Upy AQa B aAT‘-i-l)a
v, _ o
( ggla ($)> :VTJrl(x:y;,uaula"' ;UT;UTJrlaA?a"' 7A7'+17-BT+1);
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The infinite systems (2.3.24), (2.3.25), and (2.3.26) can be integrated succes-
sively (to any value of the index) in analytic form. Indeed, substituting Xy, Yn
into (2.3.24)—(2.3.26) for u; we obtain the equation

(G2e@)= 5 meso, (2.3.27)

1<k <N

and its general solution can be written in the form

Z X (&, p)e't-D)

i (@) + o1(z, p), (2.3.28)

w (z,9,p) =

1<|[k]<N

where (1 is an arbitrary vector-function differentiable with respect to z. Due to the

locally nonresonance nature of system (2.3.15) and the boundedness of ||k|| < N,
the denominators (k, w(Z)) in (2.3.28) with ¢ € [0, T] do not vanish.

Now we will make two essential remarks.

Remark 1 Comparing the first two equations of the infinite-dimensional sys-
tems (2.3.24) - (2.3.26) we see that they exactly coincide, and consequently, the first
approximation of asymptotic perturbation theory has the same analytic structure
irrespective of the analytical form of the comparison equations.

Remark 2 1In the substitution of variables (2.3.23), in equations (2.3.24)—
(2.3.27), and in the solution (2.3.28) the dependence of functions on the small
parameter p as an argument is shown. It is this parameter that is included as a
symbol into (2.3.23) and into the functions from the comparison equations.

If we now substitute the expression for u; (2.3.28) into the second equation of
any of the comparison systems (2.3.24) - (2.3.26) and construct the general solution
for v; by the method of characteristics, we will obtain

o Z Yi(z, N)ei(k’g)

V1 (w,y’u) — { :
1<|[K|<N i(k,w(Z))
Bu(z) X (%, p)e’s-D) D) ] _
) <W’ 1<|%|:<N i2(k, ()’ )(( oz asol(x,u)>ay>
+ 12, 1),

(2.3.29)
where 7 is also an arbitrary function differentiable with respect to Z.
Study the behavior of the functions wuy(Z,g, ) and v1(Z,g,u). If o1 Z 0,
then in the function v; the following item appears:

((82?, 301(9‘:,#)>, 17>,

which has the nature of a secular term, since it is proportional to the fast vector
7, and the latter (or rather, its norm) is a semilinear time function ¢. If we assume
that ¢ # 0, then the function v; will generate a secular term when finding
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the function us from the third equation of comparison systems (2.3.24)—(2.3.26).
Consequently, to build an asymptotic theory of the first approximation for the
rotary system (2.3.15) in the form of trigonometric items, it is necessary to assume

Under this condition we obtain

_ Xk(jaue
u (z,9,0) = Y .

S (2.3.31)
1<iimen U w(@))

_ Yie(Z, u el
vi(Z,9, p) = Z il (D))

1<kl <N

9o (@) Xz, el
+<ao:°’ 2, “aG <))>

I<||klI<N

(2.3.32)

So, from the infinite number of solutions of the first two equations of the
comparison system (2.3.24) —(2.3.26) we have chosen solutions 27-periodical with
respect to the vector g, for u; and v.

Now consider the second approximation of asymptotic theory, i.e. determine
the functions us(Z, 4, u), v2(Z, 7, 1) of the substitution of variables (2.3.23). First
of all consider the third equation of the comparison system (2.3.24) that determines
the function us. Having calculated the partial derivatives duq /0% and Qu, /0§ and
having substituted them into the right-hand member of the third equation with uq
and vq, together we will get the following equation:

%wa’: = M W
(82]’ ())_< Z ozx ’ Z Z(s,w(i')) >

T
O<|klI<N 1<]|s|[[<N

ka z(k+sy)
DD YR <,<>>

1<||k||[<N 1<]||s|]|[<N

ow(T X, (X, (ke eilk+s.7)
+< a;—)a y oy zks w(:v)))))Q )

1<|[k||[<N 1<||s||[<KN

OX (%, p)/0%)e!k:v) _
_< Z ( k(i(kljzu/(x)g ,Xo(a:,u)>

Ikl <N

7. 1)ei(k:7)
- ( X, et %(w,m),

<oy KBw(@)
(2.3.33)
where the symbol (k,e) signifies >.._ k. In the right-hand member of equation
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(2.3.33) there are terms that do not depend on §. We will write them separately,
because it is these terms that generate the secular terms in the solution wu,:

_ (an(iau)/awa X—k(inu))
V== 0 T ilha(a)

kX (z, p), Yor(z,
. ( k((kﬂ)w(j);( ®) (2,330
1<|[k|<N ’

_(&u(_a‘c) y el (Kilm . (k,e»))

)

I<|[k][<N

with k£ + s =0.
Now if we again write an equation for us(Z, ¥, u), it will take the form

0 (0X /0%, X,) ellkts:9)
((;;2 ( )) U2 sec+ Z Z k/'l’ 26

o<k 1<]sl<N s, w(@))
k+s#0

(ka’ ys) eilk+s,7)
PP (5, w0(@))
1<|[k<N1< || <N ’
k+s#0

u 1<||k||I<N1<|s||<N i(s,w(7))?
k+s#0

~ (90X )0F)eitkv)
(Z i(k,w(@) ’X°>

Ikl <N

Xei(k7)
- v
<1<|k|<N (k. ()
(2.3.35)
Integration of equation (2.3.35) by the method of characteristics gives

u2(Z, Y, 1) = Uz sec X ﬁ + 51+ 5o, (2.3.36)

where

3 ¥ (80X} /0F, X,)eilktsv)
0<|[kl|<n1<|[s|I<N i?(k + s,w(z))(s,w())
k+s#0

(kX Y, )eilk+s)
DY )
r<fien1<faren (k+8,0(@)(5,w(@)’
k+s#0
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Ow(Z) (Xs, (Xg, (k.€)))e i(k-i—sg))

Sy = | —2, '

( or 1<|kZI<N1<§<N i2(s,w(%))%(k + s, w(T))
k+s#0

7)el(k-7)
_< 5 %,Xo(w>

r<jien PR w(@))?
Xei(k7) B .
- <1<|kZI<NW (k, Yo(.’L‘,M))) + QOQ(-/L'MU’)

Here ¢4 is an arbitrary vector-function differentiable with respect to z, and the
symbol Usgec X §/@ denotes a vector with components

yl U2(15)e07 cI)_ U2(7S)eC’ e yn UQ(nS)er

2 Wn
with their upper index coinciding with the number of the component of vector us,
@ = w(T).

So if we find a transformation of the form (2.3.23) transforming (2.3.15) into
(2.3.18), then in the first approximation the indestructible secular terms (Us sec X
g/@ ~ t) already appear in the function wus(Z,y,u). If we integrate the equation
for the function vs, it will be easy to see that the latter will also contain secular
terms proportional to t.

Hence it can be concluded that there is no trigonometric substitution of vari-
ables (2.3.23) that would actualize the transform (2.3.15) — (2.3.18). Indestruc-
tible secular terms are present among the second-order terms with respect to p in
the relations (2.3.23).

Now consider the transform (2.3.15)—(2.3.19). This is achieved through the
use of the infinite-dimensional system (2.3.25). As we have mentioned above, the
first two equations of systems (2.3.24) and (2.3.25) coincide, therefore the func-
tions of the first approximation u; and v, are expressed by the same formulae
(2.3.28), (2.3.29), or (2.3.31), (2.3.32) as for the transform (2.3.15) — (2.3.18).
But the equations of the second approximation already differ in the fact that sys-
tem (2.3.25) still includes indefinite functions As(Z, p), B2(Z, p). The presence of
such functions in the second members of equations for us, v allows us to use them
at our discretion. The most expedient method seems to be to use an approach
when with the help of Ay, By we attempt to exclude from those equations items
non-periodic with respect to 4, that have generated the secular terms in us, v (see
formula (2.3.36)).

In other words, the functions Ay, Bs should be chosen in such a way that the
following equalities will be true

27

f fUzﬁ_fﬂ yut,vi, As) dijy - - - dij, = 0,

b (2.3.37)
f"'f‘@(i‘,g,ﬂ,u1,'[)1,u2,AQ,BQ)del"‘d:ljn:0,
0 0
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or explicitly,

As(, p) = Ussec(T, p), (2.3.38)
Bs(z, ) = Vasec(Z, p)- (2.3.39)

Here V5 gec(Z, i) is an item independent of § in the fourth equation of system
(2.3.25) and results from the substitution of the previously found functions wuy, vy,
ug, As into it, and the execution of algebraic operations on trigonometric polyno-
mials.

Upon such a choice of the function A, the third equation of the system (2.3.25)
takes the form

Ouy _> (0X}, /0%, X,) elhtsv)
—,w(Z) ] = Z Z ‘ )
( o L<IMI<N 1<) sli<N (s, w(z))

k+5#0 (e

(kaa)/s)el 5y

> 2 (s,w(2))

1<|KISN 1<[sl <N

k+s#0
6w{f) Z Z (X, (Xk, (k,e})) ei(k+s,y)>
1<||k||<N 1<][s]|<N i(s,w(T))
k+s#0
. /0T ei(k,gj)
I<|[kI<N ’
X eik:9)
Z ——(k, Yb))
1<jimen @ (@) .
The method of characteristics gives e
7 0 (0X} /02, X;)ellkts:0)
uz (T, 4, 1) =
" OSI%Ing 1§§5N 2(k + s, w())(s,w(z))
k+s#0
(k}Xk, )e (k+s.,7)
+ —_
1<|kz|<N1<§<N i(k + s,w(Z))(s,w(Z))
k+s#0
9w(z) (Xs, (X, (k,e)))ei(’”s’y))
+ — — . -
< O 1S§SNIS§SN 2k + ,0(D) (s, 0(@))
k+s#0
<1<I%<N Pk, w(@))* ’X(]) 1<||k2||<Ni(k’w(f))2(k’ o).
(2.3.41)
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In a similar way one can find the function vs(Z, ¥, p); if Bs is determined from
the condition (2.3.39), then the function will not contain secular terms but will only
be expressed via functions periodic with respect to 4. Of course, this is true on
the assumption that the arbitrary functions ¢ and 15 emerging in the integration
process are considered as identically equal to zero.

So the obtained analytic expressions (2.3.31), (2.3.32) show that the functions
u1, U1, U2, U3 constituting the Krylov—Bogolyubov transform (2.3.23), to an accu-
racy of O(u?) contain only 27-periodic functions with respect to the fast variables .
This property is also valid for each s =2,3,...,r, if A;, B, are determined from
the conditions

27 27

/"'/Us(jagnuaulavla"' avsflaA%B?a"' aAs)dgzoa
o 0 (2.3.42)

2 27

/"'/V;(jagauaulavla"' avsflausaAQaB%"' 7AsaBs)dg:O'
0 0

As regards the functions u,41, vy41, in accordance with (2.3.25) the defining
equations do not contain any arbitrary functions, and the destruction of secular
terms at the (r 4+ 1) step is impossible. The functions w,11, v,41 will contain
both secular terms and items periodic with respect to ¢, and can be symbolically

written as
Upt1(Z, Y, ) = Urg1 sec(T, ) é/_) + {terms periodic with respect to 7},
w(T
Vr11(Z, G, ) = Vit sec(Z, ) % + {terms periodic with respect to g},
w(z

(2.3.43)
where the secular coefficients only depend on Z and p.

Hence a conclusion can be drawn, which is very important for the asymptotic
theory of differential equations of the form (2.3.15). The transformation (2.3.15) —
(2.3.19) can be achieved in the class of trigonometric substitutions of variables to
an accuracy of O(u") only. There is no exact substitution of variables (2.3.23) in
the class of trigonometric functions, that would transform the initial rotary system
(2.3.15) into the comparison system of the r-th approximation (2.3.25).

The situation fundamentally changes in case of the mapping (2.3.15) — (2.3.20),
i.e. when the comparison system is a system of any approximation. For the map-
ping (2.3.15) — (2.3.20) substitution of variables (2.3.23) is determined by the
infinite-dimensional system of linear partial differential equations (2.3.26). The
analysis of this system shows that at any step of s (not only for s < r) the equa-
tions contain arbitrary functions of the form A,, B, that can be chosen in such a
way that they would destroy secular terms at each step. Application of the method
of characteristics allows us to find transfer functions ug, v in an analytical form for
each s. For this purpose it is only necessary to integrate equations (2.3.26) at the
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previous steps 1,2,..., s — 1. Thus, for us, vs we obtain expressions of the form

us(Z, g, u) = {terms periodic with respect to g},
vs(Z, 7, u) = {terms periodic with respect to g} (2.3.44)
s=1,2,...

Conclusion. The mapping of the initial rotary system (2.3.15) into the compari-
son system of any approximation (2.3.20) can be performed with any prescribed
accuracy O(u®) in the class of trigonometric substitutions of variables of the form
(2.3.23). With s — oo there exist formal trigonometric substitutions of variables
of the form (2.3.23), transforming equations (2.3.15) into equations (2.3.20) that
also contain infinite power series of u. Convergence of such series is problematic.

Having constructed the substitution of variables (2.3.23), i.e. having found
the functions us, v, it is possible to analyze the values ||z(t,u) — Z(t, u)|| and
lly(t, 1) — §(t, w)||. To an accuracy of O(u?) it can be concluded that

||x(t,,u) - j(tnu)” < MHul(jagaﬂ)”a

where Z(t, u) are slow variables of one of the comparison systems (2.3.18) - (2.3.20).
For systems locally nonresonant on ¢ € [0, T'] the norm of the function wu is easily
calculated from formula (2.3.31):

w1 (2,9, pll < C/a, (2.3.45)

where C' is a constant bounding the initial function Xy (z,y, x) in the definitional
domain G ;4 t1- Then, obviously,

lz(t, 1) — z(t, W)l < nClex (2.3.46)

and with u4 — 0, ||z — Z|]| = 0 for all ¢ € [0, T'], where the condition of the local
nonresonance character of the system (2.3.15) is fulfilled.

For the norm ||y — §|| the matter becomes far more complicated. Indeed,
with the mapping (2.3.15) — (2.3.18) the function us contains a secular term
proportional to t. When finding the function v this term generates a secular term
proportional to 2, so |[y(t, u) — (¢, u)|| > 0, if, e.g., T = Cp~'. Hence it follows
that without some essential additional conditions put on the initial functions w,
Xn, Yy it is impossible to obtain the e-proximity of y(t,w) and 3(¢,w).

2.4 Initial Conditions for Comparison Equations

In Section 2.3 we described the algorithm for finding the functions ug, vy for three
classes of comparison equations: comparison equations of the first approximation
(2.3.18), those of the r-th approximation (2.3.19) and those of any (including the
infinite) approximation (2.3.20). Under certain conditions the Krylov—Bogolyubov
transform (2.3.23) has a trigonometric form, but it turns out that in this case the
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comparison equations should be solved with the initial conditions differing from
those given for the initial equations (2.3.15). We would like to emphasize this
important circumstance, because when justifying Krylov—Bogolyubov method for
different classes of ordinary differential equations the overwhelming majority of
authors formulate theorems on e-proximity of exact and averaged solutions for the
same initial conditions.

So we will look for such initial conditions for comparison equations that would
guarantee the existence of trigonometric substitutions of variables of the form
(2.3.23). We know that the necessary condition for the existence of 27-periodic sub-
stitutions of variables is the equality of functions ¢ (Z, u), ¥ (Z, ) (k=1,2,...)
to zero. Under these conditions the functions uy and vy are expressed by functions
(2.3.31), (2.3.32), and if we substitute ¢ = 0 in them, then

X3 (20, ). ) ik, 50, 1)) £0,  (2.4.1)

ul(a?(oau)v ?j(oa/i)ali) = 2

I<||klI<N

v (20, 1), GO, ) ) = >
1<|[klISN
.\ (M X (80,0, 1 ei<k’ﬂ<o7u»>

b )
oz 7 ooy PRwE(0,p)

(2.4.2)
For the above reason, in the first approximation the vectors [|2(0, u) —Z(0, p)||,
[ly(0, ) — g (0, u)|| are not equal to zero vectors because

'/I’.(O;,U’) - '/Z.(Oﬂu) = ,uul(a_:((),,u), ﬂ(O,,U),,u),

) ) i (2.4.3)
y(0, ) = 7(0, p) = pvr (Z(0, ), 70, ), ).

These norms have order O(u) which is retained in any s-th approximation.

Thus, it is possible to find a Krylov—Bogolyubov transform of the form (2.3.23)
in a trigonometric form (in the form of functions 2w-periodic with respect to g) in
case one calculates the solution of comparison equations with the initial conditions
defined from the following relations: for the mapping (2.3.15) — (2.3.18)

'?(Oa:u) + puy (?(0:,“’)7 ?;/_(Onu):,u) = To, (244)
y(O,,u) + por (CU(O,,M), y(oaﬂ)nu) = Yo;
for the mapping (2.3.15) — (2.3.19)
20, 1) + Y phur(E(0, 1), §(0, 1), 1) = o,
=1 (2.4.5)

Zj(o,ﬂ) + Zﬁ'kvk(i(ovl‘)a g(oaﬂ)nu) = Yo;
k=1
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and for the mapping (2.3.15) — (2.3.20)

2(0,1) + Y phur(2(0, 1), §(0, ), ) = o,

k21 (2.4.6)
7(0, 1) -I-Zu v (Z §(0.p), 1) = yo.

k>1

Equations (2.4.4)—(2.4.6) are function-transcendent equations that include
Z(0, 1) and §(0, u) as unknowns; xg,yo are the initial values for the initial system
(2.3.15). When solving such equations, as a rule one should use different iteration
methods (cf. Bakhvalov [1]), including that of simple iterations.

For the mapping (2.3.15) — (2.3.18)

28 (0, 1) = zo — pur (2H1(0, ), gED(0, ), p),

) . ? (2.4.7)
y(k) (Oa ,U’) = Yo — KU1 (x(kil) (Oa ,U’)a y(kil) (07 :u)a ,U’)
At the first step
jj(l) (07 :u) = To — puy (1'0, Yo, /’L)a (2 4 8)
gV (0, 1) = yo — pv1 (20, Yo, 1)
For the mapping (2.3.15) — (2.3.19) we obtain
280, 1) = 20 = Y p*us(@*=1(0, ), g*=1(0, ), ),
s=1
2.4.9
T, = 30— 3 0, a 40, ), 50,0, 10, (249)
s=1
i’l(O)(OaM):a’Da Q(O)(Oaﬂ):yoa k:172a ;
and for the mapping (2.3.15) — (2.3.20)
20 (0,p) = 20 = Y pfus (D0, ), gH1(0, ), ),
s>1
TW(0, 1) = yo — Y v (@ED(0, ), §H1(0, ), ), (2.4.10)
s>1

E(O)(Onu) = To, g(O)(Oa,U’) = Yo, k= 1127' e

Now we will give some totals of this asymptotic theory of locally nonresonance
systems with slow and fast variables of the form (2.3.1). We write them in the form
of an algorithm.

Step 1. If we are given the errors ¢; and d for the solution of equation (2.3.1)
within the time interval ¢ € [0, T'], then we will first define the values £; and
€2 characterizing the deviations of the right-hand members of the approximate
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equations (2.3.2) from the right-hand members of the given equations (2.3.1). When
finding €; and &5, in formulae (2.3.10) one should substitute, e.g. d;/2 and /2
instead of 4; and 5. The compensation of the deviation of the solutions, equal to
01/2 and §5/2, will be found through asymptotic theory.

Step 2. Knowing the values £; and &5, we find NV giving the place of “trun-
cation” of the Fourier series for the functions X (z,y,u), Y (z,y, ). Now instead
of the rotary system (2.3.1) we will consider the multifrequency system

dz '
P = i(ksy)
7 = PXN@y = Y X e,
O<|[k|I<N
d .
d—z =w(z) + pYn(z,y,p) = w(x) + 1 Z Yi(z, p) ek, (2.4.11)

O<|lklI<N
1‘(0,,&) = Zo, y(oa'u) = Yo,

with its right-hand members being trigonometric polynomials with respect to y,
but not infinite series.

Step 3. We apply the operator M, of averaging with respect to phase vari-
ables y, to the right-hand members of equations (2.4.11) i.e. we find the comparison

functions
XN(ZI?, N) = My[XN(:E’ Y, ,u)]
1 27 27
= (%)n/.../XN(a?,y,u) dyy -~ dy, = Xo(7, ), (2.4.12)
0 0

YN(jnu) = YO(:E;,U’)

and construct the comparison equations of the first, r-th or any approximation
(2.3.18), (2.3.19), or (2.3.20). For example, write the averaged system of the r-th
approximation for (2.4.11):

dz _ N
o = 1Xo(@, ) + > WAz, ),
i = (2.4.13)
g i, _ om /-
<7 =w(@) + uYo(@, 1) + Y 1 Ba(@, ).
§=2

Step 4. To write the equations (2.4.13) uniquely it is necessary to find the
transfer functions

=t (2.4.14)
y=9y+ ZMSUS(.’TT,@,M)-

s=1
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They are found in an analytical form by the method described in Section 2.3,
and of course, this method seems extremely promising from the point of view of the
use of computers for the execution of analytical (literal) operations. Expressions
for A;, Bs (s =2,3,...,r) are written in analytic form as well, i.e. the right-hand
members of comparison equations are written uniquely.

Step 5. If we consider the transformation formulae (2.4.14) as asymptotic
transformations of the initial unknown variables x(¢, u), y(t, 1), it is necessary to
find the solution of the comparison equations Z(t, ), §(t, u). First we will calculate
the initial values of Z(0, 1), 7(0, ) from the functional equations

2(0,1) + Y p*us(E(0, 1), §(0, 1), 1) = o,

(0, 1) + > 1P vs((0, 1), (0, 1), 1) = Yo-

Then we will solve the Cauchy problem for the comparison equations (2.4.13)
with the initial values (0, i), 9(0, ). However, since the averaging operator M,
results in a separation of movements and the subsystem of m-th order differential
equations for £ does not contain the vector g, the Cauchy problem should be solved
for the subsystem of slow variables only:

dz
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Such smoothing operators are the operator of averaging along the generating
solution and the operator of averaging for time-independent disturbances. Appar-
ently, the former was first used in the theory of lunar motion by Charles Delaunay
(see Delaunay [1]), and the mathematical aspects of its applicability in nonreso-
nance multifrequency systems were first considered by Volosov [1].

To construct this operator, substitute g = 0 into the initial differential equa-
tion (1.3.1) and obtain, in accordance with Poincaré’s terms, the generating equa-
tion

dz(0)
dt

Assume that the general solution of this generating equation is known:

= Z(29t,0) = 2O (2 1). (2.5.1)

2O(1) = (¢, C), (25.2)

where C is an n-dimensional vector of arbitrary constants. Replacing in Z(z,t, u)
the variable z by the function ¢, we obtain a new function depending on the
parameters C, u and on time:

Z*(t,C,u) = Z(p(t,C), t, u). (2.5.3)

To this function we can apply the time averaging operator M;[Z*] determined
from formula (1.1.6):

T
M[Z*] = Z*(C,p) = lim % / Z*(t,C, p) dt. (2.5.4)

T—o0
0
In this case the comparison equation of the first approximation will be written

in the form

©_ o), (2.5.5)
and evidently it can be integrated right away:
Z(t,p) = Z*(C, )t + 2. (2.5.6)

It is hard to expect that the solutions of the system (1.3.1), z(¢,u) and z(t, ),
would be e-close in norm; therefore some workers recommend replacing the vector
C (or the vector of initial values zp) in comparison equations by the function Z.
After that the comparison equation of the first approximation for (1.3.1) takes the
form

dz 5, _
i Z*(Z, ), (2.5.7)

and this was the subject of inquiry in the work of many mathematicians. But
it should be noted that the procedure of changing C' to Z is not strongly valid.
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To eliminate this drawback to a certain extent, another averaging operator was
proposed by Grebenikov [2,3] which can be called an averaging operator for time-
independent disturbances.

In (1.3.1) perform the substitution of variables

p(t, p) = 2(t, p) — o(t, C). (2.5.8)
Then the vector-function p is defined by the differential equation
d
d—f = P(p,t,C,p) = Z(p+ . t, 1) — 20 (p(t,C), 1), (2.5.9)

equivalent to the initial equation (1.3.1). Now apply the procedure of averaging
with respect to ¢ to the second member of (2.5.9), in the integration process re-
garding p, C', pu as constants:

P(p,C,p) = Jim —/P (p,t,C, ) dt (2.5.10)

It is the formula (2.5.10) that defines the averaging operator for time-indepen-
dent disturbances.
The comparison equation of the first approximation for (2.5.9) takes the form
dp _ 5,
pri P(p,C,p). (2.5.11)
If we write a comparison equation of the first approximation for (1.3.1), construc-
ted by means of an averaging operator for time-independent disturbances, we will
obtain

dz _
T =PE-e.Cu)+ ZO(p,1). (2.5.12)

The rule of construction of such an operator automatically saves, in the second
members of the comparison equations (2.5.11) and (2.5.12), the unknown p(t, p)
and Z(t,p); therefore there is no uncertainty like in the case of the use of an
operator of averaging along the generating solution.

Now we will give an example of an application of an averaging operator for
time-independent disturbances to show its main advantage.

Let X(z,y) be a 2m-periodic function with respect to y and satisfying in some
domain Gqn = {(z,y): = € P, y € @,} the conditions of the Jordan—Dirichlet
theorem on Fourier series expansibility. In the domain G, 4, we will have

= > Xi(a)el®v (2.5.13)
l1£]1>0

Applying the operator of averaging with respect to y (Gauss’s operator) to (2.5.13),
we obtain

M,X] = — /.../X(a:,y)dyl...dyn:Xg(x). (2.5.14)
0 0
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This very operator was used for the construction of the asymptotic theory of
locally nonresonant systems (see sections 2.3 and 2.4). Now suppose that

y(t) = wt +p (2.5.15)

and the numeric vector w has rationally incommensurable components, i.e.
(k,w) # 0 for all integer vectors k, except the vector with zero norm. If the
substitution (2.5.15) is performed in (2.5.13), we obtain the conditionally periodic
function of time

X(@wt+p)= Y Xp(z)exp{i(k,w)t+i(k,p)}. (2.5.16)
k>0

To (2.5.16) we apply an averaging operator for time-independent disturbances, in
the integration process regarding p as a constant vector:

1

T
M[X (z,wt + p)] — /X(:U,wt +p)dt = Xo(z). (2.5.17)

= fm 7

Now let the frequency vector w have rationally commensurable components,
i.e. the equality (k,w) = 0 is true for some set of integer vectors k*. Then

X wt+p) = 3 Xp(a)exp{ilh,p)}
ke{k*} (2.5.18)

+ Z”Xk (z) eXp{i(k, w)t + i(k,p)},

where two primes denote summation over the set of integers apart those for which
(k,w) = 0. In other words, the first sum includes resonance harmonics, and the
other nonresonance harmonics.

After application of an averaging operator for time-dependent disturbances we

obtain
!

MX(z, w0t +p)] = X(z,p) = Y Xp(e)e!®?), (2.5.19)
ke{k*}

hence it is clear that after the smoothing procedure not only do the “resonance”
summands of expansion remain, but implicitly the dependence of the averaged
function on p was kept as well.

Though the averaging operator for time-dependent disturbances is denoted by
the same symbol as the operator of averaging with respect to the time-averaging
operator, there is an essential difference between them. First, the averaging opera-
tor for time-dependent disturbances is also applied when the initial functions do not
depend explicitly on time, and second, time is introduced through the dependence
of the generating solution on it, but not arbitrarily.
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2.6 Asymptotic Theory of Systems with Their Paths Passing through
Resonance Points

Revert to rotary system (2.3.15)

dx

W _ux

dt % N(waynu)a
d

m(onu) = Zo, y(oa'u) = Yo,

where the vector-functions X, Yy are represented by n-fold Fourier polynomials
with respect to y

0<iIklI<N

YN(:U,y,,u) = Z Yk(m’u)@i(kay)_
0<||klI<N

(2.6.2)

Instead of (2.6.1) we introduce a system for disturbances, using the substitution
of variables

p=x—xy, q=y—wot—7yog, wo=w(Zo), (2.6.3)
and obtain
dp
P pXN(p + 2o, ¢ + wot + Yo, 1),
o (2.6.4)
- wW(p + z0) — wo + uYn(p + 20, ¢ + wot + Yo, 1);
XN = Z Xi(p + wo, p) exp{i(k,wo)t + i(k,q + yo)},
O<|[k[|<N (2.6.5)
Yn= Y, Yi(p+zo, p)expfi(k,wo)t +i(k,q+yo)}.
o< k|I<N

The equivalence of (2.6.1) and (2.6.4) is obvious.
Let the initial vector of frequencies wg satisty, for k € {k*}, ||k|| # 0, the
resonance condition

(k,wo) = 0. (2.6.6)

Apply Gauss’s operator M, to the right-hand members of equation (2.6.1). Then
the averaged equations of the first, 7-th and any approximation will exactly coincide
with the comparison equations (2.3.18)—(2.3.20). As an example see below the
comparison equations of any approximation

dz _ _

=7 = WXo(@, 1) + D pAw(@, ),

i k= (2.6.7)
7 = @@+ pYo(z, p) + > 1Bz, p).

E>2
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It seems that for the construction of the mapping (2.6.1) — (2.6.7) one should
use the substitution of variables (2.3.23) and the system (2.3.26) since there is no
external difference between (2.3.15) and (2.6.1). However the solution of system
(2.3.26) for (2.6.1) with consideration for the resonance conditions (2.6.6) will differ
from the solution given in Section 2.3. Indeed, the equation for u; in this case can
be written in the form

Ouy _ ! , )itk
<a—g,w(az)> = Z Xp(z, p)e (k7)) 4 Z X (T, p)e ( y), (2.6.8)

I<|[k][<N I<||klI<N

where the first sum contains terms for which (k,wp) = 0 (resonance sum), and the
second sum contains nonresonant terms. In locally nonresonant systems the first
sum is lacking.

Due to the presence of the resonance sum the solution of equation (2.6.8) is a
complicated procedure.

First assume that the paths of system (2.6.1) have the property of remaining
in a resonance point, i.e. the equality

(k, w(z)) =0 (2.6.9)

is true not only at the initial point zg, but also for some interval of ¢. In equality
(2.6.9) the vector k takes the same values as in the first sum in (2.6.8). Then, using
the method of characteristics, we can write the general solution for (2.6.8) in the
form

! . —
ys ;D Xa@ et
ws( 1<||k||<N

X (7, p)el k9 _
+ Z W + ¢1(z, 1),
I<|klI<N

i~%
<
=

(2.6.10)

where ¢ (T, 1) is an arbitrary vector-function differentiable with respect to Z, like
it was before. The first summand in (2.6.10) actually contains a secular term
multiplied by e?*%), because

n —
1 Z ysﬁ =t + {small function}, (2.6.11)
n = ws(z)
i.e. the first summand consists of terms of the form ¢ sin at, ¢ cosat which Poincaré
called mized disturbances.

So, if the averaging of the right-hand members is performed by means of the
operator M, and for some vectors k the resonance relation (2.6.9) holds, then
already at the first step in the Krylov-Bogolyubov transform (2.3.23) secular (or,
more exactly, mixed) terms appear, and consequently an asymptotic theory of
disturbances of rotary systems of the form (2.6.1) in trigonometric form cannot be
constructed.

Now assume that the resonance relation (2.6.9) holds true on some discrete
set of points {Zres}. In this case we have two analytic representations for the

Copyright © 2004 CRC Press LLC



2. AVERAGING PRINCIPLE FOR MULTIFREQUENCY SYSTEMS 63

function wuq:

1o 7s 1 P
T, Y, lh) = — E E Xi(z i(k,7)
ul(way’u) ns_lws({z‘)1<”k”<N k(wnu)e
- <lki= (2.6.12)

lf (k,o.)(:fres)) = 0,
(2.6.13)

if (k,w(Z)) #0.

So for the transform (2.3.23) we will have two variations: (2.6.12) for the
resonance case (it contains secular functions) and (2.6.13) for nonresonance points
Of course, the double expression for the function wu(Z,¥, ) generates a double

expression for the function v;.
In the first case we obtain

Ul('fz‘agnu)
Yk z, ) (k,:lj)

1 Ys PR ACINELUE i(k,w(Z))

1<|[k|<N

ni= @@ fien

1<kl <N

)
3

& |
=
—~~
S
N
&5
S

!

Xk(w,u)ei('“7g)>

i 8w(w)’<i ys ny3> >

ws(Z)  wi(?) 1<||k||[<N

0z
I<||klI<N

85‘)(53 s 901(33’”)> —}—’(/)1(55,/1).
(2.6.14)

Xk (.'l_f, 'u)ei(k’g) )

ey (%, p)ei k=) ()
Yi (@, p)e™™? Ow(T
) J z * z T2 a2
<ren ik w(@)) ( Iz IS%ESN i (k,w(z)) (2.6.15)
+ wf/(j;) <365§_:$)’ 1 (ﬂ?,p)) + o (2, ).

The expression (2.6.14) shows that already in the first approximation in the
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resonance case the function v; contains a secular term of the form > (41 /w; ~ t),
and in the nonresonance case, a secular term of the form ¢, if p(Z,u) = 0.

So we obtain two variations of the asymptotic theory of disturbances of first
order: one for the resonance case, another for the nonresonance case. It is easy to
infer that this conclusion remains true for the theory of disturbances of a higher
order as well.

Now let the condition of initial resonance (2.6.6) be kept, and a procedure
of averaging of functions Xy ,Yx by means of an averaging operator for time-
independent disturbance be performed. Then the comparison equations of any
approximation will be written in the form

dp b (0 +7) kA (p.
a_'u Z Xk(p+l'0,,u)el Yorq +Zu Ak(Paan)a
o<|lkI<N k=2
dq _ ! - i 7]
i w(p+ x0) — w(zo) + 1 Z Yi (P + 2o, N)ez(k’yOH) (2.6.16)
O<|[k][<N

+ ) 1 Br(p,q. p).
k>2

Our main objective is to show that the mapping (2.6.4) — (2.6.16) can be
achieved by means of trigonometric substitution of variables of the form (2.3.23).
Find the Krylov—Bogolyubov transform in the form
p=p+ > prru(pa.t,p),  a=a+ Y prve(p.q.t, ). (2.6.17)
E>1 E>1
Then the system determining the transformation functions us, vs will have the
following analytic form:

ouy Ouy _
5t (G e —w)
"
= > Xi(p+zop)exp{i(k, 7+ wot +yo)}.
1<IHI<N
8’01 61)1

o (Gt )

5

Yi(p + wo, ) exp{i(k, ¢ + wot + o)} + (

1<[KI<N b
'6125'; o .(;J.r. )_ G
6t 87 ) w p "I’AO UJO -

= Us(pa (Iatuuaulavla cee ;usflavsflaAQ;B% cee 7As)a

v, Ovg (5 + o) —
6(? ) w p "I’AO ‘UO

= Vs(pa‘j;tnu;ula"' 7vsflauS;A27B2a"' 7ASJBS)'

(2.6.18)
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In sums with two primes k only takes nonresonance values. The system (2.6.18)
may be successively solved in analytic form. For example, we have

_ Z” Xk (P + @0, p) exp{i(k, ¢ + wol + yo)}
t J—
ul(paQ7 a,U’) Z(k,W(ﬁ-{-ZUO))

1<|[klI<N
+ ¥1 (ﬁa /’L)a

o B 1 Y (p+ xo, ) exp{i(k, §+ wot + yo)}
'Ul(paqatnu) - Z 2(k,w(13+$0))

I<|[k][<N

Ow(p + o) n Xy(p+ w0, ) exp{i(k, ¢ + wot +yo)}
+< op 2 i2(k,w(p + 20))? )

1<k <N
+ 1/)1 (ﬁa /J’) .
(2.6.19)
Expressions (2.6.19) show that in the case of averaging with respect to t it
is possible to determine the first terms of the Krylov—Bogolyubov transform in a
trigonometric form, assuming that

1(p, 1) = Y1(p, p) = 0.

If at each step of the iterations the functions A(p, q, 1), Bs(p,q, 1) are chosen
as average values of the right-hand members of equations (2.6.18) with respect to ¢,
i.e. if they are determined from the relations

T T
o1 "
Tlgnoo T / Usdt =0, Tlgr(l)o T / Vsdt =0, (2.6.20)
0 0

and the functions g, 1, are equated to zero, then it is possible to construct the
Krylov—Bogolyubov transform in a trigonometric form for higher approximations
as well. Then, to obtain the asymptotic representations of the solutions of the ini-
tial system (2.6.1) it is necessary to substitute the solution of comparison equations
(2.6.16) and the solutions of the form (2.6.19) into transform (2.6.17). The tran-
sition from the variables (disturbances) p,q to the initial variables z,y is trivial.

Conclusion If the solution of the multifrequency system (2.6.1) passes through
one or several resonance points, then on averaging of the right-hand members by
means of the Gauss operator M, we obtain a sufficiently complicated asymptotic
perturbation theory with secular terms, with different analytical representations for
resonance and nonresonance sections of the path. By means of the averaging ope-
rator for time-independent disturbances the analytical form for the disturbances is
noticeably simplified, but solution of the problem of the first, second and other ap-
proximations becomes more complicated, because in the presence of the resonance
of initial frequencies, comparison equations of the first, second and any approxima-
tions do not split into subsystems separately determining the slow variables Z(t, u)
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and the fast variables (¢, u). If frequency resonances are present, there is no split
of motions in phase space.

2.7 The Algorithm of Joining of Resonance and Nonresonance Path
Sections

Formulae (2.6.12) — (2.6.15) show that for approximate solutions of the initial multi-
frequency system (2.6.1) we will have different analytic representations for different
points of time. These analytic differences generate analytic formulae for solutions,
quasi-independent from each other, but since the integral path of initial equations
is a continuous function, we should join the different sections.

For this purpose we will split the closed interval [0, T] into two sets:

(a) the time resonance set Les(7T') consisting of intervals for which

(k@ )] < o, te [10, 49

l,res> r,res] I

(2.7.1)

where a is the width of the resonance zone, and tl(,sr)es and #{%%; are the

left and the right ends of the s-th resonance interval;
(b) the time nonresonance set Ionres(T") consisting of intervals for which
|(kw(@(t, )] > @, ¢ € [0 res 1)

I,nonres’ r,nonres] ’

(2.7.2)
(5)

where ¢/ s tﬁfr)mnres are the left and the right ends of the s-th nonreso-
nance interval (tf:?omes = tgfr)es, because the first interval is a resonance
one, (k,wp) =0, t{5) =0, t{onres = ti i)
It is obvious that
Lies(T) U Inonres(T) = [0, T7. (2.7.3)

On the set Ies(T) asymptotic perturbation theory is represented by formulae
with secular disturbances, if the averaging was made by means of the operator A,
and on the set Ionres(T') by formulae of the form (2.6.13). For both variants
to represent the solution x(t, ), y(t, u), it is necessary to join these expressions
at the points tl(i':sl) = tﬁfﬂomes, trfr)es = tlfnomes. It is also necessary to join the
expressions for the derivatives dx/dt, dy/dt, because the right-hand members of
the initial equations are continuous functions. To perform the joining it is necessary
that 2(m + n) satisfies the conditions of the form

x(tl(,i:_sl)’ ,u) = x(tl(”;sl)lonresa ,U’)a y(tl(j—:sl)a ,U/) = y(tl(r',sr)lonres, ,U),
dx (tl(:srjsl)a /1,) . dx (tE‘;SI)IOIlI'eS7 M) dy (tl(’sr:sl)a ,u) _ dy (tI('?T)AOHI‘eS; ,U) (274)
dt B dt ’ dt B dt ’

The joining conditions (2.7.4) constitute a system of 2(m+n) functional equa-
tions with the arbitrary functions ¢1, ¥; and their partial derivatives dy, /dt,
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dip1 /dt to be considered as the unknown functions, if the theory of the first ap-
proximation is being constructed. Since 1, 1 are arbitrary functions differentiable
with respect to Z, then for system (2.7.4) to be compatible we should introduce
2(m + n) unknown parameters. For example, as wgs), 1/)@ we can take functions
linear relative to

4,0%5) (ja :u) = asTs + pbs, 'l/}Y) (f, ,U) = ¢ Ty + pud,,

2.7.5
s=1,...,m; r=1,...,n, ( )

and then system (2.7.4) adds up to two subsystems of linear algebraic equations.
(One is of order 2m with the unknowns as, bs (s = 1,... ,m), the other is of order
2n with the unknowns ¢,,d, (r =1,...,n)). Systems of the form (2.7.4) have to
be solved each time when passing from a resonance interval to a nonresonance one
and vice versa.

Now it remains to define the width of the resonance zone—the number «
determining the moments tl(’sr)es, tEfRes in particular. The latter essentially depend
on T, i.e. in the time interval in which the asymptotic theory of multifrequency
systems is constructed. If T = O(u™"), then it is expedient to take O(u) as a, e.g.

a=p, (2.7.6)
i.e. we think that the width of the resonance zone is equal to 2u. To obtain tﬁ,lr)es
(tf}r)eS = 0 owing to the fact that (k,wo) = 0), it is necessary to solve the following
equation with respect to t:

(k% w(Z(t, p)) = p (2.7.7)

where k* is the resonance vector with the lowest norm.
Let the solutions of the equation (2.7.7) be denoted by

O<ti <ty <...<T. (2.7.8)

Then it is clear that tl("lr)es = 1, tl(Qr)es = t3, etc. Of course, the situation

can arise when the equation (2.7.7) has no solution t; < 7. This means that

within the interval [0, T'] the path does not leave the a-zone of the initial reso-
nance (k,wq) = 0.

2.8 Periodic and Quasi-Periodic Oscillations in the Van der Pol
Oscillator System

In electric circuit theory (see Van der Pol [1]) mathematical models are used that
are called autonomous and nonautonomous Van der Pol oscillators. The former is
the second-order differential equation

Pz dx

- 20 = p(1 — )= 281
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and the latter is the equation
2
ZT;U +wlr = p(l - wg)% + pk cos At. (2.8.2)
Here z(t, ) denotes the strength of current in a tube generator with an oscilla-
tory circuit, w is the eigenfrequency of the oscillatory circuit of the tube generator,
1 is a small parameter characterizing the connection of the circuit with the vacu-
um tube, A is the frequency of the exciting current strength, and & is a positive

parameter.
w=A=0W"), v>1, (2.8.3)

i.e. the eigenfrequency and the frequency of excitation are closely approximated, we
have a dual-frequency resonance; the greater is 7y, the “sharper” is the resonance.
This will also be clear from the analytic constructions shown below.

A more general mathematical model is comprised of the systems of autonomous
and nonautonomous Van der Pol oscillators, described by the systems of ordinary
differential equations

dQZUk 2 .
az Tt = i@, ), (2.8.4)
= (T1,- - Tn), T=(L1,...,%n), k=1,...,n;
dQIk 2 .
W+wkmk:ufk(a:,x,t), k=1,...,n, (2.8.5)

where fi(x,,t) are analytical functions of the variables z, & in the 2n-dimensional
open sphere K, with radius R
n
> (aF +d}) < R (2.8.6)
k=1
The method of asymptotic series in trigonometric form was apparently first
applied by Lindstedt (see Poincaré [3]) to the one-dimensional Van der Pol equation
2
ZTZ + W’ = pf(x,t), (2.8.7)
where f(z,t) is a function analytic with respect to 2 and periodic with respect to ¢.
His ideas and the analytic form he proposed were generalized and developed for
Hamiltonian systems by Poincaré [2]. In the one-dimensional case, moreover when
there are no external exciting forces, resonance phenomena do not occur, therefore
for us the systems of Van der Pol oscillators (2.8.4) and (2.8.5) are of special
interest. Unlike the one-dimensional equation, both resonance correlations of the
form (k,w) =0 and resonance between frequencies w and excitation frequencies A
may appear.
With p =0, generating systems for (2.8.4) and (2.8.5) consist of the second-
order equations independent of each other

da:fco)
dt

+w2al® =0, k=1,...,n, (2.8.8)
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with their general solution expressed by the formulae

xgco) (t) = Ap coswyt + Bpsinwgt, k=1,...,n, (2.8.9)

where Ay, By, are arbitrary constants. Each function ZU;CO) (t) has the period 27rw,;1,

but the general solution of (2.8.9) may be both a periodic and a nonperiodic vector
function ¢, and its nature is determined by the arithmetic properties of the fre-
quency vector w. The geometric interpretation of paths on an n-dimensional torus
given in Section 1.5 is fully applicable to the solution of (2.8.9).
Now consider the disturbed system (2.8.4). Instead of 2n unknown functions
Tk, T we introduce new variables uy, vy by the formulae
T = U Sin wit — vy cos wyt,

, ) (2.8.10)
T = wi (ug coswit + vg sinwyt).

The second equality of (2.8.10) means that the following conditions are imposed
on the variables uy,, vg:

dﬂsinw t— dﬂcosw t=20
dt M e (2.8.11)

Vg (0) = —Tk (0), Up (O)Mk = Ci?k (0)

where z(0), ©1(0) are the initial conditions for the initial equations. The condi-
tions (2.8.11) exactly coincide with the similar conditions appearing in the classical
method of variation of arbitrary constants (see Stepanov [1]).

Using the new functions, system (2.8.4) may be written as

dug _ - (5) (3.0t
—r = ok ) + Do (u,v)el,

lsl>1 081
dvy, n (s) i(s,w)t (28.12)
=) 3 U e

where @, ¥y, cpff),z/),(cs) are analytic functions of variables u,v in an open 2n-
dimensional sphere K},

n

3 (u +0}) < B2,
k=1

Now introduce the 2n-dimensional vectors

z = (Ul,.._ s Up, V1, .- avn)a Z = (@17'-' 7(;5117,&1’... ,,(/}’n)a
7 = (851 + ZQ@%S)ei(s,w)t’ L ’,J)n + Zd)’ELS)ei(S’w)t) .

In this notation system (2.8.12) takes the form

Copyright © 2004 CRC Press LLC



70 METHODS OF NONLINEAR RESONANCE DYNAMICS

System (2.8.13) is a so-called standard system in Bogolyubov’s sense (see Bo-
golyubov [1]). We will write a comparison system of the first approximation

dz -

i uZ(z), z(0) = z, (2.8.14)
where the comparison function has the form
) T
Z(z) = lim = [ Z )
()= Jim / (2.1) dt

0

Unfortunately, it is impossible to apply the remarkable Bogolyubov theorem
(see Bogolyubov and Mitropolsky [1]) on e-proximity of z(t,p) and Z(¢,u) in
an asymptotically large time interval (T = O(p~!)) because the function Z(z,t)
does not have an average value over ¢, uniform in the whole domain of its existence.
Therefore we will now consider one iteration method allowing us to construct the
exact solution of system (2.8.13). This goes back to the work of Mandelstam and
Papaleksi [1].

Theorem Let:

(1) the vector-function Z(z,t) be continuous together with its partial deriva-
tives with respect to z in the domain Gany1 = {(z,t): z € K}, t €
(—00,00))} and its Fuclidian norm satisfy, with respect to z, the Lips-
chitz condition with the constant L

1Z(z't) — Z(Z",t)|| < L||z' = 2"||, 2',2" € Kj,; (2.8.15)

(2) Z(z,t) be a periodic function t with frequencies wy = /\pkq,;1 (A is any
real positive number, py,qi be integers, k=1,...,n) or a quasi-periodic
function with respect to t, consisting of a finite number of harmonics;

(3) the norms ||Z|| and ||0Z]0z|| be bounded in Gapy1

12|l < K, 1|0Z/dz| < K; (2.8.16)

(4) z(t,u) € K),, as t € (—oo0,00) together with its p-neighborhood.

Then for all ¢ > 0 and A > 0 there exists po(e, A,p) > 0 such that with
u € [0, po] and with t € [0, A,u’l] the following estimation holds:

lz(t, 1) = 2t )| <&, 2(0) = 2(0) = z.

Proof 1In view of condition (2) of the theorem, the function Z(z,t) can be repre-
sented as

Z(z,t) = Z(t) + Y Zy(2)e')t, (2.8.17)
lls)|>1
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If it is periodic with respect to ¢, the norm of the summation index ||s|| can
also be unbounded, and if Z(z,t) is quasi-periodic with respect to ¢, then in sum
(2.8.17) 1< |s|| < N.

Now we will construct the solution of system (2.8.13) by the method of itera-
tions, supposing that the first approximation is determined by the relation

t t

) = 20+ [ 26 dr Y [ Za(empeeran @sas)
0 IIsll>1g

In other words, as a zero approximation the solution of the averaged system
(2.8.14) is taken. Integrating the last summand by parts, we find

i(s,w)t |t
e
t —z(t = Zs(z
21( a,U’) Z( Hu) H Z (2) z(sw) o
lIsl|>1
t syt (2.8.19)
0Zs - e's
—u? * Z(z d
3 (5 20) Gy
lIsl>17
In systems of Van der Pol equations the frequencies wy,... ,w, are constant,

therefore the existence or the absence of resonance relations between them do
not depend on time. A system is either always or never a resonance one. From
condition (2) it follows that for all integer vectors s for which (s,w) # 0 we have
the estimation

I(s,w)| > a > 0, (2.8.20)

and it is important to note that a > 0 as [|s|| = oo. In addition, we constructed
the function Z(z,t) in such a way that those summands of Fourier representation,
for which (s,w) = 0, were beforehand included into Z(z). Therefore in sum (2.8.17)
the summation index-vector s only takes nonresonance values.

Then, taking into account the condition (3) of the theorem and estimation
(2.8.20), from (2.8.19) we derive the estimation

_ uK K%t
21 (t, ) — 2(t, w)|| < —— + (2.8.21)
(6% (0%
and with 0 < ut < A we obtain
i K2+ AK
(k) — il < e, € = FEEAD, (2.8.22)

Using the Liptschitz condition, it is easyto estimate the norm of the difference
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of the second and first approximations:

n@mm—muwm<uﬂw@m—2@mmw

t
<l / 2 (. ) — 2(r, )| di,
0

and with 0 <t < Ap~!
ll22(t, ) — 21 (¢, p)l| < pACL. (2.8.23)

For the m-th approximation we have

lem(tos) = 2t 0] < 1

therefore
2t 1) = Z(t p)l| < pCeAL,

Performing the limit transfer with m — oo, we obtain
[2(t, ) = 2(t, p)|| < pCert. (2.8.24)

Now let there be given an arbitrary value & > 0. Then if ug(e, 4, p) is chosen
from the condition

poCel = inf{e, p}, (2.8.25)

then with all p € [0, po] and with all ¢ € [0, Ap~'] all approximations together
with the exact solution z(t, ) will belong to the ball K}, and on the other hand,
we will have

||Z(t,'u) - E(tnu)” <e. (2826)

So the theorem has been proved. One might say that it expresses the averaging
principle for the Van der Pol system.

Now consider another aspect of the mathematical problem of Van der Pol
asymptotic theory.

Let there be given an n-dimensional cube P, = {0 <z <1, k=1,...,n}
and an arbitrary point w € P,. We will study not a single system, but a set of Van
der Pol equations systems of the form (2.8.4) considering that w = (w1,... ,wy) €
P,, and the vector f = (f1,...,fs) is analytic with respect to z, & in the ball
K>, and its expansion contains an infinite number of summands. Then for the
arbitrary vector w with irrational components from the cube P, we see that it is
always possible to choose a subset of vectors s such that on the one hand ||s|| = oo,
and |(s,w)| = 0 on the other. Here we come across a situation typical of problems
with small denominators. In view of the fact that |(s,w)| — 0, the quantity
C(a) included into estimation (2.8.22) grows without limit, and for this reason the
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inequality (2.8.24) though not being violated, becomes senseless. Consequently,
without additional conditions it is hardly possible to prove the averaging principles
for such Van der Pol systems. The most natural additional conditions may be:

(a) the condition of analyticity of Z(z,t) with respect to z in a 2n-dimensional
ball K, ;

(b) introduction of a “metric concept”, i.e. consideration not of all points
of the cube P,, but “almost all” (in the sense of Lebesgue measure, see
Shilov [1]) its points, but such that for them |(s,w)| — 0 would follow

some regularity if ||s|| — oo.
We will study the above conditions in more detail.

Condition (a) Let the vector-function Z(z) be analytic and 27-periodic with
respect to z in some domain ||Im z|| < a. Then in this domain we have the Fourier
representation
Z(z)= Y Z,e'™?), (2.8.27)
lisl>o0
and if ||Z(2)|| < M, then (see Arnol’d [1])

11Zs]| < Me=lsll, (2.8.28)

Inequality (2.8.28) shows a very fast exponential decrease of the Fourier coef-
ficients of the analytic function.

Now let Z(z,t) be obtained by means of the above-described transformations
from the vector-function f = (f1,...,fn) analytic with respect to x, £ in a 2n-
dimensional ball K5,. Then it is analytic with respect to z in the ball K’, and
periodic or quasi-periodic with respect to ¢t € (—o0, 00). A question arises: what is
the structure of the representation coefficients (2.8.17) and what is their decrease
rate as ||s|| — oo?

Representation (2.8.17) was obtained from the expansion of vector f in terms
of powers of z,, &, their replacement by new variables u, v with consideration for
(2.8.11) and as a result regrouping of an intermediate expansion for obtaining a
standard Fourier representation. From these operations it follows that

Zy(2) = Akyohon 2t 252 (2.8.29)

or, in vector notation,
Z(z)= Y. Azt (2.8.30)
lI=l>1sll
If ||f(z,%)|| < B when (z,%) € Kap, then

| Frs | < (2.8.31)

kil kop!
Then
B*

|Ak1,... skan | < m’

(2.8.32)
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where B*= BN, and N is an integer depending, generally speaking, on k1, ... , kap.
This implies
2n
B*
1Zsll < o7 |krl = [Is]].

Condition (b) Almost all (in the sense of Lebesgue measure) points w € P, satisfy
(see Arnol’d [1])
R
()] > (283
s

where R(w) depends on w only. Now we can formulate the next theorem.

Theorem Let:

(1) the vector-function Z(z,t) be analytic with respect to z in a unit ball K},
and depend on t € (—o0,00) n a periodic or conditionally periodic way;

(2) its norm be bounded in the domain K, x (—oo,00) by a constant K ;

(3) the frequency vector w belong to a unit n-dimensional cube P, and satisfy
(2.8.33);

(4) z(t,u) € K, with t € (—o0,0) together with its p-neighborhood.

Then for any € > 0, A > 0 there exists po(e, A, p,w) > 0 such that with

w€ [0, po] and t €0, Ap!]

||2(t7:u) - Z(tnu)” <g, 2(0,,&) = E(O;IU’) = Z0- (2834)
The proof of this theorem is given in Arnol’d [1].

In conclusion we will show one more transformation (z,%) — (u,v) instead of
(2.8.10) and (2.8.11), which is often used by physicists and mathematicians. It is
possible to seek the solution of equations (2.8.4) in the form

i (t) = ap(t) cos(wrt + w(t)), k=1,...,n, (2.8.35)

where ag(t), pr(t) are slowly changing amplitudes and phases. In this case instead
of (2.8.11) we will have the conditions

day, d

% cos(wit + or) — ak% sin(wpt + ¢1) =0, k=1,....n. (2.8.36)

Taking account of these conditions, the initial functions zj are determined
from the differential equalities

dz

dt

Naturally, substitution of variables (2.8.35), (2.8.37) can be effectively used for

sufficiently small u, because with p = 0 the amplitudes of oscillations ay and their
phases ¢y, are constant (see formulae (2.8.9)).

= —agpwi sin(wgt + ), k=1,...,n. (2.8.37)
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We will show the aspects of the averaging principles on Van der Pol equations
and, in particular, study the influence of resonance upon the qualitative behavior
of solutions.

First consider the autonomous Van der Pol oscillator

d’z N dz dz
dz —u(1— % 0) = el IR 2.8.38
dt2 +w'z /'L( T )dt’ ZU( ) Zo, dt o Zo ( )
We will look for a transform (z,%) — (a,¢),
dz(t
z(t, u) = acos(wt + ), % = —awsin(wt + ), (2.8.39)
that will transform (2.8.38) into the system 1 = wt + ¢
d
d_a = pasin® ¢ (1 — a® cos® 1)),
dfb (2.8.40)
i + psin cos ) (1 — a” cos®1)).

The existence of the transform (2.8.39) implies that the additional conditions

C(ll—? cos(wt + ) — % asin(wt + @) =0,

a(0) cos p(0) = zg, a(0)wsin(0) = —iy,

typical for the Van der Pol method and for the method of variation of arbitrary
constants are satisfied.

System (2.8.40) contains one slow variable a and one fast phase ¢ (¢ = wt +
slow phase ), therefore the method of the averaging principles for Van der Pol
oscillator systems can be applied to it. Thus, we will look for a new substitution
of variables

a:a-l-,uul(c_z, _)+/.,L2U2(C_l,'¢_))+"' )

b =P+ o (@, 9) + pPva(a, ) + -, (2.8.41)

that will transform the system (2.8.40) into the comparison system of any approx-

imation
da _ 24 /-
o =A@+ @)+
2 (2.8.42)
dip N 21
pr =w+ puBi(a) + p”Ba(a) + - .

Now if we perform all mathematical operations necessary for the averaging
method, we will obtain an infinite system of partial differential equations for the
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calculation of u(a,), vi(a,v):

du; a(4—a®) acos2 N a® cos 49

=t _ — A+ (a
Y o0 8 2 8 (@),
vy (2—a’)sin2) a’sindy _
Yoo T a1 s ~bB@
Ouy __, Ou g Ou w1~ cos2y)
wop T Mg TBigg T 5
3a%uy (1 — cos4y)) @ vy sin 4 (2.8.43)
~3aTuy( 8cos w)_avliln 1/}—142([1),
W 0u g On ausin2y
oy aa Tlop 2
W si4n4z/_) 4 (2 - 62)1)1 cos 21) B (‘12v1(1-gcos41/_)) _ By(@)

This infinite system can be integrated by the method of characteristics. From
the whole set we will choose the simplest class of periodic solutions. Following the
general rule of finding the unknown functions Ay, By, we find

2 _ _9 _ _ _9 _
Ay(@) = %/[a(élga ) a002s21[) L8 cc;séh[)] i,
. (2.8.44)
_92\ - - _92 . "
B, (@) = %/[(2—a4)sm2z/) _a s18n4w} i,
0
or
- ~2
Ay (@) = @ By (@) = 0. (2.8.45)
Therefore
— 2 .
w1 (@,9) = = |~ sim2 + TR 4o, @),
_WQ o (2.8.46)
on (@, §) = (@ — :()Ucos 2y a ;(Q)S 41) 0, (a),

where 1,6, are arbitrary differentiable functions of the variable a. The appearance
of arbitrary functions in the structure of (2.8.46) is a corollary of the general theo-
rem on the analytic structure of the general integral of partial differential equations
(see Stepanov [1]). For the functions uy,v; to have only trigonometric summands,
it is necessary to assume

¢1(a) = 61(a) = 0. (2.8.47)
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In this case we obtain

w(@d) = 4

_  aZsin4y
[—sin2¢+7a Sl; ﬂ,

(2.8.48)

v (a, ) = 8%.; [ (a® — 2) cos 2 + a* cos4¢] )

Then, substituting (2.8.48) and (2.8.45) into the third and fourth equations of
system (2.8.43), we obtain

Ouy  a(—32+ 29a* — 4a*) sin 2¢ N a(16 — 5a — 24a*) sin 4¢)

“Yog 1280 2560
a®(1 —4a?)sin6y  a° sin 8
— — A.(a
+ 128 512w 2(a),
i (2.8.49)
w% _ —32+48a° — 11a’ B (@% + a*) cos 2¢
oy 256w 64w
(=16 + 4a® — 3a*) cos4¢p  a’cos6y  a'cos8p Ba(a)
128w 64w 256w 2
Using formulae similar to (2.8.44), we find
—32 + 48a% — 11a*
As(a) = By(a) = 2.8.
2(a) =0, 2(a) SE60 (2.8.50)
Then, integrating the equations for us, vo, we obtain
ws (@, F) = a(32 — 29> + 4a*) cos2¢  a(16 — 5a> — 24a") cos 44
RS 256w? 10242
a*(1 —4a®)cos6y  a®cos&yP
768w 4096w (2.8.51)
on(@, ) = _a’(1+a”)sin2¢p (=16 +4a” — 3a*) sin 4y
AR 1282 512072

a’sin6y  a*sin 8y
— 9 (a
Riw? T a0asee @
where by analogy s, 62 are arbitrary differentiable functions of the variable a. To
keep the trigonometric form of the transform (2.8.41) it is necessary to assume

pa(a) = ha(a) = 0. (2.8.52)

So the above method makes it possible to integrate successively the infinite
system (2.8.43) to any number s and consequently obtain in trigonometric form

(with respect to ) the transform (2.8.41)
a=a+Y prug@d), =0+ pkop(a)) (2.8.53)
k=1 k=1

which satisfies with error O(u**!) the system (2.8.40) equivalent to the initial
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equation (2.8.38). For the relations (2.8.53) to give explicit dependence of variables
a and 1 on t, it is necessary to determine the functions a(t, u), (¢, u) from the
comparative system of the s-th approximation

da
=A@+ A
00 (2.8.54)
o =W T HBi@) + -+ p’By(a).
The function a(¢, ) is found by way of direct integration:
a(t,p) i
a
- ut, 9.8.55
L@ @ e @ (2:839)
a(0,u)

where the initial conditions a@(0,u), 1(0, ) are determined from the system of
functional equations

a0, ) + Y pFug(@o, ), (0, 1)) = a(0),

= (2.8.56)
$(0, 1) + D pFvr(@(0, ), (0, ) = 1(0).

k=1

After finding the function a we easily find
t

Bt ) = (0, 1) +wt + 3 / By (a(r, 1)) dr- (2.8.57)
k=1 )

Now substituting the functions @, 1 into relations (2.8.53) we find the functions
a(t, p), ¥(t,n), and then, using formulae (2.8.39), we find the solution of the Van
der Pol equation z(t,u), satisfying xq, Zo.

Now we will perform a more detailed study of the functions z (¢, u) and (¢, )
(see 2.8.39). They constitute the solution of the Van der Pol equation in the form of
slowly changing time functions. Though transform (2.8.41) is periodic with respect
to ¢, from this it does not follow that z(t,u) is a periodic function of ¢.

Indeed, we will make sure of that, constructing first approximation theory.

Then _
da _ dp
= = 1A (@), o= (2.8.58)
a(t,p) J
w _ _
= ut, = wt + ¥(0). 2.8.59
Loy =Hb # =t 90 (2.8.59)

a(0,p)
Considering (2.8.45) for the coefficient A;(a), from (2.8.59) one can find the
explicit dependence of @ on t:

B [ Cert a2 _ _
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Taking into account the transform of the first approximation

alt, ) = a(t, ) + s (a,9), (2.8.61)

¢(ta /'L) = ¢(ta :u) + por (6, ¢)

we obtain a rather complicated dependence of the amplitude a and the fast phase
1) on time ¢:

u Cett

8w Cert — 1

Cett [ I

sin(dwt + 4%)} ,
(2.8.62)

Y(t, ) = wt + 1o + % [—2 cos(2wt + 21))

4CeHt . 1
4+ —— |cos(2wt + 2 + — 7.
Cert — 1 [ ( to) 4 cos(4wt + 4@[10)} }
Formulae (2.8.62) show that the amplitude a(t, ) is not a periodic function
of t, therefore the initial function z(t,u) = a(t, u) cos¥(t, 1), generally speaking,
is not a periodic time function, because upon respective substitutions we obtain

[ Cert o, _

o (2.8.63)
K sin (4wt + 4¢0)] cosp(t, ).

8w Cent — 1

The analysis of the formula (2.8.63) shows that if the initial value of the ave-
raged amplitude ag # 2, then for any ¢ > 0 the function z(¢,u) is bounded,
though not periodic. For any given but sufficiently small g > 0 the following
asymptotic equality is true

x(t,u) — 2 [1 - ﬁ sin(2wt + 24)0) + 8% sin(dwt + 41)g) | cos (¢, p) (2.864)
as t — oo,

and for any given t > 0 another asymptotic relation is true:

z(t, 1) = 24/ C'? : cos(wt + 1) as u— 0. (2.8.65)

So, with arbitrary initial values zg, ©¢ the approximate solution of the au-
tonomous Van der Pol equation (2.8.38) is a bounded non-periodic time function (of
course, the trivial case zg = 29 = 0 is excluded, i.e. the trivial solution z(t, u) = 0).

Now we will use the system of s-th approximation to find the equilibrium,
or stationary solutions. The necessary condition for the existence of equilibrium
solutions is that the following equality shall hold true:

Ay(a) + pAs(@) + -+ p* tAg(a) =0, (2.8.66)
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but since As(a) =0, we have
Aq(a) + p?Az(@) + -+ p* 1 Ag(a) = 0. (2.8.67)
The equation (2.8.67) has three real roots:
a1 =0, ay=2+ 0%, a3=-2+ 0@?). (2.8.68)
The first root corresponds to the trivial solution z(¢, ) = 0. The other two

roots G, and Gz generate two periodic solutions, because with a constant value of
a we obtain

Yot p) = [w+ p®Ba(az) + - - + p* Bs(az)] t + a0,

_ o oo ~ - (2.8.69)
P3(t, p) = [w+ p®By(as) + - - - + p* By(as)] t + a0,
and the final form of these periodic solutions will be:
To(t, ) = [@n + pur (az, o) + - -
+ pPug(as, a)] cos [tha(t, p) + pvi (a2, o) + -], (2.8.70)
z3(t, pn) = [as + pui(as, s) + -
+ pus(as, vs)] cos [ths(t, p) + por (as, vs) + - -] .
The periods of these solutions are respectively equal to:
2w
T2 = — — N\
w+ p?Ba(az) + -+ + p*Bs(a»)
o (2.8.71)
T3 = .
? T WA 2Bs(as) + - + 1 Ba(as)
The solution @3 = —2 + O(p?) has only theoretical meaning, because it is

natural to consider a as a positive value.

Now apply the averaging principle described above to the non-autonomous Van
der Pol oscillator

2
dz + Wiz = p(l - a:Q)d—x + pk cos At,
di? dt
o (2.8.72)
QT(O) = Zo, E — = j?o.

Using the substitution of variables (2.8.39), it is easy to obtain a system of two
equations (one for the amplitude, the other for the fast phase), equivalent to the
equation (2.8.72):

d kX

aa_ pasin? ) (1 — a® cos? ) + prA sin v cos At.

dt w

& . (2.8.73)
i + psin cos ) (1 — a? cos® 1) — 'l;—w cos 1) cos At.
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We will look for a substitution of variables

a:d"_uul(daijat) +M2U2(C_l,’l/_),t)+"‘ )
S, t) +

_ o o (2.8.74)
Y =1+ pvi(a,P,t) + proa(a, ¢, t)
that would transform system (2.8.73) into the comparison system of any approxi-
mation
da _ o . -
O = k(@) + P Ar (@) +

- (2.8.75)
o =w+ pB(a) + p*Ba(@) + - - - .

For the realization of the transform (2.8.73) — (2.8.75), we obtain an infinite
system of partial differential equations of the form

Ouy Ou; a(4—a®) acos2y N a’® cos 41) N kX cos Mt sin )

o Y T 2 T 2 g o
- Al (d),
v ovy _ (2—a%)sin2y a@’sindy  kAcosAtcosy _
o Y T 1 s T aw B@
ou ou ou ou up(1 = cos 29 -
8—152+w8—15:_A18—(L1_B16—’([_)1+—1( 5 w)-l-(_],i)lSlHQ’l/)
B 3a%u (1 — cos4q)) B a’v; sin 44 N kAvy cos At cos A,
8 4 2w
Ovo Ovoy ovy Ovi  auisin2y  auq sin 4
ov2 g2 _ 4,9 g 9u _
ot TYa9 Y92 "' ap 2 1
a’vi(1 —cos4y)) (2 —a)vicos2y  avi (1 + cos4))
+ + =
s T 6
kAvycos Atsiny  kAus cos At cosy B
- Bucodising BNy, q)
Gw aw
(2.8.76)

Calculating A, By as average values of the right-hand members of the first equa-
tions of (2.8.76) with respect to ¢ and ¢, we obtain

A\ 27 2wA "t 7(4 72) B 21/_)

_ al4—a @ COS

&@:W//[ s 2
0o 0

. a3 c(;s 4ap N kX cos At sind_)] diddt,
w

(2.8.77)
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Then the first two equations of system (2.8.76) are easily integrated by the
method of characteristics, resulting in

- asin2y @’ sindey
_asin2) a’sindy

ui(@ 9, ) = 4w 32w
2 [cos(d_} + \t) N cos(¢) — )\t)]
2w w+A w—A ’
(@2 —2)cos2y  a®cos4) (2.8.78)
vi(@9,1) = 8w D
kA [sin(d_) + At) N sin(¢) — )\t)}
2w w+A w—2A '

For the next summands in transform (2.8.74) also to have a trigonometric form,
we assume in the expressions for uq, v; that the arbitrary functions ¢(a), 6;(a)
appearing during integration are equal to zero. Note that in this case, unlike the
autonomous Van der Pol oscillator, the function u; may be very large if there is a
resonance between the eigenfrequency of the oscillator w and the frequency of the
external excitation A, i.e. if w — X = O(a), where « is sufficiently small.

The algorithm for the calculation of Ay, By in the first step of the iteration
process and the method of integration of first-order partial differential equations
can be used in the next steps of the iteration process, and in this way it is po-
ssible to determine all functions uy(a,,t), vs(a,,t) of transform (2.8.74). These
expressions are very large, and we cannot write them here. However note that
at any step of the iterations us,vs are expressed by trigonometric functions of
arguments 1, t. They can be periodic, quasi-periodic and generally more composite
functions of time. This is determined by arithmetic properties of the frequencies w
and A, as well as by the small functions pA;, uBi,... included in the right-hand
members of equations (2.8.76) and determined at the previous iteration steps.

The above examples of autonomous and nonautonomous Van der Pol oscilla-
tors show that transforms of the form (2.8.41) and (2.8.74) allow us to effectively
construct approximate solutions of Van der Pol equations in analytical form, with
any prescribed accuracy. The transforms themselves exist in the class of periodic
functions, and resonances and consequently splashes in the behavior of the devi-
ation of the exact solution from the approximate one occur where the external
excitation resounds with the eigenfrequency w of the oscillator. Another situation
is distinctive for Van der Pol oscillator systems even in the absence of external excit-
ing forces. To illustrate this statement, consider a system of two weakly connected
Van der Pol oscillators.

Consider the following system of two equations:

&z dzs
e +wimy = p(l— x%)ﬁa

! (2.8.79)
A’z dz;

a2 +w§m2 =pu(1 —x%)ﬁ
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Here w = (wy,ws) is a two-dimensional vector of eigenfrequencies, and p is a small
positive parameter, as always.
Using the substitution of variables

z = ag(t) cos(wit + @i (t)),
d (2.8.80)
%%z—%@wwmwm+wum, k=1,2,
after some computations, quite intricate but obvious in essence, instead of (2.8.79)
we obtain the equivalent system for slowly changing amplitudes a;(t), a2(t) and

fast phases 9y (t), ¥ (t):

d
% = ,anZ—? sin ey sin g (1 — a cos® 1),
d
% = ,ua1ﬂ sin )y sin s (1 — a3 cos? 1s),
“ @ (2.8.81)
d—tl =w + ,u 22 sin 4o coshy (1 — a% cos? ¥1),
w1
d
%: 2+,u s1n¢1 COS 1o (1—agcos 2).

Now use the substitution of variables of the form (2.8.41), considering a as a two-
dimensional vector with components @;,a», and ¢ with components ), ¥, to
transform system (2.8.81) into a comparison system of any approximation of the

form
da
d_t1 = pAY (a1, a0) + 12 AV (@r,a0) + -
da
— = pAY (@) + 0 AP @n @) +
o (2.8.82)
- = wi By (@) + 0 By (@ an) + o
o
% = wo + uB{ (a1, a2) + 42 B (@, a2) + -

In “coordinate” form the substitution (2.8.41) for this case should be repre-
sented by the equalities

a; = a; + ,U'Uzgl) (ala Gz, ’(Z)la ’([_)2) :u2ugl)

2, &

(@1, @, 1, ) + -
ay = @y + pul® (@, @y, ¥1, ) + p2ul? (@, @y, Pr, G2) + - -
Y1 =1 + ol (@, as, 1, Ga) + 1208 @y, s, r, o) + -
Wy = o + o (@1, s, 1, Ga) + 1208 (@1, @z, r, o) + -

(2.8.83)

Instead of the system of partial differential equations (2.8.43), for the wo-dimen-
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sional case we obtain the following system of equations:

Au® 8u§1) asws a3 _
_ 1 — 11
w1 90 + wo 90 o < 1 ) cos(1hy — 1)
a ai - - a2how _
- 1122:2 <1 - %) cos(Ph1 + ) — —2 cos(3¢1
.
B2 cos(3uh + ) — AP (a1, )
1
EF(l (6156251/;151/;2)_A11 (al,dg),
8u§2) 8 (2) aywi < a2> B
1 = 122
8¢1 ¢2 s 4 cos(¢y — 1)
2 ~2
_ mw G a1a2w1
2ws <1 4 ) COS(/(/)l + 'QZ}Q) COS(3’[/)2
2
DB cos(35 + ) — AP (a1, )
2
= ‘Fl(2 ((_]'1’ 542"(/_)171/_}2) - A12)(L_11,62),
Bvl B/Ug) Eleg ( d%) — _
1 - 1—- 2L _
awl tw 6’([)2 2&1&)1 4 COS(’(/}l 11)2)
a _9 _
- ao2Wo _ ﬂ _ TN a1aow
%1n (1 4 ) cos(th1 +hy) = === cos(3¢hr —
a1azws cos(30 + a) — (01,02)
= (I)( (01,02,’(/)1,’(/)2) - B% )(01,62),
81)1 81)1 a w1 ( a%) .
_ 1-% _
awl 6’([)2 2&2&)2 4 COS(’(/}l 11)2)
a5 L @yfaw i}
B 22::; (1 - %) cos(t1 +12) — 18 2L cos(31)
D921 cos(30s + 1) — B (a1, )
w2
= (bg (61762:12)1:"[)2) - Bl2 (C_ll,(_lz),
b (1) o (1) -
! 81:21 T ('3122 - Fél)(al’d%%’d&) - A21)(617@2)7
ou'? oul? -
2 aui/%l e 852 - F2(2) (al’ (_12’ Id)l’ 11)2) - A22) (al ) 62)7
v vl _
! 81/2_}1 T 6122 - le) ((_11, a2, d)l’ 11)2) - BQI) (ala 6_12),
o o’ -
161)—,;_}1-1_ 26—1[2_)2:\1,52)(61’62’1/}1’1/}2)_ (@1, as),

—1)2)

ey

V)

— 1)
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In the infinite system (2.8.84) the first four equations are the result of identi-
cally equating the coefficients of p in equations (2.8.81), the second four equations
are the result of a similar operation at pu?, etc

Here we cannot write out the analytic expressions for the functions F2(1), FQ(Q),
<I>gl), <I>52) in full due to their super-intricacy, so we will describe them. Those
functions are trigonometric polynomials of the form

3 3

ol 3 (k111 + ko)
( )= kl—z_gklzzg[ a COOBEL+ Bt (2.8.85)

=+ CEcI:),kg Sin(2k1151 =+ 2](}21;2) s

where the coefficients bgz) ko cgj) &, are fractional rational functions with denomi-

nators including one of the following expressions:
w1 + W2, 3&)1 + wa, 3(4.)2 + wi. (2886)
It is essential that not all coefficients bgek),w, cgj),m are nonzero, but b ;é 0, i.e.
the trigonometric polynomials (2.8.85) contain “free” terms. Hence it follows that
if the objective is to construct the substitution of variables (2.8.83) in trigonometric
form (without “secular” terms), then the unknown functions Agl), A?), Bgl), BgQ)

included in the infinite system (2.8.84) should be determined as average values of
the functions Fs(l), 5(2), @gl), fng) on the square of periods [0, 27] % [0, 27], i.e

27 27

L 1
() G = — ) @)
(As , B! )_ 4W2//(F 3t )d%d% (2.8.87)
0 0
It follows that
AV AP =M —p® —o, AP, BY = (1M} (2.8.88)

As an example of Aéj ),Béj ) take

o G1w a2 a2
) =5z () (%)

asw3(5az — 4) l_ﬁ N 3a3asw3
)

16a;w (W] — w3 4 64w; (9w? — w3)’

(2.8.89)

Analyzing formulae (2.8.82), (2.8.84), and (2.8.88), two conclusions can be made
that show the essential difference of the behavior of two weakly connected Van der
Pol oscillators from the current strength fluctuations in one of them.
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First, in the one-dimensional case A; # 0; therefore the averaged equation
for the amplitude had the form da/dt = pA; + ---. But here Agl) = AgQ) =
B%l) = B£2) =0, so da/dt = p*As +---. Yet for the fast phases in both cases the
equations have the same form:

dip
— = o).
o — @t ow)

Second, integration of the first four partial differential equations of system
(2.8.84) by the method of characteristics gives the following analytic expressions
for the functions of the first approximation wu,vy:

00 = 52 (1 _) sin(f1 — 9s)

201 4 w1 — w2
_ 5,20.)2 1— ﬁ sin(l/_q =+ '(Z)Q) _ d%&gwg sin(?nl_)l — 1/_)2)
w1 4 w1 + we 8wy 3w1 — wa
+ a,%(_lQCUQ sin(?nl_)l + 1/_)2)
8wy 3wi + wa
— ,2 . n 7
)G Gy = UWL (G sin(1pa — 1)
ul (1/)1’,¢}2) QCUQ < 2(4)2) Wo — W1
_ @ [ a3 sin(tbs + ¢1) _ a1Gw sin(3¢2 — 1)
2w 4 wa + wy 8wo 3wa — wq
n a1aowt sin(31/;2 + 1/;1)
80.)2 30.)2 + w1
—_ _2 . 7 T
(D7 7y G2w2 1— ay sin(¥1 — ¢2)
vl (11)1511)2) 2&1&)1 ( 4 > wl _ w2
_ Aowo 1_ ﬁ Sin(’(/;l + ’(/32) _ a1Gows sin(31/;1 — ’(/32)
201w, 4 w1 + Wwo 8w 3w — wo
N 1wy sin(3¢1 + 1)
8wy 3wi + wa
— ,2 . n 7
(7 gy = W (@ sin(tg — 1)
vy (Y1, 92) ST ( 4> T
_ e [ a3 sin(tbs + ¢1) _ a1Gw sin(3¢)2 — ¢1)
2a9wo 4 wa + wy 8wo 3ws — wq
. a1dpw; sin(3¢ + 1)
8ws 3wo +wr

(2.8.90)

Formulae (2.8.90) show that already in the first approximation, in the oscillator

system the resonance terms may appear due to the presence of a denominator of
the form w; — ws, 3wi — we, if these values are close to zero.
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This phenomenon never occurs in the one-dimensional case. During construc-
tion of the second approximation, i.e. under integration of the second four equa-
tions of the system (2.8.84), resonances may increase, because upon integration
of the functions u1, vy, the functions wus, v will contain denominators of the form
(w1 —w2)?, (3w —wsy)?. However, the functions us, v, are multiplied by 2, which,
generally speaking, may decrease the influence of small denominators in transform
(2.8.83).

Now write the equation of the second approximation for the slow amplitudes a;
and a», which should be studied in order to probe the interaction of two oscillators:

day _ o () -y Z pf @1 _ay(,_a&
g~ A s a) = e e (1 4

adwi(5a3 —4) . a? N 3ajasw3
) )

16a1 w1 (W3 — w3 4 64w; (w? — w3
day 5 (), _ 2| Gowy aj
92 _ 24 =2 (4
ar M (@,82) = p 4(w3 — w?) 4
atw?(5a3 — 4) 1 a3 3asaw?
162w (w3 — w?) 4 64w (9w? — w?)

(2.8.91)

System (2.8.91) is nonlinear with respect to @; and as, therefore it is impossible
to obtain an exact solution in compact form. Such systems should be solved by
methods of numerical integration. Even a study of equilibrium solutions of the
second approximation, i.e. finding the solution of the algebraic system

A =0, AP =0

with respect to a; and a» entails extensive work.

In conclusion we point out once more that, using the average principle and
the asymptotic theory of ordinary differential equations, it is certainly possible to
study systems of Van der Pol oscillators. The features of resonance systems would
be relevant to them, if the predefined frequency parameters (wy, ... ,wy) are ratio-
nally commensurable. This may cause a great increase of oscillation amplitudes in
electric circuits, and a considerable change of phases. Obtaining qualitative estima-
tions for those changes adds up to solving partial differential equations of the form
(2.8.84), systems of ordinary differential equations of the form (2.8.91), and to the
construction of substitutions of variables of the form (2.8.74). As the reader may
have noticed, the solution of equations (2.8.84) can be obtained constructively as
exact formulae, and the solution of the equations (2.8.91), by the use of numerical
methods. Obtaining the initial functions, i.e. the construction of substitution of
variables (2.8.74), upon solving the first two problems, is quite obvious.
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2.9 Study of Multifrequency Systems with Their Solutions
Not Remaining Close to Resonance Points

It is possible to choose three most interesting aspects of the comparison of solutions
of exact and averaged equations

E e, H0)=2, (2.9.1)
dz _
= =ZE 4w, 20) =2 (29.2)

Aspect 1 Let there be given an arbitrary positive number € > 0 and a time
interval [0, T]. It is required to find the conditions to be satisfied by the function
Z(z,t, 1), so that the following inequality should hold:

2(t, ) — 2(t, )| < &, ¢ €0, . (2.9.3)

If T is an arbitrarily small number, then the e-estimation for the norm ||z — Z|
can be directly deduced from the classical theorem on the continuous dependence of
the solution on small changes of the right-hand members. If T is a finite quantity,
then it is very difficult to obtain such estimations for the norm ||z — Z||. For some
classes of equations regular with respect to a small parameter u, time intervals
T=0(w") or T=0(@p"%) (a>0) are considered, which obviously makes the
problem even more intricate. This can be illustrated by the averaging principle for
Van der Pol systems, described in Section 2.8.

Aspect 2 Let there be given a time interval [0, T]. Tt is necessary to determine
a maximum K > 0 that bounds the norm

l2(t,m) — 2, | < K, i te [0, 7],

Knowledge of the upper bound of the norm of the deviation of the approximate
solution from the exact solution plays an important part in applied problems.

Aspect 3 Let there be given a positive number K > 0. It is necessary to find
those time intervals in which

||Z(t,'u) - f(t,'u)” < K.

Actually these aspects are the essence of ordinary differential equation theory
from nonlinear analysis; therefore analytical, qualitative and numerical methods
have been developed for their study. Among these, due to the constructive nature
of asymptotic methods they are especially effective for the study of the first and
the third aspects.

Revert to the (m 4 n)-dimensional multifrequency rotary system of differential

equations
dx
E = IUX (.’IJ, y)a
dy (2.9.4)
5 = W) + Y (z,y),
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where z, X are m-dimensional vectors, and y, w, Y are m-dimensional vectors.
Vector-functions X(z,y), Y(z,y) are defined and 27-periodic in the domain

Gmin ={(z,y): z€ Py, ||Imy|l <r<1}. (2.9.5)

Along with (2.9.4) consider the corresponding averaged system of the first

approximation:
dz —
di B (2.9.6)
d—i{ = w(z) + pY (z)

Average values of X and Y are calculated by the formula

2 2
(¥@.Y@) = oy [+ [ Ko Yea) dpoodye 297)
0 0

It is most difficult to obtain e-estimations for the norm ||z(t, ) — Z(¢, p)|| with
T = O(u™!) due to the possible occurrence of resonances between the frequencies
w1(x), wa(x), ..., wy(z). Unlike Van der Pol oscillator systems where the frequen-
cies wi,... ,w, are constant, here we do not know beforehand what will happen
with the frequencies if ¢ changes, because we do not know the solution x(t,u)
itself. The complexity of this question is illustrated by the study performed by
Arnol’d [3] who was the first to obtain an effective estimation for the deviation
norm ||z(t, u) — Z(t, u)|| in the two-frequency case. With n > 3 a similar result
can be found in Neishtadt [1].

Now we will describe the results of proving the averaging method for systems
of the form (2.9.4), obtained by Popova [1,2].

First we will give some auxiliary statements and estimations.

(1) Let 0 < K <1< N < 0. Let P, n denote the set of all points = € P,
in which (k, w(z)) # 0 with all integer vectors k having the norm 0 < ||k|| < N.
In other words, Py, n is the set P, minus zero-resonances (exact resonances).

(2) Let P, n,x denote the set of those points « € P, that belong to Py, n to-
gether with their K-neighborhood. It is evident that for z € P, v,k the following
estimation is true:

I(k, w(z))| > K, 0< ||| <N. (2.9.8)

(3) The complement of the set P, y x with respect to the set P, will be
denoted by R, n k:

Ry Nk = Py \ PN K- (2.9.9)
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(4) Let (x(t,p), y(t, 1)) be the solution of the system (2.9.4) provided ¢ €
[0, ut], = € P,,. Divide the time interval [0, '] into two sets: the nonreso-
nance set py, v,k for which z € P, nv k, and the resonance set 7, n x for which
x € Rm,N,K-

(5) Suppose that at least one component of the function X(z,y), e.g. the s-th
one, at any point (z,y) € Gy1n satisfies the condition

| X, (z,y)| > C Y, (2.9.10)

where C; > 0. This inequality does not allow the return of the path (or more
exactly, of the m-dimensional projection of the phase path) into the small neigh-
borhood of the point after the time interval At = |t — 1] # 0.

(6) Suppose that the frequency vector w(z) on the solutions of the system
(2.9.4) satisfies the inclusion

w(x(t, p) € G0, p7 1], (2.9.11)

where 1 <ny; < oo and |wp(z)] >y >0 when z € P,,. Here we demand not the
analyticity of the vector w(z), but only the n; times differentiability with respect
to t € [0, p~']. Consider the (n — 1)-dimensional vector-function

Az) = (‘*’1(:”) o w”‘l(w)> (2.9.12)

wn(z)’ wn(z)

and let In res denote the set of integer resonance vectors k, 0 < [|k|| < N, such
that (k,w(z)) =0 for some z € P,,. Vectors of dimension (n — 1), obtained from
the vectors k € In res by truncation of the n-th component, will be denoted by k.
It is easy to verify that ||k~ > 1.

(7) Let z,, = x(tr,,pu) be the resonance points of system (2.9.4), i.e.
(k, w(zy,)) = 0. Suppose that at time ¢ all derivatives of some resonance hete-
rodyne frequency (k=, A(z(t,p))) with respect to ¢ to the order ng, — 1 (where
ng, <ni, 1 <mny) inclusive become zero:

A (@ (b, )
kY, —————————=1| =0 2.9.13
(e (2913)
when j = 1,...,n,, — 1. Regarding the nj_ -th order derivative we will assume

that with p < p* for any t € [0, '] the following inequality is true:

Nk
‘ (k—, —fltk> ‘ > Cy e

where the constant Cy is positive and does not depend on u, K, ||k||, v =n + 1.
Conditions (2.9.13) and (2.9.14) guarantee that the system (2.9.4) cannot re-
main on any resonance of order [ < N within the time [0, p~1].

k|, (2.9.14)
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Lemma 1 Let An,, denote the number of n-dimensional integer vectors with
their norm exactly equal to N. The following estimations are true:

AN <2nN™t for n>1, if N >1,
2
Anp < 2772 N1 for n>1, if N>2, (2.9.15)
3 6N \" "
Ann < or n>2, if N>n-—1.
M= (dn - 3) (n—1> d B d a

To obtain a e-estimation for the norm ||z(¢, ) — Z(¢, u)||, it is necessary to
impose the following additional conditions on the right-hand members of sys-
tem (2.9.4).

(8) The norms satisfy

Xyl <C, @) <C (2.9.16)
in their definitional domains.
(9) For any integer vector p = (p1,...,pn) andany s =1,... ,m the following
inequalities should hold:
llell x
max sup 3/)173@@3 < C'l(s). (2.9.17)
0<IIolI<t (2,9)€Gman |OU1 * = OYn

(10) The Fourier coefficients of the function X (z,y) satisfy the estimation

sup OXj(z)

TEPy,
[[][>1

(11) The norm of the matrix dw/dz is bounded:
Ow
ox

Using all these conditions it is possible to formulate a number of lemmas nece-

ssary for the further computations; their proofs are given in Popova [1,2].

‘ <. (2.9.18)

<" (2.9.19)

Lemma 2 With the above assumptions, the path z(t,u) of the system (2.9.4)
within the time [0, p='] cannot pass more than 2nN"~2 — 2 resonance points.
The time of stay in the neighborhood of the resonance point of radius K does not
exceed

| Atyes| < Capt (K |I|+) /™ (2.9.20)
where
Cy = (20" Comy 1y~ ™. (2.9.21)

Lemma 3 Let

dz
%] <@t u0. won<c
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where a,b,C' are not negative. Then

[z@)]] < m

t
C—l—/b dT]e (2.9.22)
0

Here m is the length of the vector z.
Now let the scalar function f of the vector variables x,y belong to the class Cé,:
f(z,y) € C;[Gm-i-n]a (2.9.23)

i.e. be | times continuously differentiable with respect to y, and let it be repre-
sentable by the n-fold Fourier series

= > fr(z)ely). (2.9.24)
[ %]>0
As above (see Section 1.1) let,
Sn(zy)= Y. frl@)e ™V (2.9.25)
O<|[kI<N
Introduce one more item of notation:
ollell f(z, )

|f($,y)|||p|| = M ;

max sup
0<ladl<Ill (2,4)€Crmsn (2.9.26)

lf@ )l <0 if lpll <1

Lemma 4 With the above listed conditions satisfied for any vector p = (p1,-.- , pn)
such that 0 <||p|| <l —n—1, the following estimate is true

n+|pl -1
1##:) = Snim )l < % ¢ (N + %) : (2.9.27)
where
onl+1=llell i N>,
nlt+2=lell
Cn,llpl,N)=¢ 272 if N >2,

3ni=llell <6N >n 1’ i ows Nemo 11
w(4n —3) \n—1

This lemma allows us to estimate the residual Fourier series and its derivatives
depending on the degree of smoothness of the function expanded in the Fourier
series. From (2.9.27) it is easy to deduce an estimation for the vector-function

C ,N 1 n—1 m
Xy — Y Xi(@)e™y) Cn, N) <N + —) docr (29.29
s=1

l—n 2
o< k|I<N
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where
nitt, if N>1,
ni+2 ‘
C(n,N): 2271—_2, if N22,
1 n—1
sn <6N> L if m>2, N>n—1>1.
m(dn —3) \n—1

Lemma 5 Let condition (2.9.18) be satisfied for | > 2v +mn + 1. Then in the
domain Gn g = Py, Nk X Qn there ezists an m-dimensional vector-function

z=x+ Zn(z,y) (2.9.29)
such that
|z — zf| < Cap K™,
d _ 2.9.30
‘ d_j o :U’X(Z) < C&U/QKinl + 09M2K7n1NV + 010M2K72n1 + ,U/(S, ( )

for N = C'8"0=" and p < C; K™+, The function Zn(z,y) is 2m-periodic
with respect to y in Gk, and the constants C' do not depend on u, N, K.

The above-described conditions guarantee the non-remaining of the solutions
of the rotary system (2.9.4) (or more exactly, the projection of z(¢,u)) in the
neighborhood of any resonance point with all ¢t € [0, u=!']. Together with the
above lemmas they allow us to formulate and prove the theorems proving the
averaging principle for rotary multifrequency systems when the averaging operator
M, is applied to them.

One of those theorems is given below.

Theorem (see Grebenikov and Popova [1])  Let:

(1) the vector-function X (z,y) in the domain G,4n Ssatisfy the conditions
(2.9.10), (2.9.16) — (2.9.19);
(2) the vector-function w(z) satisfy the conditions (2.9.13), (2.9.14);
(3) the solution x(t,p) belong to P, for all t € [0, oc) and all u € [0, po);
(4) the order of resonances | be higher than max (2n,2v +n + 1).
Then for any p € [0, po] there exists a number a > 0, such that for all
t € [0, u~ ] the following estimation is true

[ 2(t, 1) = Z(t, )| < Cropu®™ /=), (2.9.31)
where Z(t,u) is the solution of the equation of the first approzimation
dz

= = uX(@). (2.9.32)
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The parameters included in (2.9.31) are expressed by the following relations:

if ny =1, then

1 -1
a:<2—|—2’/+ ) 5
l—n

Clg < 201171 (Cé)n {2012 Vv 04 (Cé)u+1

+ Crg [Cop™/0=) 4 Cy (0] In (14 €7 07 2 (2.9.33)
C10C16
C Ciy(1+C —_—— | ™
+Cis + [\/ 1(1+Cis) + ,—04(2711_1)}# },
v+2 v+1 v+1
b a( +l—n>’ b a( +l—n>’ 1 20—n+v+1)

if nq > 2, then

a= [1+ @2n; — 1) <n1 + 'Zji)]_l

019 < 201117, (Cé)n {2012 (Cé)(u+1)/n1 Ci/n1(n1+1)

+C/ M (14 Cs) e + G0t/ [Cs/ﬂ"/ (= (2.9.34)

v 1 —n1/(n1
GO (= 1)+ g G O 4 G

2’!7,1

(11 ;_1);:+1} .

Proof Let the successive time intervals composing the nonresonance set py x be
denoted by [tl(fr)mmes, tE?LOMeS] (j =1,...). Note that [tl(pf)nomes, ne) ] ETNEK-

1, nonres
(1)

For definiteness, assume that #; .

=0 € rn,k. Denote

(@) ress B0 i 8)s 2t p) = 2(a(t, 1), y(t, ),

-’L'((Jc]) = :E( Exj)nonres); a = (1, I‘).

S]]

Tj =

Then

lz(t, ) — 2@t )|l < [t p) = 25 (& )l + Z 1241 (8 1) — 25(8 ] (2.9.35)

Using Lemma 3 from Grebenikov and Ryabov [1, p.40] that allows us to es-
timate the deviation of smoothed solutions, conditioned by the deviation of the
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initial points, we obtain

z(t, p) = 2(t, W)l < [l (t, 1) — Z5(E p)|

+ 0112{ ||x1(j+1) - xl("]) || + ||j(]) (tl(”"jg‘onres) - ljr—lt)ln)res ||}
i>1

(2.9.36)

where Ci; = e”, and L is a Lipschitz constant for Y(m) in the domain z € P,,.

The interval [tE zlonres, tl(J:lroln)reS] belongs to the resonance set 7y gk, and its

length can be estimated by means of Lemma 2. Therefore

27" = 2|| + [[of) — 2 () o ) < Z%Q(KN"“)””: (2.0.57)
12 — 3-

In the resonance domain Gy g = P, N,k X Qn construct the vector-function
z(z,y) with the properties specified in Lemma 5. On each interval

[tl(]r)lonres’ tf“‘,?)nonres] C DPN.K

the following inequality is true:

2l < |% - x| +uixe -
< Craptl|z — 29| + ‘ Z_j _uX0e)|, (2.9.38)
Cis=1L
Taking into account (2.9.10), we obtain
(8 homees + 7) = (1 nomees) | > €1 i
Hence, z(t,p) € P, n g yc1,r for
e Wt D -, 7 < ]

Then from Lemma 5 the following estimation is true on the specified interval:
dz Y 2 v —1 —n
HE - MX(Z)H < 12(Cs + CoN*)(N + C L pr) ™
+ 12 Cro(K + C7 ' pr) 2™ + pee.

Since |tr honres — tl nonl,es| < pu~t, then
t4 onres
/ |% — X )| de < wC1(Cs + CoN?)Cra(K)
+ (2.9.39)
1 nonres
+ pC1Cho K2+l 4 o
2TL1 -1
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where

1
In(1 - —), if ng =1,
Cia(K) = ( ClK) !

(ny — 1) TK—™*if py > 1.
From Lemma 5 it follows that
|| tl nonres) (tl(Jnonres || < ,UC4K " (2940)

Now, applying Lemma 3 to inequality (2.9.38) and taking account of (2.9.39)
and (2.9.40) we obtain for thonres € [0, 1]

|| r nonres f(J)( r,nonres || <m :UC4K "te+ :UCl (08 + C9N”)Cl4
+ ,uClClo(in — 1)_1K_2n1+1]6m013.

Then the second summand under the summation sign in (2.9.36) can be estimated
by means of the relation
|| (¢ honres) — xm( honres) |
< (|2 (t%honres) — 2 (t%honres) | + |2 (tFhonres) — 2 (£ hones) |
< pCy(1+ Ci5)K~™ + Cige
+ uCi6[(Cs + CoN")Cis + (201 — 1) 7' Cro K —2mH1 ],

(2.9.41)

where Ci5 = memcl-“*, Cig = C1C45.

Note that relations (2.9.38) - (2.9.41) are true for any t € py k. Consequently
for any t € [0, p~!] estimation (2.9.37) or (2.9.41) is true. Summing up on all
resonance and nonresonance time intervals, we obtain that for ¢ € [0, p~!]

<200 (nN" = 1) {200 (KN ™ 4 Cy(1+ Cis)uK ™

+ 010 [N(CS + CgNV)Cl4 + 010(277,1 — 1)_1/LK_2n1+1] } + 0168.

(2.9.42)

For the complete justification of the averaging method it is necessary to show

that the right-hand member of equation (2.9.42) with u — 0 also approaches zero

with the appropriately selected po > 0 and K > 0, when & > 0 is defined.

To obtain a classical e-estimation it is necessary that the following conditions are
simultaneously satisfied as u — 0:

N (ENYY™ S0, NopK—m -0,
puNvInK-—m+l 50, ny > 2,
pNY*In(1+ C7'K=1) =0, =1,
pNTK=2mH 50, N7 — 0.

(2.9.43)

Copyright © 2004 CRC Press LLC



2. AVERAGING PRINCIPLE FOR MULTIFREQUENCY SYSTEMS 97

Select pu¢ = ¢ and K = Bu®, where a > 0, b > 0. From Lemma 4 it follows
that N ~ e /(=" or N ~ p=%/(=7)_ Relations (2.9.43) hold for a and b such
that the following system of inequalities is satisfied:

1 1
fr= - Loty o
l—-n m l—n
fo= — - L1y >0,
l—n
ngl—M—b(n1—1)>0,n122,

l—n (2.9.44)
f451—%—0>0, 0<0<1, n=1,
fszl—linn—b(2n1—1)>0,
foza- -2 s

l—n

From the condition fg > 0 it follows that the condition ! > 2n should be
satisfied. Take separately the cases n; > 2 and ny = 1.

Case ny > 2. For the conditions f; = fg, f5s = fs to be satisfied, a and b
should satisfy the system

1
a=1-b12ny — 1), nla:b—%.

Hence we obtain

-1
a= (14 (2n; +1) nl+’/—+1 , b=a nl+y+1 .
l—n l—n

With these a and b we get

v+1
l—n

l—n

fz—feza(n1—1)<n1+

); f3—f5=a[nf+7(nl_l)y+l].

Hence follows that
fo>fe,  fa> fs=fi=fs.

For the conditions of Lemma 5 to be satisfied it is necessary that u should

satisfy an additional inequality from which at B = C’i /A1) follows the inequality

1—b(ny +1)>0. (2.9.45)

Substituting the expression for b into (2.9.45), we obtain

1 1
1+ @ =D+ 225 — (o + 25+ 1) > 0.
l—n l—n
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The last inequality is always true for m; > 2. Reverting to (2.9.42) with ¢ €
[07 :uil]a JURS [07 ,Ug], nq Z 21 we obtain
ll(t, 1) = 2(t, )| < Crgpue=n/U=m),
017 — 277/011(05,;)”{2012(Cé)(”+1)/n1 Ci/(’nl-i-l)
+ Ci/(n1+1)(1 + Cp5) po(m =D+ @+1)/(1=n)]
+ Oy T I (G ) 4 Gy (G (m — 1)

x palmi+((m=Dr+)/(=n)] | (95, — 1)—104*”1/(”1“)010] + 015}.

(2.9.46)
For the inequality (2.9.46) to be nonformal, it is necessary that the smoothness
degree of the function X (z,y) (number [) be higher than sup{2n,2v +n + 1}.

Case nqy = 1. Then fo = f5. If the parameter b is calculated by the above

formula, then
1 ' 1
b= (1+25 1) (24 12 > 2
l—n l—n 2
and inequality (2.9.45) does not hold. So we will introduce the bound b < 1/2 and
demand that the equality f; = f¢ should hold. Then

1
b:a<1+y+ > (2.9.47)
l—n
where )
-
a:<2+2”+> . (2.9.48)
l—n

With b < 1/2 it is always true that fo > fi. Let

a
=1
+l

—b. (2.9.49)

Then f4 = fi and consequently, with the conditions (2.9.46) and (2.9.48)
satisfied, we will have f5 = fo > f1 = f1 = fs.

Taking into account all these relations, (2.9.42) can be given the following
analytic form:

| (t, ) — z(t, p)|| < Crgpalt =/ =],

Cis = 2n011(og)n{2012\/0_4(0g)"+1
+ Oy [Cape/ =) 4 Oy (C)* ] ln(l o C;lub) (2.9.50)
+ 1% [Ch(1+ Ciug) + C10Ch6v/Ta] + 015},

oy = %(u+1)(l—n+u+l)_1 < %

The parameters a,b, § are chosen in accordance with formulae (2.9.47) - (2.9.49).
In e-terminology the statement of the theorem is as follows:
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For any € > 0 there exists pg(e) < 1, such that for any p € [0, po(e)] on the
interval t € [0, u= ], ||z(t, pn) — Z(t, pw)|| < € is true.

2.10 Study of Multifrequency Systems Belonging to Class II

We have more than once pointed out that integral average values of the function
f(y) depending on n variables yi,...,y, (and 27-periodic with respect to each
of them), constructed by means of different smoothing operators, may differ from
each other. The equality

My[f(y)] = Mi[f(wt)] = fo

is only satisfied when (k,w) # 0 for any integer vector k with a nonzero norm. If
for some vectors k (with ||k|| # 0) the resonance condition (k,w) =0 is satisfied,
then, as is well known,

My[f(y)] # Mi[f(wt)],
because here M,[f] = fo, and
My[f(wt)] Z frs (2.10.1)
lI£)1>0

where the prime at the sum, as before, means that k only takes those values that
satisfy (k,w) = 0.

This circumstance makes us separately consider the question of proving the
average method of multifrequency systems with no coinciding average values over
time and fast variables.

Again write the rotary multifrequency system:

dx

—_— = X

dt Iu (:E)y)i

dy

A Y

7 w(z) + pY(z,y),

Z Xy(@ ,(ky Z Y (z (k) (2.10.2)

|k||>0 &[>0
Y) :stys, || E|| :Z|ks|, ky = 0,41,42,. ..
s=1 s=1

We know the sufficient conditions ensuring the departure of the solution (¢, 1)
from the neighborhood of radius O(,/t) of any resonance point within the time
of order O(p~'/?). For a dual frequency system this condition was found by

Arnold [3]:
Ow1 Ows
—, X | == X
(83:’ >w2 (83:’ >w1
for all y = (y1,y2) € Q2 if z € P,,. If the number of frequencies is more than two
(n > 2), one of the sufficient conditions for not remaining close to the resonance

>0 (2.10.3)
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of radius O(,/p) can be written by means of the inequality (see Grebenikov and

Ryabov [1]):
ow
—1 s
0<e <‘<k, <aw,X>>‘<c, (2.10.4)

if (z,y) € Gumin. It is the left-hand member of the inequality (2.10.4) that ensures
the non-remaining of the solution z(¢,u) in the resonance neighborhood of the
form |(k,w(x))| < cay/Ri-

Now we will study the behavior of multifrequency rotary systems that have
the property of remaining close to a resonance point of the form (k,w(z)) = 0. We
related such systems to class II.

We will use the operator of smoothing for continuous disturbances, first intro-
ducing phase coordinate disturbances by the formulae

pP=x—To, =Y —wol— Yo, (2.10.5)

where z = z9, y = woet + yo is the solution of the corresponding generating
(undisturbed) system determined by the initial point (zg,%0) € Gimin- In the new
variables system (2.10.2) takes the form

d
d_i) :,U’X(p'i'mOa q+w0t+yo),
(2.10.6)

dq
i w(p + o) — wo + Y (p + zo, ¢ + wot + Yo),
X =Y Xu(p+wo)expli(k, g +wot + yo)];

[Ik][>0 (2.10.7)
Y = Z Yi(p + o) expli(k, ¢ + wot + yo)]-

[[&||>0

For simplicity we assume that yo = 0. System (2.10.6) is convenient for the
performance of smoothing with respect to ¢, because it contains time in an explicit
form. Let the frequency vector w(zg) = wo at the initial time satisfy the resonance
condition (k,wp) =0, ||k|]| # 0. Then

— , '
X(p,q) = M[X] = 2 X (p + xo)e?F9),
lIE][>0

_ , .
Y(p,q) = My[Y]= Y Yi(p+ o)ei®0.
IK]1>0

(2.10.8)

The respective system of averaged equations of the first approximation will
have the form

dp -, _

E = :UX(p; q);

i (2.10.9)
i w(p+ xo) — wo + LY (D, q),
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and reverting to the initial variables, we obtain

dx -

ZE'::MXXEag%

e (2.10.10)
o = w@) + Y (z,9).

First we will assume that the Fourier series of functions X, Y contain a finite
number of summands:

Xy = 3 Xila)et),
0<||k|| <N

Yy = 3 Vi),

O<|klI<N

(2.10.11)

and try to find some sufficient conditions guaranteeing the remaining solution
z(t,u) in the vicinity of a resonance point, e.g. the initial point (zo,y0) € Gmin-
So, let the initial vector of frequencies wo = (w1(xq),--- ,wn(xo)) be such that

(k,wo) =0, k€ IN, res, (2.10.12)

where Iy res denotes a set of resonance vectors with the norm ||k|| < N. If In nonres

denotes a set of nonresonance vectors k with the norm ||k|| < N, then, obviously,
there exists a positive number axn > 0 such that

O<an= inf |(k,wo)l 2.10.13

vzt (k)] (210.13)

N, nonres

With N — oo the value ay, generally speaking, may become indefinitely
small. However sometimes any /4 0 with N — oc. For example, this is the case
described in Section 2.8.

Lemma 1 Let
(1) the norm of the matriz Ow/dx satisfy

8_w Ows
ox

oz,
in the domain Guqn;
(2) the norm ||X||(z.y)ecc

n m

=22

s=1r=1

anN
— 2.10.14
<2 (2:10.14)

man b€ less than Cy < 1.

Then for all t € [0, u~'] the following inequalities hold:
(B, w(z(t,w))] < an, k€ I res, (2.10.15)
|(k, w(z(t,w))] > an, k€ IN, nonres- (2.10.16)

Condition (2.10.14) expresses the sufficient condition for the solution of initial
system (2.10.2) to remain in the neighborhood of the resonance point (xg,¥yo) €
Gman of radius ay within the time interval ¢ € [0, 4 ~1]. But it should be noted
that this neighborhood may contain a great (maybe, infinite) number of resonance
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neighborhoods of radius /i, because as 1 — 0 these neighborhoods decrease with-
out limit, and the value ay independent of ;4 may not approach zero. So the con-
dition (2.10.14) gives quite a crude division of the phase space into resonance and
nonresonance domains, and consequently the class of multifrequency systems satis-
fying inequality (2.10.14) may also contain systems with solutions passing through
resonances in the process of evolution.

Now consider multifrequency rotary systems for which the following condition
holds true at any point of Gy 4p:

Cytu™ < ‘(k <g—°;, X(x,y)))‘ < Cyp®, (2.10.17)
where @ >0, 1 < ||k|| < N.

Lemma 2 If in Gp1pn condition (2.10.17) is satisfied, then the solution of system
(2.10.2), starting at the resonance point (zo,yo), remains in its neighborhood of
radius O(u®) provided t € [0, p1].

The lemma points out that the solution z(¢, u) of system (2.10.2) behaves so
that (k,w(x)) with k € Iy, 1es may change by O(u®), if t € [0, p~1]. Hence the
condition (2.10.17) guarantees that the solution remains in the neighborhood of
radius O(p®), but unfortunately from this condition it does not follow that the
solution of the averaged system Z(t, u) also has the property of remaining in the
vicinity of a resonance point of radius O(u®). Now compare the solutions z(t, u)
and Z(t,p) for (2.10.2) and (2.10.10).

Theorem Let:

(1) the functions (2.10.11) be twice differentiable in Guin;

(2) the frequency vector w(z) be also twice differentiable in x € Pp,;

(3) IX]] < Cq, |Y]| < Cq, ||lw|| < Cy in the domain Gpin;

(4) the initial point (xo,yo0) be a resonance point, i.e. (k, w(xg)) =0, k €

IN, res;
(5) the solution of the averaged system (2.10.10) for t € [0, c0) satisfy the

inclusion (Z(t,pn), g(t, 1)) € Gugn;
(6) in Gman (2.10.17) be true.

Then for any € > 0 there exists po(e,Cy,Ca) > 0 such that for all p € [0, po)
and for all t € [0, u~*] the following inequality is satisfied

Proof Find a transform (z,y) — (Z,7)

e=T+ Y pu(T,g), y=0+»_ nvs(z,7), (2.10.18)

s>1 s>1
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that transforms the multifrequency system (2.10.2) into the comparison system of
any approximation

- .

- =~ X @9+ ;u Ay (),

pu = (2.10.19)
y N e s /o

o = w@ +pY(z,9) + > 1 By(z)

If we substitute (2.10.18) into the initial system (2.10.2) and demand that
system (2.10.19) should be finally obtained, then we obtain an infinite system of
first-order partial differential equations for the successive calculation of the func-
tions w1,v1,..., As,Ba,...:

(%_‘;, w(@) =X@9) -X@9= )

1<|[klI<N
(32.0) - (2.0 s30T

(2.10.20)

In equations (2.10.20) the symbol 3" means that the summation is only per-

formed with respect to nonresonance values of k € In nonres, for which (&, wq) # 0.

One of the solutions of system (2.10.20) can be easily found by the method of
characteristics, and it has the form

o " Xk(jg)ei(k7?7) ~
= E B A — 2.10.21
Ul(m,y) Z(k, (U(.’Z')) +901(m7$07y0)5 ( 0 )
1<|[klI<N

where ¢1(Z,zo,y0) is an arbitrary vector-function differentiable with respect to z.
If the initial conditions (Zg, o) for an averaged system coincide with the initial
conditions for the initial system (zg,%q), then it is evident that

ul(j(onu)a Q(O,M)) =0.

Hence at the initial time

901(-’2'(0,/1),370,2/0) == Z

Ik <N

7 ¢ (mo)ei(k7yo)

O (2.10.22)
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If the initial conditions (Zg,7o) for an averaged system are defined from
1 = 0, then for the function u; we will have the following expression:

o 1" Xk(j)ei(k’?)
u(2,9) = e (2.10.23)
13%@ i(k, w(z))

In both cases in the domain G, the following estimation holds:
2
llur (z,9)[| < a@, an = an(1 - Cs(p)), (2.10.24)

where C3(u) — 0 as p — 0. Direct differentiation of the function u; and the
condition of the theorem allow us to write the estimations

8U1 1
— — N 2.10.2
oz < d%v CQ(CQ +aN), ( 0 5)
8’LL1 N
— | < — Cbs. 2.10.26
H oy an ( )
Now we will introduce a new function
6$(t; ,U’) = I(t, ,LL) - j(ti ,U’) — puy (E; g) (21027)

and for its norm [|6z|| construct an estimation at t € [0, u~!]. This function
satisfies the m-dimensional system of ordinary differential equations
diz
dt
Indeed, differentiating (2.10.27) with respect to ¢ and using equations (2.10.2),
(2.10.10), (2.10.20), and estimations (2.10.25) and (2.10.26), we obtain

déx dx dzx <6u1 df)_ <8u1 @)

dt ds At "\ 9z dt By dt

-, _ 6’LL1 — 8’11,1 _ 8u1 —
_ _ 2 _ _ 2 21
= puX(z,y) — X(Z,9) — 1 (aa—:’X> u(ag,w(w)> 7 <ag,Y>
R " . _
= pX(z,y) - pX(@,9) —p Y Xp@)e ™D + O(u?).
1<||k||[<N

= pX(z,y) — pX(Z,9) + O(:u2)7 6z(0, ) = 0. (2.10.28)

Now if we consider that
_ n . _
X@0+ Y Xu@et = X(z,7),
I<|[kI<N
then equation (2.10.28) is obtained. In coordinate form this will be written as

d(dxy)

" = X0 (a,y) = X @, 5)] + O2),

0zs(0, ) =0, s=1,...,m.

(2.10.29)
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Then, applying the Lipschitz inequality to the difference X () (z,y)—X)(z,7),
we obtain

_ d(dzs)
—uLE|ldz]| + p[X ) (2,y) — X (2,5)] + O(u?) < ==
pLz” [|0z]| + u[X ) (2, y) @] +0(w*) < = (2.10.30)

< uLE oz + p[X O (@) = XO@F,5)] + 0(2),

where [|dz|| = > |6z, and L' is a Lipschitz constant for the function X (%) (z,y)
s=1
by z € P,,. Write the differential equations

dws s s S) (=
o5 = —nL w4 p[X ) (z,y) - XO(3,9)] + O(n?),
ws(0,u) =0, s=1,...,m; (2.10.31)
dZS s s S) (4 =
— = WL 2+ p[X O (@) - X7 9)] + O(?),

zs(0,pu) =0, s=1,...,m. (2.10.32)
Since w;(0, 1) = 6x5(0, u) = 25(0, ) = 0, then in view of (2.10.30)

ws(ta,u) S 6x8(tnu) S Zs(tnu)a s = 11 cee M (21033)
For the function w, and z; we have the following integral equalities:
o s
ws(t, p) = ((s)) (1- exp{—,uLgc )t})
pLz
t (2.10.34)
+,uexp{—,uLgf)t}/exp{,uLgf)T}K(T, u) dr,
0
0 2
alto) = 2V (e ) - 1)
(2.10.35)

t
+pexp{,uL(zs)t}/exp{—,uL(zs)T}K(T, u) dr,
0

K(ryp)= Y Xp(x(r,p)lexp{i(k,y(r, n))} — exp{i(k, 5(r, p))}]. (2.10.36)
I<|[kI<N
Since the condition (2.10.17) is an integral estimation for the whole domain
Gm+n, and the condition (5) of the theorem is true, then

(+ (52 x@w - x@n))

at all k satisfying 1 < ||k|| < N.

For multifrequency systems (2.10.2) the norm ||0w/dz|| has order O(1) in the
domain z € P,,, and therefore condition (2.10.37) can be satisfied everywhere in
G+n when and only when || X (z,y) — X (Z,7)|| < C1u® for any couple of points
(z,y) and (Z,7) from Gin. From this it follows that || K (r, p)|| < Cip®, a > 0.

0< < 20 p® (2.10.37)
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Then, using (2.10.34) and (2.10.35), we obtain

lw(t, Wl < Cap®,  lz(t, )| < Cap®, (2.10.38)
if0<a<l, or
lw(t, Wl < Cap, 2@ p)ll < Cap, (2.10.39)
if a > 1 for all ¢t € [0, p~']. Then from (2.10.33) we have the estimations
|6z (t, p)]| < Cap®, (2.10.40)
if0<a<l, or
182(, 10)|| < Cap, (2.10.41)

if o> 1 for all ¢ € [0, p~']. However, since in the first approximation ||z (¢, u) —
Z(t, w)|| < |02t w)|| + pllui(Z, §)||, from this it follows that

lz(t, ) — z(t, p)l| < Csp

with ¢ € [0, p~']. The transfer to “c—terminology” is trivial. The theorem is
proved.

2.11 Multifrequency Systems with their Solutions Not Leaving
the Neighborhood of a Resonance Point

Earlier we discussed multifrequency rotary systems, the solutions of which may
remain near the resonance point, in a neighborhood of radius u* (a > 0). If
as u — 0 the neighborhoods of resonance points to not contract to a point, then
the issue of e-proximity of exact and averaged solutions requires separate study.
Popova [1] was the first to pay attention to this, and the results described below
belong to her for the most part.

So consider a (m + n)-th order multifrequency system

dx
5 = (@) + p* Xa(z,y),
(2.11.1)

dy
i w(z) + pY (z,y)

with initial conditions z(0, u) = zg, y(0, u) = yo. In (2.11.1) X, = (X4,,..., Xs,,)
(S = 1:2)7 T = (xla"' ;xm); Y= (yla"' 7yn):Y = (Yla"' ;Yn); W= (wla"' awn)
is a frequency vector, 0 < p < o < 1. Note that the vector-function X;(z)
depends only on the slow variables z. Vector-functions X>,Y are determined in
the open domain G,4n = {Py, X Qn} as usual and are 27-periodic with respect
to y in @y, and X;(z) and w(z) are determined in P,.

In the system (2.11.1) perform the usual substitution

pP=x—To, =Y —wol— Yo.
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With the help of this substitution the initial system will be written as

dp

i uX1(p+ 20) + > Xo(p + 20, q + wot + yo),

dq _ 2.11.2
i w(p + z0) — wo + pY (p + 2o, ¢ + wot + o), ( )

p(0, 1) = q(0, p) = 0.
Apply the operator of averaging for continuous disturbances to the right-hand
members of the above system. As a result, we obtain the averaged system of the
first approximation

dp . —
d—It) = ,qu(ﬁ—Fl'O) —|—M2X2(P+Zl70, q+y0)’
t (2.11.3)
dq _ (= =
% = w(p-i—iﬁo) — Wo +,UY(p+$0; q+y0)

Below we will prove theorems on e-proximity of the solutions of systems (2.11.2)
and (2.11.3) in the time interval ¢ € [0, p~'] with the different properties of
smoothness of the functions X5,Y in the case of initial resonance. In addition,
we will show that the proximity of slow and fast variables of the initial and ave-
raged systems is guaranteed within ¢ € [0, 7 ~!], where 0 < v < 1, under weaker
conditions imposed on the right-hand member of the system.

First we write some additional estimations. If the following two systems are

given
dp
pri pX (pq),
da (2.11.4)
E = (U(p) —wo + ,LLY(p, q)a
dp
= uXnN(D
dt M N(pa Q)a
dq N . 2.11.
d_g = w(p) — wo + pYN (B, §), (2.11.5)

p(0, 1) = p(0, 1), q(0, 1) = G(O, ),
then, as shown in Section 2.3 above,
la(t, 1) = (e, w)l| < CYPeM + et + a,
ot 1) = 5t )| < (Lo + ) T [OP MMt 4 O Xt (2116)
— lgllq(t, ) = d(t, )l — pes].
In these inequalities

_ a1(Lw + plp) — pLpes (p) _ QA2 + pey w _ _
_,uLplq—LL—le’ o= A=A G =—a= G,
1
Ao = § WLy +1q) \/,U —4(p?Lyly — p?Lyly — pLyLy).
(2.11.7)
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Suppose that

Lyly > Lyly, €1 =¢en/p=c¢. (2.11.8)
If the Lipchitz constants L, L, I, I, L, do not depend on the small parameter
1, the following estimations can be obtained:

0< M <Ky
1
= 2 [VAa(Ly + 1) + \Juo(Ly +10)2 +8L,L.] VR
1
A <0, |Xof < Kay/ui= Eﬁ\/uo(Lp +14)* + 8Ly Ly, (2.11.9)

L, + poly + Lp\/,UO

al < Kze = £,
al LyLy — po(Lply — Lylp)

1 1
€] < Kae = Slale + 5 @LL) T2, O] < Kae.

Relations (2.11.9) are true provided that
LyL.,
<3573
Ko Lplq = Lyl
which does not in the least limit the commonality of the considered class of equa-
tions. From (2.11.6) and (2.11.9) we conclude that for any point of time from the
domain [0, 1/,/p] the following estimations are true:

llg = dll < Kee, |lp = pll < Kzev/pu, (2.11.10)

where
K¢ = Kse®' + K3 + K5,
K7 = L7 [K4K1 e + Ky Ky + 1Ky /1o + 1]

Inequalities (2.11.10) show that the proximity of the solutions of systems
(2.11.4) and (2.11.5) of order O(u) for slow variables p, p and of order O(,/i)
for fast variables ¢, ¢ will take place even if the value ¢4 is not small together with
i, but in this case the proximity of functions X and Xy should be at least of
order O( /1)

In case €1 = €3 = ¢ the estimations (2.11.10) also hold, and the constants K3,
K4, K7 can be replaced by smaller ones:

K, = Ly + polLp — 1y f4:lf3+ Vv Ho
LyLy — po|Lyly — Lyly|’ 2 2,/2L,L,,’

77 = L;l [F4K1€K1 + Ky K5 + lqKs,/M() + ‘/M()].

Now let the Fourier series of functions X, and Y be trigonometric N-fold
polynomials:

XQ(xay) = Z X?k(x)ei(k’y);
O<|[k][<N

Y(z,y) = Z Yy (z)ehy)
o<|[k|l<N

(2.11.11)
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In addition, let the point 2o be a resonance point at the initial time (¢ = 0), i.e
(k,w(wo)) = 0 for k € INtes, and within ¢ € [0, p~!] this resonance is isolated.
This means that for any integer vector k such that ||k|| < N and (k,w(z0)) # 0,
the following inequality is satisfied:

|(k,w(@(t, w))| >8>0 (2.11.12)
for any t € [0,u" '], where B3 /4 0 as u — 0.

Theorem Let:

(1) conditions (2.11.11) and (2.11.12) be satisfied and the coefficients Xay
and Yy be differentiable in the domain Py, ;
(2) the following inequalities be satisfied in Gpyyn

||X1|| <0G |IXl<C |Y<C,

33| e

B <Cy, s=1,2,
r=1 j=1 Tj

NS
(3) in the domain P, the function w(x) be continuously differentiable with
respect to x and the following inequalities be satisfied

Ows

83:]-

[lw|] < C, ‘ <C, j,s=1,...,m;

(4) the solution of the averaged system (2.11.8) within the time t € [0, u ]
remain in the domain G, yqy,.

Then there exists p* > 0 such that for any 0 < p < p* and for any point of
time t € [0, '] the following inequalities are satisfied

Ip(t, 1) — p(t, )| < Ap?, la(t, 1) — G(t, )| < B, (2.11.13)
where A, B do not depend on p.

Proof Construct the first approximation for the solution of system (2.11.2) by the
method of Krylov—Bogolyubov, i.e. find the solution of (2.11.2) in the form

plt ) = pt, ) + Y 1us(P, 4, 1),
s>1

q(t, 1) = q(t, 1) + > 1*vs(P, 4, 1).
s>1

(2.11.14)
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Substituting (2.11.14) into (2.11.2), expanding its right-hand members at the
point (p,q) into series in terms of y, and equating the coefficients at p and u?, we
will obtain the following systems of partial differential equations for the calculation
of the vector-functions w1 (p, q,t), v1(p,q,t) and us(p,q,t):

<8u1 w(p+ x0) —w0> + u =0,

0q’ ot
Ovy B Ovi _ (Ow(p + xo)
<aq (p+m0) w0> + o (78]) , U1

+ Y (p+ 2o, § +wot + yo) — Y (P + To, T+ Yo),
ou Ous _
<8q2 (P+$0)—w0>+——X2(P+$0,Q+wot+yo)

ot
_ X1 (0 +
- Xo(P+ 2o, 7+ yo) + <%, U1>

Ouy _ Ouy
- (G ) - (G77)
(2.11.15)

where X, /0p, Ow/0p denote some average values of the functions dX;/0p and
Ow/0p in the corresponding domains.

From the first m equations it follows that it is possible to choose a vector-
function u; = 0. Since when averaging for continuous disturbances the functions
Xo(p+z0, §+yo) and Y (p+zo, §+%o) include all harmonics for which (k,wg) =
0, the second members of equations for v; and wus contain only the terms for
which (k,wo) # 0, i.e. only nonresonance terms. As before, denote the sum for
ke IN,nonres by

n

S o= Y

k€In nonres 1<|[klISN

The general solution for v; and us has the form

o n Yi(p+ o) exp{i(k, ¢+ wot + yo)}
v1 (P, q,t) = - =
P4 %N ik, w(p + 20))
+ F1[q — t(w(p + z0) — wo), v1(D)],
(2.11.16)
wr(B.4.8) = Z” Xop(p + wo) exp{i(k, ¢ + wot +yo) }

)
<K< i(k, w(B + @0))
)

+ F5[q — t(w(p + m0) — wo), ©2(D)],

where Fy, F, are any differentiable vector-functions of (m + n) variables (their
dimensions are n and m respectively) and 1, ¢o are arbitrary differentiable vector-
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functions of m variables p. Assume f; = f» = 0. Then the functions v, and us;
(s=1,...,n; j=1,...,m) are trigonometric polynomials with respect to ¢ of
degree not higher than n.

It is easy to verify that the vector-functions v; and us are bounded on norm
together with their partial derivatives with respect to p and §:

d 1 1
||’1)1|| < C H U1 Ecl + EmNCCl’
1 1
HBm BNC [|usz|| < 50’ (2.11.17)
a’LLQ 1 1 H 8“2 1
- —mNCCY, < =NC.
H 5t e ' =8

Consider the functions

p?(ta :u) = p(ta ,LL) + :u2u2 (ﬁa (ja t)a
(2.11.18)

q1 (ta /J’) = q(ta /J’) + HU1 (]57 Qa t)a

that are an approximation of system (2.11.2) to the exact solution (2.11.14). Dif-
ferentiating expressions for ps, ¢, we obtain

d dp ou
%:d—lg [<a2a,UX1(P+$0)+M XQ(P"‘HJOa(J‘i‘yo))

0 0
+<8l;27 (p+x0)_w0+uy( +$0,q+y0)>+%:|

B 0X,
= uX Y i
pX1(p+ z0) — p ( o

_ 9% 5[ 0Xs 3| (Ou2 >'d Ouz <
u<5p u2> M<5q’vl>+ﬂ[<3P’X1+MX2>+<5Q’Y>]

= pX1(p2 + z0) + p2 X2(p2 + o, @1 + wot + yo) + p Dy,

u2> + 1> Xo(p2 + o, q1 + wot + Yo)

d dq ov
% = d_z N[(a—ﬁla 1X1 (P + mo) + 1° X2(p + o, q+w0t+y0)>
ov ov
+<6q1 (P+~’Uo)—w0+HY(p+$0,Q+yo)>+a—tl]

= w(p2 + x0) — wo + pY (P2 + To, @1 + wot + yo) + p> Do,

where 0X,/0p, 0X2/0p, 0X2/0q are average values of the corresponding func-
tions in their definitional domains. In G4, with ¢t € [0, p~!] the following
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estimations hold:

2 N
1Dl < 5 c<2c1 +NC + m—ca),

B
2 m 3 mN
D —C||l=+=z|]Ci + NC+—CC|.
| 2||<,3 [<2+2> 1+ +5 1]
The system of equations for the functions ps(t, ) and ¢ (¢, u)
2 _x 2x t 5D
o 1(p2 + m0) + p" Xa(p2 + 20, q1 + wot + yo) + p° D1,
d
% = w(ps + m0) — wo + Y (p2 + To, q1 + wot + Yo) + p° D>
and the system (2.11.2) satisfy the conditions described in Section 2.3, with con-

stants
L,=Ci(1+pu), Ly=pNC, l,=C, l;=NC, L,=mnC.
Then estimations (2.11.6) are true, and
il < Kfy ol <KD, ol <K, (07| <K, (0] < K,
Consequently for all ¢ € [0, p~]

llp = poll < K31, lg — a1l < Kgp,

where the constants K¢, K7 do not depend on p. But on the other hand, with
t € [0, u~!] we have
_ 1 N 1
Ip2 =Pl = ll*uall < Z4°C, -l = @ll = Il < 5 €.

So
lp = Bll < llp — pall + llp2 — DIl < Ap®,  |lg — ql| < Bp,

where the constants A = K} + Cp~ !, B= K} + CB~! do not depend on u. The
transfer to e-terminology is trivial. The theorem is proved.

In conclusion we note that equations (2.11.1) may relate to any of the classes II,
ITI or IV, and this fully depends on the width of the resonance zone ||(k,w(z))|| < a.

2.12 Comments and References

In this chapter we described the main presently known mathematical results of
proving the applicability of asymptotic theory to multifrequency systems of or-
dinary differential equations typical for modern resonance dynamics. These are
equations determined on tori or toroidal manifolds, with their right-hand mem-
bers being multiperiodic functions with respect to fast angular variables, and the
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frequencies being functions of slow phase variables. Sufficiently well-investigated
equations include those of Van der Pol, Mathieu, Duffing, and Hill, and one might
say, simple cases of multifrequency systems defined on tori. For these equations the
phase space has dimension 2, and though the subspace of fast variables (torus) has
dimension 1, here also occurs the problem of small denominators, like the Poincaré
problem of reflection of a circumference on itself. Generally speaking, this is suffi-
cient to understand the difficulty of the mathematical problems of the construction
of exact, but not asymptotic solutions of equations defined on many-dimensional
tori.

For the interested reader we formulate some mathematical problems of the
asymptotic theory of multifrequency systems.

Problem 1. We do not know a single proof of the averaging principle for mul-
tifrequency systems for which it is sufficient to impose conditions not on the right-
hand members of the initial equations, but on their averaged values. Consequently
the matter concerns the separation of a subclass of multifrequency systems with
the above-mentioned properties from the class of multifrequency systems defined
on many-dimensional tori.

Problem 2. For dual frequency systems the resonance of frequencies kjw; +
kaws = 0 (except the obvious case ki = ks = 0) may take place only when both
components k; and k5 of the integer vector k are nonzero. Another situation occurs
in the case of multifrequency systems (or more exactly, n-frequency systems with
n > 2). Here the existence of s-resonance manifolds is possible, with 2 < s < n, in
the space of frequencies wi,ws, ... ,wy, for which the mathematical justification of
the averaging principles has not been investigated by mathematicians. As regards
the construction of asymptotic approximations of such multifrequency system solu-
tions, it should be expected that their analytic form will be simpler in comparison
with the general case.

Problem 3. Finally, we do not know any proof of the averaging principle for
multifrequency systems in the case when the basic frequencies wj, depend not only
on slow variables z, but also on fast variables y, i.e. w = w(z,y). In this case the
undisturbed system

dz

P
dy
E —W(Cﬁ,y),

is, generally speaking, nonintegrable, and therefore even the geometric interpreta-
tion of an undisturbed solution on tori is an intricate problem.

Section 2.5 Strict definitions and properties of the averaging operator for
continuous disturbances are given in Volosov [1], and Grebenikov [1, 3].
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Section 2.6 A new analytic form for disturbances of phase coordinates in the
case of O-resonances was first derived in Grebenikov and Ryabov [2], and detailed
comments were given in Grebenikov [3].

Section 2.8 The proof of the convergence of the iteration method for the Van
der Pol scalar equation was first obtained by Mandelstam and Papaleksi [1]. The
extension for the many-dimensional case is given in Grebenikov and Ryabov [1]).

For several results and references on the comparison principle in the theory of
nonlinear systems with slow and fast variables see Martynyuk [1].
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3 Some Resonance Problems of Nonlinear
Mechanics

3.0 Introduction

The previous chapter described the mathematical aspects of nonlinear differen-
tial equation theory, based on the averaging principles. We have more than once
pointed out that the main mathematical difficulties of this theory arise due to the
possible occurrence of small denominators in asymptotic formulae. Problems with
small denominators (or problems with frequency resonances, which is the same) are
not particularly abstract, but reflect the real picture of dynamic processes going on
in micro- and macrocosms. Therefore here we will discuss some resonance problems
of analytical dynamics that have certain theoretical and practical importance.

3.1 Newtonian Three-Body Problem

In the Preface we said that historically the problem of small denominators arose
during the investigation of the movement of Jupiter and Saturn around the Sun. Ig-
noring the existence of other planets, it turns out that the dynamic model consisting
of three homogeneous material balls mutually attracting each other in accordance
with Newton’s law is an extremely complex resonance system investigated by prac-
tically all outstanding naturalists of the past. In the mathematical model of the
three-body problem the matter concerns the study of the motion of each of the
three bodies Py, Pi, P> with arbitrary masses mq, m1, mo for arbitrary initial con-
ditions and in an infinite time interval. Assuming that mg is the mass of the Sun,
my is the mass of Jupiter, and ms is the mass of Saturn, the quantitative relations
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my ~ 10 %mg, ma &~ 3 x 10 *myg are true, and consequently in the three body
problem Sun—Jupiter—Saturn one mass is much greater than the other two masses.
This model is called the planetary variation of the three-body problem. From the
mathematical point of view this means that in the problem a small parameter is
naturally present. If the masses of all the bodies are approximately the same, it is
called the star variant of the three-body problem.

If a rectangular Cartesian coordinate system with origin in the center of the
Sun (the so-called rectangular heliocentric system) is introduced, the differential
equations of planetary motion around the Sun are written as (see Duboshin [1])

dQII (mo + ml)ml —m -IQ — I I2:|
=me |21 22|
dt? r3 | A3, 3
Py; (mo +m1)y —m [y2 — 11 y2:|
= my _ 72
dt? r3 | A3, r3 |’
d*z1 (mo+m1)z (29 — 21 29
5 T 3 =ma2 3 3|
dt ry A3, rs
- (3.1.1)
dQIQ (mo + mg)IQ -m 1 — T £E1:|
=m, |22 -
dt? 3 | A3, r3 ]’
Pys  (mo+ma2)y  [yi—y2 n
7+ 3 M\ T T a3
dt TS5 o )
Az (mo+m2)zy m (21—22 2
dt? T3 - A3, r3 ]’

where zg,ys,2s are the rectangular heliocentric coordinates of the planet P;
(s =1,2),

Ay = (22 —21)* + (Y2 —11)* + (22 — 21)?,

rP=a+yl+z2Z, s=1,2.

(3.1.2)

The system of fundamental units was chosen so that the gravitational constant
is equal to 1. The order of system (3.1.1) is 12, and though the latter is quite
compact in form, it is impossible to obtain its exact solution in an analytic form
because it is essentially nonlinear. In the past the search for its first integrals was,
as one might say, a point of honor for every outstanding mathematician. And
though they did not manage to do very much, it would not be an exaggeration to
say that the three-body problem was the main generator of ideas in the fields of the
analytic, qualitative and numerical theory of ordinary differential equations. This
is easily explicable. In the 18th and 19th centuries the majority of mathematical
models were drawn by scientists from their study of the visible cosmos, they knew
practically nothing about the microcosm. And their idea of the cosmos was in
the first place the solar system where movements of certain periodicity had been
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observed from ancient times. Therefore many things created in mathematics and
mechanics were first of all verified on the model of the solar system.

But equations (3.1.1) have one essential drawback. Though they are compact
(there are no infinite expansions in them), the basic frequencies of the problem
(the functions w(z) in multifrequency rotary systems described in the previous
paragraphs) are not perceived in explicit form, so the above asymptotic theory
cannot be directly applied to them. On the other hand, in the planetary system
the basic frequencies of the three-body problem are visible, as the saying goes, “on
the surface.” Indeed, as far back as the epoch of the outstanding astronomer of
antiquity Hipparchos (2nd century BC) the average angular velocities of the then
known planets of the solar system were calculated, those planets included the Sun
and the Moon which, as the ancients thought, were moving around the Earth.
The angular velocities of the planets around the Earth (in the Earth-centered
system of the world) are just the angular velocities of the planets around the Sun
(in the heliocentric system of the world proposed by the great Polish astronomer
Nikolai Copernik in 1543). It is very important to note that though the ancient
astronomers were not armed with telescopes, their visual observations of planetary
motions relative to the stationary stars made it possible to calculate the angular
velocities of the planets (astronomers call them, as we have already mentioned,
average motions of the planets) with a relatively high accuracy.

So, to investigate the three-body problem by asymptotic methods, it is nec-
essary to turn from configuration space Ppxyz to phase space where some of the
variables personify the slow movements, and the other, fast movements. The term
that is most frequently used for planetary problems is Keplerian phase space. We
will not overburden the text by a great number of formulae for the transition from
one space to the other, but we will only give a qualitative description of this geo-
metrical operation (for the details see Duboshin [1], Grebenikov [1], etc.).

The three-dimensional space Pyxyz, as mentioned above, used to be called
configuration space, and this name seems to be the most obvious, because in this
three-dimensional rectangular Euclidean space our daily life is enacted.

Each equation of system (3.1.1) is a second-order equation; therefore from the
mathematical point of view the most usual form is the notation of equations of
motion with the use of a system in normal form, where each equation is of first
order. And this means that instead of the three-dimensional space Pyzyz the six-
dimensional phase space Pyxyziy2z of coordinates and velocities is introduced, but
this also does not solve our problem. It is only the transition to the six-dimensional
Keplerian phase space that makes it possible to describe the motions in the three-
body problem by means of a multifrequency rotary system. Keplerian space also
has a simple geometric interpretation. (It is enough to recall Kepler’s three laws
of planetary motion around the Sun.)

According to Kepler’s laws, each planet (if it was the only one) moves around
the Sun along an elliptical orbit with the Sun located at one of the foci, and the
orbital revolution itself is performed so that the squared periods of revolution of

Copyright © 2004 CRC Press LLC



118 METHODS OF NONLINEAR RESONANCE DYNAMICS

two planets around the Sun (e.g. expressed in terrestrial years) relate to each other
as the cubes of the major semiaxes of their elliptical orbits. From this naturally
follows the expediency of the following operation: since on the one hand the po-
sition of a planet in the six-dimensional space Pyzyziyz at each point of time is
determined by the six quantities (z(t), y(t), 2(t), ©(t), y(t), 2(¢)), and on the other
hand by the dimensions of the ellipse, by its position in space, as well as by the
position of the planet itself on the elliptical orbit at the same point of time, exact
formulae are established between the quantitative characteristics of these two phase
spaces, as described e.g. in Duboshin [1], Grebenikov [1], etc. The characteristics
or coordinates of the (six-dimensional) Keplerian space are the following quantities:

a) the major semiaxis a and the eccentricity e of the elliptical orbit;

b) two angles: the inclination ¢ and the ascending node longitude Q, deter-
mining the orientation of the elliptical orbit’s plane relatively to some
basic coordinate system;

c) one angle: the perihelion argument w determining the orientation of the
ellipses in its plane;

d) an angle: the average (or true) anomaly M (or v) characterizing the
position of a planet on the orbit itself at every point of time. This angle
is an analogue of the azimuth in the polar coordinate system.

The following characteristics of planetary orbits are also widely used in celestial
mechanics: 7 is the longitude of the orbit perihelion (7 = w + Q), n the average
angular motion of the planet, | the average longitude of the planet in the orbit
(l=7n+ M), M =n(t—ty) + My, and My is the value of the average anomaly
at the initial time ¢(, so in undisturbed motion the average anomaly is a linear
function of time ¢.

From the meaning of these characteristics and from Kepler’s laws it follows that
the characteristics (a, e, i, ,€, w) in the problem of two bodies (the Sun and the
planet) do not depend on time, i.e. they are constant, and only one characteristic
M varies with time. If each planet is influenced by the attraction of other planets,
the above phase picture is ruined, but due to the smallness of planetary masses this
evolution goes on very slowly. The first five parameters of planetary orbits (the
major semiaxis, the eccentricity, the inclinations, the longitudes of ascending nodes
and the arguments of perihelia), are constant in the absence of any extraneous
disturbances, but when disturbed they start to change slowly, i.e. they are slow
phase variables (variables of type x in multifrequency rotary systems). The sixth
variable M is a fast phase variable in the same terms (a variable of type y in
multifrequency rotary systems). Hence it follows that the description of dynamics
in the problem of three bodies (Sun—Jupiter—Saturn) with the help of Keplerian
phase variables adds up to the study of a multifrequency rotary system of ordinary
differential equations with slow and fast variables; the vector of slow variables is
ten-dimensional, and the vector of fast variables is two-dimensional.
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In these Keplerian variables the planetary three-body problem is described by
the following system of 12th order differential equations (see Grebenikov [3], and
Subbotin [1]) (the symbols most common in astronomy are used here):

dag 2 OR,
dt ngas Olg’

des 3 \/1—¢€2 R, B esy/1 — e2 OR,
dt nsales Oms nsa2 (1+ m) oly’

di, 1 R, 1 . i_s<8Rs+8Rs>

dt nsa2sinig,/1 — e2 00 nsa2/1 — e2 & 2 \ Omg Oly )’
dQs 1 IR,

dt  pga2sinig/T—e2 iy’ (3.1.3)
drs 1 ; i_saRs_{_\/l—e%aRs

dt  nga2\/1— e 9 0i, nsales Oes’

dl, 2 OR, 1 s0R

dt — s NgGg 8as nsagw 1 — eg 2 615

65\/1—6§ aRs — 19

+ )
nsa? (1 + /1 - eg) des

In equations (3.1.3) the following symbols are used: m; are the longitudes
of perihelia of the orbits of the planets Ps (w5 = ws + Q) where ws are the
arguments of perihelia of the orbits of planets Ps, and they should not be confused
with frequencies in multifrequency systems; the average motions of planets nj, ns
are the basic frequencies of the problem (earlier they were denoted by w;(z)). The
average anomalies of planets are calculated by the formula

M, = ng(t —to) + My, (3.1.4)

from which it is clear that in undisturbed motion they are linear functions of
time, and in disturbed motion ns they become slowly changing functions of time,
and consequently the average anomalies M (and therefore I, as well) in their
turn become quasi-linear functions of time. Kepler’s third law can be given the
mathematical notation refined by Newton:

f(mo +ms)'

ns =
a3

(3.1.5)

Here f is the gravitational constant (we assumed it to be equal to one). It is
from formula (3.1.5) that it follows that even if the masses ms of all planets are
supposed to be zero (certainly, except the mass of the Sun my), the average angular
velocity of a planet ng (i.e. the basic frequency in terms of slow and fast variables)
does not become zero.
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The discourse on system (3.1.3) would not be sufficiently complete while the
explicit dependence of the right-hand members on the small parameter p is not
shown. The planet P; is influenced by the attraction from the direction of the
planet P,, therefore the disturbing (perturbation) function R; is proportional to
the mass ms, and the disturbing function R, is proportional to the mass m;. If
the masses are considered small quantities (of order u), i.e. if we consider that
ms = Lgu (where Lg is some constant of proportionality), then all disturbing
functions Ry are proportional to the small parameter pu.

Finally, for equations (3.1.3) to have the form of a multifrequency rotary system
it is necessary that the right-hand members should be Fourier series with respect
to the fast variables y. Construction of concrete Fourier series for the disturbing
functions R and their partial derivatives is one of the most intricate problems of
analytical celestial mechanics: great mathematicians spent decades trying to solve
it. First of all it is necessary to mention the titanic work performed by Le Verrier
at the Paris Observatory after the great triumph that resulted in the discovery of
Neptune. Le Verrier obtained a series for a disturbing function (see Le Verrier [1])
in which all the terms of the Fourier series with coefficients up to the seventh power
inclusive with respect to the small quantities were determined: the eccentricities of
the orbits of the two planets e, es, the ratio of the major semiaxes of their orbits
ai/ay and sin?(J/2), where .J is the angle between the planes of their orbits.

Now we introduce the following symbols:

s = Ts, €5 =Ts42, 1ls= Ts44, Q = Ts+6, Ts = Ts48,

ls=ys, ws=mns, x=(T1,..-,%10), ¥=W1,%2), w=(wi,wa),
2 OR,
X. =
fids nsas Olg’
P _V1-€e0R, esy/1 — €2 OR,
HA 542 ngagses OTg nsag (1_1_\/@) 8[8’
. 1 OR, 1 <6Rs .\ 6Rs>
H o nsasinig\/1 —e2 0 nga2\/1— €2 .2 \om, T a1, )
1 OR,

X = —,
ftate nsa2siniz /1 — e2 Ois
P 1 ; i38R3+\/1—e§8Rs
ftets = nsaZ/1 —e2 & 2 Ois nsa2es; Oes’
2 OR, n 1 tgz'_saRS n esy/1— €2 OR;
nsas Oag nsagw 1-— eg 2 0Ois nsa% (1 +4/1— eg) des ’
s=1,2,
X=(0X,...,X10), Y=MN,1).

(3.1.6)
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Then system (3.1.3) can be represented as a multifrequency rotary system

dx

E = ,uX(a:,y),

a (3.1.7)
E = (U(.’L‘) + ,UY(.’L‘,y),

where the vector-functions X and Y are 27-periodic with respect to the average
longitudes y1, ya.

As the two-planet three-body problem is now described not by equations (3.1.1)
but by equations (3.1.7), it is possible to apply to the latter all the mathematical
results stated in the previous sections. First of all we will give a general averaging
scheme embracing practically all the averaging schemes applied by the classical
work of celestial mechanics. For that we will introduce a (m + n)-dimensional
column vector R(z,y) with its components being the right-hand members of a
multifrequency system:

_ X (2, y)
R(z,y) = (@) +¥iy) | (3.1.8)

| @) + uYa(e,y)

For this study we will also introduce the rectangular numerical matrix

Agp = (aij), i=1,...,8 j=1,...,n; s<mn, (3.1.9)
and generate an s-dimensional vector D with the help of the equality
D = (Agn, ). (3.1.10)
Let rank Ay, = s, and for definiteness suppose that
Ags =det(ai;) #0, i,7=1,...,s. (3.1.11)

Now solving the system of algebraic equations (3.1.10) with respect to
Y1,...,Ys, We obtain

yl = fi(DayS+1a R 7yn)’ Z' = 17‘ i ’S’ (3'1'12)

where f; are linear functions of their arguments. Then change the fast variables
Y1,---,Ys in R(z,y) by using (3.1.12):

R(z,y) = R(z,D,Ys+1, - Yn)- (3.1.13)

The function R is periodic with respect to D, yst1,...,¥yn, but the period
with respect to each of these arguments can differ from 27. The values of the
new periods are determined by elements of the numerical matrix (3.1.9). Denote
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the new periods of the function R with respect t0 Ysy1,--- ,Yn DY Tsq1,-.-,Th
respectively and calculate the average value of R over the variables Ystls--+ sYn
within the corresponding new periods, in the process of integration considering x
and D as constants:
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we now express from (3.1.17) the longitude I by D, and substitute this expression
into the Fourier series for the disturbing function, we have

Rl(al, as, ... ,ll, lz) = E(al,ag, PN ,D,ll). (3118)
Then upon averaging over /; we obtain

= 1 T _
Rl(al,ag,... ,D) = —/ R(al,ag,... ,D,ll)dll. (3119)
0

Here T is the least common multiple for the numbers

2m|[F7]|
(k1 k3 — kok?)

with ki,ky = 1,2,.... It is easy to see that in the averaged function Ry all reso-
nances are preserved, i.e. all the harmonics with the small denominator k{ngo) +

kgnéo). From this it uniquely follows that the scheme of Delaunay—-Hill is a partic-
ular case of the averaging operator for continuous disturbances.

In the two-planet problem the second averaging scheme of Delaunay—Hill is
also used. It is constructed as follows.

Introduce the so-called “generalized Delaunay—Hill anomaly” by the formula

5o ns M

+ Q) — Mo, (3.1.20)
ni

where M; and M- are the average anomalies of the planets P; and P», and néo) is
an undisturbed average angular velocity of the disturbed planet. Then by means
of (3.1.20) exclude the difference Q — M, from the Fourier series of the disturbing
force working upon the planet P;. After that average the disturbing function Ry
over the average anomaly M; by means of the operator

= 1 ~
Rl(al,aQ,... ,7T2,D) = lim T Rl(al,... ,D,Ml)dMl. (3121)

Now applying any of the averaging schemes of celestial mechanics and the Krylov—
Bogolyubov transform to system (3.1.7), one can obtain averaged equations of
any approximation (including the first one), and then the principal procedure of
application of the whole arsenal of the asymptotic theory of differential equations
can be followed.

For instance, applying the first Delaunay—Hill scheme to equations (3.1.7) and
assuming that m; = 0 (in this case it is said that we are dealing with a limited
three-body problem, where the motion of a planet with zero mass under the influ-
ence of a second planet with mass u = ms is studied), then in the notation usual
for astronomers, the averaged equations of the first approximation will have the
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form

da
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However to obtain an explicit dependence of the unknown functions a, p, @, D
on time t it is necessary to perform the operation of inversion of these first integrals,
which in itself is a very difficult analytical problem.

This problem for different averaging schemes was considered in the papers of
Gomtsjan [1], Grebenikov [1], Grebenikov and Isaeva [1], Karaganchu [1], Pri-
khod’ko [1], etc. Here we will only say that if the problem of inversion of the first
integrals of a first-order averaged equation is constructively solved, then obtaining
the initial Keplerian coordinates is the problem that we have already solved, and
as a result we obtain

..................... (3124)
l(tnu) :l_(tnu) + por (da'-' al_) +..

Explicit expressions for the functions u1, v in the case of a three-body problem
were also found in the paper referenced above.

3.2 The Problem of Justification of the Averaging Principle
in the Bounded Newtonian Three-Body Problem

In the monograph by Grebenikov and Ryabov [1] justification of the averaging
schemes applied in the bounded circular three-body problem were described. In
particular it was shown that for Gauss’s scheme (the operator of averaging over
all fast variables — in this problem the fast variables are the average longitudes of
the disturbed and the disturbing planet) the following estimations necessarily hold
with ¢t € [0, p~']

la(t, p) —a(t, p)| ~ uln? p=t,
|e.(t,,u) T( a#)|’“\/_1n2# ; (3.2.1)
|2(t7:u)_l(t;,u)| N\/ﬁln ®o,

(s 1) ()] ~ /In? !

in that part of (six-dimensional) Keplerian phase space where the following in-
equality is satisfied:

OR

57| > 0 (3.2.2)

here R is the disturbing function of the bounded circular three-body problem, and
M is the average anomaly of the disturbed planet.

So we have to find in the phase space (a, e, i, Q, w, M) connected domains
where inequality (3.2.2) is satisfied. If a Le Verrier series (se Le Verrier [1]) for the
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disturbing function is used, then inequality (3.2.2) takes the form
(o} o0 o0
Z Z Z klc’kl’kgm(a,e,i)
k1=0ky=—00 kz=—o0 (3.2.3)

X Sin(lﬁM + k‘Q(Q — MQ) + kgw) > 0.

Here the coefficients Cy, 1, k, are infinite power series of the eccentricity of the
orbit of the disturbed planet e, the ratio of major semiaxes a = a/ay and sin?(i/2)
(i is the angle between the planets’ orbital planes).

Solving inequality (3.2.3) without additional bounds is extremely difficult;
therefore in the expansion of the disturbing function we only keep terms con-
taining e,e?,i = 0 (the plane variant of the bounded three-body problem) and
ajas = a < 1. The latter means that within the time interval [0, p~!] the dis-
turbed planet remains in the area bounded by the circular orbit of the disturbing
planet, i.e. there is no crossing of paths.

Under these conditions inequality (3.2.3) becomes substantially simpler, be-
cause in this case

0 (k) 2
L > {[i+i(—4k205k) +D(CM) +D2(Cl(k)))}ksink5

OM ~ ay 2 8

k2:—00

- g [2k0{’“> + D(ka))] (k — 1) sin (kS + M)
2
+3 [4k2C) — skC(? + (4k - 3)D(C{")

+D2(0{’“>)](k —2) sin(kS+2M)} -2 [(1 - %) sin S

a3
e> 9¢2
+esin(S—1l+w)— gsin(S—l—?l—?w)—i— ?sin(S—Ql—i—?w)},
(3.2.4)
where
(k) _ 22k =1 l l . 2).
o= =oer aF(Q,k+2,k+1,a), (3.2.5)
as(c®)
D& Wy ==/ =1,2 2.
(Cl ) d(ln a)s 3 S 3 &y (3 6)
S = lQ — ll, l1 = M1 +w1, (327)

F(1/2, k+1/2, k+1; a?) is a hypergeometric series (see Duboshin [1]), as, I, are
respectively the major semiaxis (radius of the circular orbit in the bounded circular
problem) and the average longitude of the disturbing planet. Using Newcomb’s
recurrence relations (see Duboshin [1]) it is possible to express the derivatives
D®) (C’l(k)) also by means of hypergeometric series:

pls+1) (Cl(k)) _ kD(S)(ka)) + D(s)(of’“’l)), (3.2.8)
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where
C(k’l) _ 2(2k + 1)!!
1 T2k +2)N

From (3.2.8) it is easy to derive formulae for the derivatives

3 3
k2 ° d .2
Q F(2,k+2,k+2,a). (3.2.9)

DM (M) = ke + oY,

() () (k1) | ~(R2) (3:2.10)

DO (CV) = k*CyY + (k+3)Cy" + 0,
(k2) _ 6(2k + 3)!! k44 g § E o 911
o _7(2k+4)”a (2,k+2,k—|—3,a). (3.2.11)

Substituting the above relations into the main inequality (3.2.3), and perform-
ing the necessary computations we obtain the inequality

|Ko + eKy + 2 K,| > 0, (3.2.12)
where
1-3 1-3-3.5
K = — | — 3 Y e 1 M 7
0 [2. Crtyaaed T }sm( 1+@)
o (3.2.13)
— 3" kCM sin (kM + k@), &= w1 —la,
k=2
Ky = asin(2M; + @)
1 & 3.2.14
+3 (3C™ + DY (k — 1) sin [(k — 1) M, + ki), (3:2.14)
k=—oc0
9
Ky= — %sin(Ml @)+ %sin(Ml — )+ gsin(SMl + @)

1 oo
-3 2 {[(—3k2 + 1O + (k+ 0™V + 0 ksin (kM + k)
k=—

+ (082 = 8k)C(P + 5kCHD + O] (b - 2) sin[(k - 2)My + k3] }.
(3.2.15)
Inequality (3.2.12) should be satisfied for all M;, wy, lo = nat + la 9, provided
that the major axis a; and eccentricity e; of the orbit of the disturbed planet
P, belong to the domain G5 of analyticity of the disturbed function R;. Such a
domain may be the direct Cartesian product of the two segments: A = [Basa, das],
0<pf<d<1l and E=1[0,¢], 0 <e <e <1 Thisis clearly a ring with
radii fas and das, with nearly all orbits located within it, and the motion of
the disturbed planet is such that within a sufficiently long time interval (of order
1/u) the functions M; and &(¢) do not become zero at the same time. If the
functions M;(t) and & simultaneously become zero, then inequality (3.2.12) is not
true whatever the domain G is.
Now we pass on to the mathematical justification of the first method of Delau-
nay—Hill as applied to the plane bounded circular three-body problem. Let the

Copyright © 2004 CRC Press LLC



128 METHODS OF NONLINEAR RESONANCE DYNAMICS

average motions (frequencies) of the disturbed and the disturbing bodies satisfy
the condition of exact resonance

k™ — knl? =, (3.2.16)

where k* = (k¥,k}) is a concrete integer vector with norm [|k*|| # 0. It is
obvious that in this case there exists an infinite number of collinear vectors sk*
satisfying the resonance correlation (3.2.16), in particular, with s = £1,£2,....
Now introducing the Delaunay anomaly by the formula

D = kM + K, (3.2.17)

it is easy to verify that in undisturbed motion the Delaunay anomaly is constant
because
DO = kMO + k3o©

= ki (n§°)t + Ml(g)) + ks (i = ny"1)
= KT M{Q) + Kw

Substitution of the Delaunay anomaly into the expansion of the disturbing
function R; constructed by Le Verrier [1] generates the following Fourier series:

> ki k: — kok k
R =pu Z Z Chy ks (as ) exp{ <% M, + ki D) } . (3.2.18)
2

k1=—00 ko=—00

So, using relation (3.2.17), we have excluded one of the fast variables & from
the expansion of the disturbing functions. Further, in the process of averaging for
continuous disturbances the fast variable (the average anomaly M) is replaced by
the expression M; = njit + My and integrated with respect to ¢, and all other
phase variables (a, e, D) in the two-body problem are considered constant.

In (3.2.18) the average values of terms are non-zero only for those with ki k3 —
kaky = 0. From this it follows that ki = sk}, ko = sk3, and so the result of the
averaging of (3.2.18) generates the function

Ri(a,e,D) = p Z Ciks skz (a, €)e™ D (3.2.19)
S§=—00

The right-hand members of the differential equations of the plane bounded
circular three-body problem (they are particular cases of equations (3.2.3) if it
is assumed that i = Q = 0) are analytical functions of phase variables in the
whole Keplerian phase space with the exception of those points that correspond
to the collision of an infinitely small mass with one of the attracting bodies (in
this case one of the mutual distances approaches zero, whereas the attracting force
and Newtonian potential become arbitrary large). In the bounded circular three-
body problem connected domains of three-dimensional configuration space (and
consequently, six-dimensional Keplerian space as well, because the change from
rectangular Cartesian coordinates to Keplerian elements is performed by means of
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@

Fia. 3.1.1. Quasiquadratic Hill surface (a); projection of the Hill
surface onto the main coordinate plane, hq, ..., h4y are constants of
the Jacobi integral, corresponding to the boundary Hill curves (b).

a nondegenerate transformation) exist in which the motion of the three bodies is
performed eternally, without collisions. For instance, such a domain (Fig. 3.2.1) is a
part of three-dimensional space, located outside the quasicylindrical Hill surface S
(see Duboshin [1]) serving as the geometric image of the Jacobi integral — the only
known first integral of the differential equations of the bounded circular three-body
problem. This surface S corresponds to the external closed contour of the double
connected curve hy (in Fig. 3.1, hy, ha, h3, hy denote different numerical values of
the Jacobi constant h, and the corresponding Hill boundary curves are constructed);
for more details refer to Grebenikov and Ryabov [1], and Duboshin [1]. This part
of Euclidean space can be taken as the domain G4, appearing in the theorems
from Sections 2.3, 2.6, 2.9, 2.10.

Indeed, all conditions of the next theorem are satisfied in this domain. This is
typical in the justification of the averaging method over some of fast variables.

Theorem (see Grebenikov and Ryabov [1]) Let:

(1) the partial derivatives of the disturbing function Ri with respect to all
variables (in total there are sixz phase variables ay,...,M;) be analytic
and 2m-periodic with respect to My, lo = nat + lag in the domain G4yo;

(2) the average motions ni,na be analytic in Gayo;

(3) the norms of all partial derivatives of the disturbing function ||0R;/0a4||,
[[OR1/0lL|, ..., ||OR1/OMi]|, and also ny,ns be bounded in Gyiz;
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(4) the following condition be satisfied:

dn1 d’ng
ki— + ky——
P TERC7

where 1 < ||k|| = |k1| + |k2] < N.

Then there exists g € [0, 1], such that for all 0 < p < pg, 0 <t < p~' the
following estimation is true

Clu< < Cyp, (3.2.20)

|a1 (t) —aq (t)| + |61 (t) — e (t)| + |Zl(t) — gl (t)| < 02\//._1/1112 Ity (3221)

where a1 (t), &.(t), i1(t) are projections of the solution of the averaged system of
differential equations of the bounded circular three-body problem.

The detailed proof for the case of (m + n)-dimensional multifrequency sys-
tem can be found in Grebenikov and Ryabov [1]; therefore here we will comment
upon the conditions of the theorem for the bounded circular three-body problem.
Conditions (1) - (3) are evidently satisfied outside the quasicylindrical Hill surface
because this domain does not contain bodies with nonzero masses. Consequently,
in this part of configuration space the Newtonian potential of the problem (the
function mq/rg + p/A12) is a harmonic function, and the disturbing function R;
is an analytic function of six variables a1, eq, i1, w1, M, l2, hence it follows that

its partial derivatives OR;/OM;, ..., ORy/ Al are also analytical functions of their
own arguments. The following quantity can be taken as a constant C' bounding the
norms ||0Ry/OM||, ..., ||OR1/0ls]|, |n1| + |n2| (see Grebenikov and Ryabov [1]):

33
inf p[S, 4]

where the denominator denotes the exact lower edge of the distance between any
point of the surface s € S and the attracting body with mass p.

Then, the motion of an infinitely small mass continues perpetually outside
the surface S if it was there at the initial time, and consequently, the condition
(a1(t),... , Mi(t)) € Gayo with t € (—o00, 00), necessary for the proof of the
theorem, is also satisfied. It remains to check condition (4) of the theorem.

First of all note that in the bounded three-body problem n, = const, so
dny/dt = 0. In view of this, the condition (4) can be written as

dn,

Or'n < kg

kq

‘ <Cip, 1<k <N. (3.2.22)

— 3 _
Since ny = a; 32 then dny/dt = —=a 5/2da1/dt, so inequality (3.2.22) with

consideration for the first equation of system (3.2.3) will take the form

OR,
ka oM,

3
Ciip<sap?

30 < Cip. (3.2.23)
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But for the domain G442 the inequality a; > as is obvious, i.e. the major
semiaxis of the orbit of an infinitely small mass is always larger than the major
semiaxis of the orbit of a disturbing body with mass p; therefore condition (3.2.23)
is always satisfied provided N is a finite number.

So we have shown that the Jacobi integral of the bounded circular three-body
problem (not only in the plane version, but in the space version as well) allows us to
divide the three-dimensional Euclidean configuration space into connected three-
dimensional domains, including those for which all the conditions of the above
theorem are satisfied. Consequently for such domains the solutions of equations
averaged as per Delaunay—Hill with g — 0 are arbitrarily close in norm to the
solutions of the exact equations.

For this problem the following result is also correct. For some commensura-
bilities of average motions within an infinite time interval, and consequently even
more so in the interval 0 < ¢ < p~!, the average motion (frequency nq(a;)) differs
from its initial values by a value of order u:

ny (@) = ny (al?) + uB @ (1)), (3.2.24)

where  is a function bounded for all . Condition (3.2.24) means that in the
plane bounded circular three-body problem the norm |dn;/0a;| may be a value
of order p.

We calculate these resonances. The plane bounded circular problem averaged
as per Delaunay-Hill has first integral (see Grebenikov and Ryabov [1])

(k5 -BVI=h)
(s~ ki VI-20)

where k3, k3 are positive integers satisfying the resonance condition kini(aio) —
k3ng = 0 (ay9, €10 are the initial values of the major semiaxis and the eccentricity,
corresponding to the resonance). In addition, if the motion of an infinitely small
mass is stable in the sense of Lagrange—Hill (see Grebenikov and Ryabov [1]), i.e.
the conditions h < hr,, a9 < Ry, are satisfied (h is a constant of the Jacobi
integral for the given orbit, hr, is a constant of the Jacobi integral for the libration
point Lo, and Ry, is the barycentric distance of the point L), then within an
infinite interval the function a;(¢) is bounded, and

2
) (ks - ki V1= %)
sup ai1(t) = ao 5
t€[0,00) (k3 — k7)

2
o (kQ — k1 e%o)
inf @;(t) = a0

t€]0,00) k3?

al(t) = a1 s (3225)

)
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From this it follows that the maximum amplitude of the change of the major axis
with ¢ € [0,00) equals

2 2
N (k2 k1o eg) (k;k{«/l - eg)
su a = — _
te[o,lzo) 2 (k5 — ki)? ky?

From the above formula it follows that there exists a resonance for which we
always have:
sup Aa(t) = O(u).
t€[0,00)
This is true if kf/kj ~ p. For such kf and k3, and all ¢t > 0, a(t) = ag + O(p),
and consequently

ni(a(t)) =ni(ao) + O(p). (3.2.26)

For these resonances the system of differential equations of the plane bounded
circular three-body problem does not contain fast variables (of type y in the
standard notation of multifrequency systems), i.e. it is a standard system in Bo-
golyubov’s sense. And this in its turn means that for the justification of the av-
eraging principle in the case in question it is possible to use numerous well-known
results (see e.g. Bogoliubov and Mitropolsky [1], Bogoliubov, et al. [1], Grebenikov
and Ryabov [1], Martynyuk [1], Volosov and Morgunov [1], etc.).

3.3 Construction of Explicit Solutions of Averaged Differential
Equations of the Bounded Three-Body Problem in the Case
of Resonance

In Section 3.1 we gave the complete system of first integrals (3.1.23) of averaged
differential equations of the fourth-order plane bounded circular three-body prob-
lem. Relations (3.1.23) express the implicit dependence of the sought variables
a(t), p(t) (or &(t)), @(t) and D(t) on time, and for the construction of disturbed
asymptotic theory it is necessary to have the variables a(t), p(t), @(t), D(t) in the
form of explicit functions of ¢, i.e. it is necessary to know a = a(t), p = p(t),
w=w(t), D= D(t).

To solve this problem we will first of all denote the “focal parameter” p by the
major semiaxis @, using the first equality of system (3.1.23):

2

p= % (a+Cf—2C1Va). (3.3.1)
1

Substituting this expression into the second relation of system (3.1.23), we
obtain

F(@,D) = Cua, (3.3.2)
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where F(a,D) is an even function with respect to D (a trigonometric series of
multiple argument D, with its coefficients being power series of v/a@). This can be
written in the form

F(a,D) = i Fs(a)cossD, (3.3.3)
5=0

where the coefficients Fj(a) are analytic functions with respect to y/a and are
expressed via so-called Laplace coefficients (see Duboshin [1]). In this case equality
(3.3.2) may be given the form

Z Fs(a)cossD = C,a. (3.3.4)
s=0

We describe two methods of solving problem (3.3.4) with respect to a.

Method I Write a in the form of a trigonometric series
a(D) =" a,cossD (3.3.5)
s=0

with unknown coefficients as. Substituting (3.3.5) into (3.3.4) and using binomial
expansions for the functions @’/? (r is an odd number), it is possible to deduce
an infinite system of nonlinear algebraic equations for the unknown coefficients
ag,a,.... To solve this system in an analytic form seems practically impossible,
so the most effective method is an iteration one. Due to the awkwardness of the
system we do not give it here, and the interested reader is referred to the literature
(see Karaganchu [1], Prikhod’ko [1]).

Method II Write a as a power series of the small parameter u (here the disturbing
mass of Jupiter is usually considered as such):

a(D) =Y p*bs(D). (3.3.6)
s=0
The coefficient by is calculated from
2]6* (0)
mo + Z’? Jmob/? — 2050 = 0; (3.3.7)
1

therefore it does not depend on D. The other coefficients (by,bs,...) are calculated
successively in the form of trigonometric series of multiples of D. After that the
series (3.3.6) can be reconstructed in the form (3.3.5). This allows us to conclude
that the form (3.3.5) is preferable.

Supposing that the coefficients of the series (3.3.5) have already been found,
we state the algorithm for calculation of other sought functions in an explicit form.
If we can write the focal parameter p as the trigonometric series

p(D) = Zps cossD (3.3.8)
5=0
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then the coefficients p; are determined from the system
ki %po = k3ag + k3201 — 2K3%ag/* + ...,
k2 = k2ay — k32Crag P + ..

(3.3.9)
Eps = k32as — k32Chag P 4 -

Equations (3.3.9) are obtained from the first integral (3.3.1) if a@ is replaced
by series (3.3.5) and identical equalities are written for the coefficients at equal
trigonometric functions. System (3.3.9) has actually been solved with respect to
the unknown pg,p;,... and so their calculation is trivial. Using the correlation
P =a(1l—@&2), it is possible to express the “eccentricity”  as a trigonometric series
of multiples of D:

e(D) = Z escossD. (3.3.10)
5=0
The coefficients e are calculated from the system of algebraic equations
(171/201 af1/2a2
1/2
ao/ €o + ‘ 4 €1+ ‘ 4 62+---:(a0—p0)1/2,
a_1/2a1 1/2 a_1/2a1 1
0 0 A N=1/20,
1 €o+ay e+ 1 ex+...= B (a0 — po) (a1 —p1), (3.3.11)
a_1/2a2 a_1/2a1 1/2 1
0 eo + =2 el +a0/ es+...= =(ao — po) 1/2(02—112),
4 4 2
The coefficients ng of the trigonometric series
o0
(D) = Z ng cos sD (3.3.12)
5=0

for the average motion (frequency) 7 of the disturbed body are determined in a
similar way. Formulae are easily written for them, if the known relation n =

meda /2 is used:
nozg—g _1+%(a%+ag+---)+--- },
- :T;L_/OQ '_gﬂ 15a12a2 ],
ag/? L 2a0  8ag (3.3.13)
ag/? L 2a0 6ag

Thus, construction of the explicit analytic dependences @ and j (and conse-
quently &, i as well) on the Delaunay anomaly is the result of the inversion of the
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first two integrals of system (3.1.23). Now in the third integral of system (3.1.23),
we pass from the integration variable ¢ to the new variable D, using the fourth
integral:

D asz—}?dD
W — @o =—2/ P —.  (3.3.14)

OR OR
Do kfmo — k;ngo) vV ElSmo — 2k)f(_12 % - 2](3; 51313 8_]5

The integrand can be written as the ratio of two trigonometric cosine series:

[ee]
D E cs cos sD
s=0

@—@0=/ =
Do E ds cossD
s=0

dD. (3.3.15)

Performing the operation of division of a series by a series and integrating the
result, we obtain

@ —@o=A" + AgD + Ay sinD + Ay sin2D + ..., (3.3.16)
where the coefficients Ag, A1, A, ... are determined from the system of equations
d d
dvo-l-?lAl +?2A2+ = Co,

d d
d1A0+<d0—|——2>A1—|—ZlAQ+...:Cl,

2 (3.3.17)

d d
dQAO‘{‘?lAl—FEOAQ_{—...:CQ,

When the coefficients A, are determined, the absolute term is determined from
the initial conditions

A = _AgDy — Ay sin Dy — Ay sin2Dg — - - - (3.3.18)

Finally, the integrand in the fourth equation of (3.1.23) can be written as the

trigonometric series
D

t—tg = / Z B, cossDdD. (3.3.19)

Do s=0

If equations (3.3.17) for the coefficients A, are already available, they can also
be used for the calculation of the coefficients B. For this it is sufficient to replace
the quantities cg,c1,... in (3.3.17) by the coefficients of the expansion @*/? into
a trigonometric series of multiple argument D, and the quantities Ag, A1,... by
By, By, ... respectively.
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Integrating (3.3.19), we obtain
t—to =B\ + BoD + BysinD + Bysin2D + - -- (3.3.20)

Relation (3.3.20) can be called a generalized Kepler equation for an averaged version
(by Delaunay and Hill) of the plane bounded circular three-body problem, because,
if one substitutes into it the small parameter p = 0 (the mass of the disturbing
body, Jupiter) and changes D by the average anomaly M, it is finally reduced to
the Kepler equation. The average anomaly M of an averaged system is determined

from the equality
— D k3
M=——-2(@—1I). 3.3.21
F R @) (3:3.21)
Using formulae (3.3.16), (3.3.20) and the linear dependence of the average
longitude of Jupiter I on time #, we finally obtain the explicit dependence of the

average anomaly M on the argument D:
M =M + MyD + My sinD + Mysin2D + - - - (3.3.22)

Thus, the complete system of first integrals for (3.1.23) allows us to construct
in an explicit and analytic form the exact solution of the averaged equations of
the bounded circular three-body problem, when all three bodies (the central body
with mass myg, the disturbing body with mass p, and the disturbed body with zero
mass) always move in one and the same fixed plane (the so-called plane version of
the bounded three-body problem).

The analytic representations (3.3.5), (3.3.8), (3.3.10) show that the phase vari-
ables a(D), p(D), &(D) determining the form and dimensions of the averaged
(staging) orbit are changed in an oscillatory, but not a secular way, because there
are no terms proportional to D in them. This circumstance is essential for as-
ymptotic perturbation theory in celestial mechanics, and it allows us to draw the
conclusion that asymptotic methods based on the application of averaging schemes
for obtaining the first approximation are more effective in comparison with other
methods of perturbation theory. Indeed, if one constructs an asymptotic theory
of the motion of celestial bodies on the basis of the two-body problem as a first
approximation, then in the next approximation the eccentricity e(t) will contain
a secular term proportional to ¢, which seems illogical.

In the general case Ag # 0, therefore the phase variable w that determines the
orientation of the staging orbit in coordinate space, as (3.3.16) shows, changes in a
secular way, and an oscillation is superposed on this secular shift of the major axis
of the trajectory. This oscillation is periodic with respect to D.

From this it follows that the staging orbit (first approximation) has a “peripleg-
matic” nature and everywhere densely fills (for nearly all initial conditions in the
sense of Lebesgue) a ring of radii infa(¢) and supa(t) determined in Section 3.2.

In conclusion note that the explicit dependences of the phase coordinates a, p,
@, M on the Delaunay anomaly D can also be used for the study of the dynamics
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of concrete asteroids with their orbits having a small inclination, if in the first
approximation it is considered that i = iy and Q = Q. Then for the phase
variables 7 and & that may replace the coordinates @ and M we have

t
=0+, é=w+M—/ﬁdt+Qo.
to

In these formulae, @, M and # should be replaced by the corresponding series of
the multiple argument D.

3.4 Quasi-Periodic Solutions of Resonance Hamiltonian Systems

Let the motion of a dynamical model be described by the canonical (Hamiltonian)
system of differential equations

dp  OH dq OH

= = 341
dt Oq’ dt Op’ ( )

where the Hamiltonian H has the form
H(p,q, p) = Ho(p) + pH1(p-q), (3.4.2)
p=P1,---,Pn), ¢=(qi1,.-.,qn) are n-dimensional vectors, u is a small positive
parameter, and the function Hi(p,q) is 2m-periodic with respect to qi,... ,¢n-

Suppose that the Hamiltonian H is analytic in a complex 2n-dimensional domain
Gon={Rep € P, |Tmpl|<p, [|Tmg|<a}. (3.4.3)

In addition, let the functions Hy and H; be such that they take real values at real
values of the arguments.

In mechanics (see Poincaré [1], and Ter Chaar [1]) the impulse vector p is
often interpreted as a vector of positional variables, and the vector of generalized
Lagrange coordinates g as a vector of angular velocities. Many problems of non-
linear mechanics (including celestial mechanics) are related to so-called degenerate
case, when the undisturbed part of the Hamiltonian — the function Hy — only
depends on the part ng (ng < n) of positional variables p1,pa,... ,pn,. Such de-
generation complicates the tools of asymptotic theory, because some angle variables
are slow (like the impulses p). Indeed, dividing the vectors p and ¢ into components

pOZ(pla"'ap’no)a qoz(qla"'aQ’no)a
p*:(pn0+17"' 7pn)7 q*:(qnoJrla"';Qn)a

we write the Hamiltonian H as

H(p,q) = Hoo (po) + pH1 (p,q) - (3.4.4)
Then, obviously,
62H00 _
det < a2 > =0, (3.4.5)
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which corresponds to the case of so-called proper degeneration (see Arnol’d [1],
and Grebenikov and Ryabov [1]). Suppose that in Ga,

0?Hopo 0°H,
det< 2 > # 0, det( o > # 0.

Taking the above equation into account, (3.4.1) can be written as

@ _ BHl @ _ 6H00 i 8H1

dt K aqo ’ dt 6])0 H apo ’ (3 4 6)
dp* _ _8H1 dq* _ 8H1 o
dat — 9q*’ a ~ Moap

From (3.4.6) it is clear that the vector ¢* is a vector of slow angle variables, because
[lg*]| ~ w. Let the disturbing part Hi(p,q) of the Hamiltonian H(p,q,u) be
expanded into the cosine Fourier series

Hi(p,q) = ) hu(p)cos(ko,q0) + (K, q") + ], (3.4.7)
k][>0

where k = (ko,k*), ko = (k1,... ykng), k* = (kng+1s--- , kn), ||| = |k1]| +---+
|kn|, ks =0,1,2,..., and i is a constant.

The problem we have to solve is finding quasi-periodic and stationary solutions
of systems (3.4.1) or (3.4.6) in the case when there is a resonance among the basic
frequencies OHgg/0p1, OHoo/Op2, - - ., OHgo/Opn, of an undisturbed system (with
u = 0). Note that if ng = n, all angle variables ¢ are fast phase variables, and
then the matter concerns the resonance of all undisturbed frequencies (in the usual
notation w; = 0Hgo/0p1, wa = 0Hoo/Op2, ..., wn = OHoo/Opn)-

For this purpose we will apply the well-known method of canonical substitu-
tions of variables (see Arnol’d [1], and Grebenikov and Ryabov [1]), and at each
stage of the transformations we will consider the presence of resonances found by
means of the averaging operator for continuous disturbances, or, which is the same
in this case, by means of Delaunay—Hill averaging.

First we will construct a canonical substitution of variables such that the dis-
turbing part H; of the Hamiltonian in the new variables has the special form

Hi(p.q) = Hi(p,q") + Hi(p,q), (3.4.8)

where H,(p,q*) is an integral average value of the function H; over the rapid angle
variables go within a parallelepiped of periods 27 X --- x 27, and Hi(p,q) is the
periodic part H; depending on the angle variables ¢:

Hi(p,q*) = (273)% /---/Hl(p,q) dqo. (3.4.9)
0 0
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Formula (3.4.9) gives the averaged value of H; taking no account of frequency
commensurability; therefore we should take this fact into consideration in the ana-
lytic structure. From H; extract the corresponding partial sum [H;]y such that

H; = [ﬁl]N + RyHy,

where Ry H; is the remainder term of the trigonometric series, and N is a positive
integer bounding the norm ||k||. We obtain

Hy(p,q) = Hi(p,q") + [H: (p, q)lv + RnHi, (3.4.10)
where
Hilp.q)= Y. hi(p)cos[(k™,q") + 1], (3.4.11)
1<||k||<N
[ﬁl (pa Q)]n = Z hk COS[ kanO) + (k*a q*) + lk] 3
1<[[kI[<N (3.4.12)
RyHy = Y hy(p)cos[(Ko,q0) + (k*,q") + li] - (3.4.13)
IKI>N

In accordance with the general idea of the method of successive canonical
transformation, during the construction of quasi-periodic solutions it is necessary
to introduce a canonical substitution of variables (p,q) — (P, Q) such that in the
new variables the disturbing part of the Hamiltonian — the function H; — should
take the form

H, = H, + RyH,, (3.4.14)

i.e. in the new variables the periodic part [I;H] ~ should become zero. This can be
achieved through a canonical substitution determined, e.g., by the formulae

oS oS
:P —_ e —
P + 3 Q=q+ 75

where the generating function S(p,q) will be chosen in a special way. According
to canonical transformations theory, equation (3.4.1) can be replaced by the new
canonical system

(3.4.15)

dP 9K  dQ 0K
b oK - dQ _IK (3.4.16)
dt 8Q° dt QP
with the Hamiltonian

K = H = Ho + pH, + p[Hi]x + RyHy, (3.4.17)

where the substitution of variables (p,q) — (P, Q) is performed. The generating
function S(P,q) can be chosen by an infinite number of methods, e.g. in such a

way that
oty 05 + p[H (P, q)]y =0, (3.4.18)
6P > 6q JR=S q)IN = 4.
HY = Hoo(Py) + pH,y (P, q*). (3.4.19)
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One of the solutions of equation (3.4.18) has the form

S(Pg)=pn Y, Se(P)sin[(ko,qo0) + (K, q") + k], (3.4.20)
1<|[k|I<N
Si(P) = — i (P) (3.4.21)

(k, 0HV JoP)

For a system with resonances, the denominators in (3.4.21) for some k can
be very small or even zero, and we get stuck on the problem of “small denomina-
tors”. Therefore in the case of sharp commensurability the substitution of variables
(3.4.15) with the generating function (3.4.20), (3.4.21) does not bring desirable re-
sults, i.e. without additional rather strict conditions it is impossible to transform
the disturbing part of the Hamiltonian into the form (3.4.8) —(3.4.13) and destroy
the periodic part H, of the Hamiltonian.

So the widespread method of the construction of successive canonical substi-
tutions with the use of averaging over fast angle variables as a preliminary trans-
formation can be found unfit in the case of resonance. This difficulty could be
overcome if, for example, one follows the following algorithm.

Let the system in question be such that with some fixed vector k (where k =
(ko, k), ko = (k1,-. ,kng), & = (kngt1,--- ,kn)) with its norm not exceeding
N, there is a resonance between the derivatives of the components of fast angle
variables go which are linear time functions in the undisturbed motion. Introduce a
new angle variable — the so-called critical argument (known in celestial mechanics
as the Delaunay anomaly) — by the formula

d = (ko,qo) - (3.4.22)

It can be shown that with this substitution of variables when instead of one fast
angle variable (e.g. component qo) a slow variable d is introduced, the canonical
nature of system (3.4.1) remains, but there is a redistribution between the number
of fast and slow angle variables.

For the sake of simplicity assume that k; # 0. Then from (3.4.22) it is possible
to express the fast component ¢; in the form

d 1 - -
= = — = (kg(]z B i knoqno) . (3423)
ki ki

Excluding the component ¢; from the Hamiltonian H;, we obtain
Hl(pa Q) = Hik(pa da q2,- .- 7q’n)
= FI(IJ, d; q*) + [ﬁf(p; d; q2, - .- 7qn)]N + RNH;(

q1

(3.4.24)

Here the “secular” part FI is calculated as an integral average over the variables

42,43, --- ,qng, i.e.
1 2 27
FI(P,d,q*) = W//Hf(p,d,qg, ;Qn)dQQ“'dan. (3425)
0 0
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Now we will show that the introduction of the critical argument d does not
upset the canonical character of the system (3.4.1) or (3.4.6). For this purpose,
separate the equations for ¢; and for the corresponding impulse p;, i.e. rewrite
system (3.4.6) in the form

@_ oOH dql_aH

T
dpl) O0H dq O0H
d_tO: 8q”’ = ap”’ (3.4.26)
W OH  d o
dt — 9g*’ dt ~— op*’
Where pg = (an .. apno)a Q(/]I = (q27' .. aQ’no)'

Perform the substitution of variables (p = (p1,p0,0%), ¢ = (¢1,9,4%)) —
(P =(P,PY,P*), Q= (Q1,Qy,Q")), using the generating function

=Y P.f., (3.4.27)
s=1
where
flzd:(E(]aqO)a fm:qma m:2a"'7n' (3428)
This generating function determines the canonical transformation if
0?Vs Ofs
det = det 0. 3.4.29
“(orar) = (50) 5429
Calculations show that
sl _ &
= |k 0. 3.4.30
|5%] = ) # (3.4.30)

Then according to the theorem on canonical transformations by Poincaré [1] the
explicit form of a canonical transformation is determined by the relations

Vs

Qs - 8—133 - fs(qla-" ;qn)a
3.4.31)
of (
ZPJ@qZ s=1,...,n.

From equalities (3.4.31) it is possible to express new canonical variables (P, Q)
through the old (p,q):

leda Qm:qm; m:27"'an7
k; .
P = %, Pj=p; — E_Jpl, i=2.... .m0, (3.4.32)
1

1
Ps=ps, s=no+1,...,n
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So the system of canonical equations (3.4.26) is transformed by the substitution of
variables (3.4.22) into the new Hamiltonian system

dP, R  dQ, OR

dat - 8Q, dt 9Py
where R(P,Q) = H(p(P), ¢(Q)).

Considering the above transformation fulfilled, retaining the old symbols for
the new canonical variables, we write the new system in the expanded form:

(3.4.33)

L dd _ OH* dpj  OH*
dt —  ad’ dt ~ op’ dt g’
' (3.4.34)
dgy  OH* dp*  OH" dg* _ OH*
dt -~ opl”’ dt ~— 9q*’ dt — op*’

Now we will show that the introduction of a critical argument allows the re-
moval of some small denominators. The explicit expression for the periodic part
[H(p,d,q2,-..,qn)]n has the form

[Hi (p,d,qa, - .. qn)]N Z hi(p) cos [KVd+ (ki ) + (k*, ¢*) +11]. (3.4.35)
1<||kl|<N

Primes on the sum mean, as before, that the vector k passes “non-resonance”
values only. Introduce new canonical variables P = (P, Py, P*), @ = (D,Qq, Q")
by the formulae

S oS
LRy Ly
a8 oS
Pé’ aqg ) 6[ = qg + m: (3436)
. oy, 08 S
=Pt =0 g

where S(ﬁ,@) is the generating function of this transformation, ¢ = (d,¢(, ¢*).
This is determined from the partial differential equation

<aHg<1> ds

oP ~ 0q

) ulE (Brdygo.. . gy =0 (3.4.37)

with the notation

H:Y = Hy(P) + H; (P, d, q"). (3.4.38)
One of the solutions of equation (3.4.37) has the form
S(P,§) =p Z Si(P)sin [k'd + (k' q') + (K*, q*) + 1], (3.4.39)
I<||k][<N
5 hy(P
Sk(P) = —%. (3.4.40)

(k, 0H; ™ /o P)
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Since in the latter equation the vector k takes nonresonance values only, the
denominator (k, aHg“) / aP), generally speaking, is not small. Now average out
the Hamiltonian system (3.4.34) taking account of frequency commensurability:

dpy _ OH, dd _0Hy,  OH, dpy _
a ~ Maa a ~ op  Mep o dat
. . L (3441)
dgy _oHy _ OH,  dp* _ OH, dg* _ OH,
a  opt Mamr  at ~ Mg a  Mape

As will be shown below, the construction of quasi-periodic solutions is construc-
tively possible when the disturbing part of the Hamiltonian function, averaged as
per Delaunay—Hill, either does not depend on the slow angle variables ¢*, or can
be represented in the form

H; (5,d,q*) = Ho1 () + HS™ (5, d) + Hu (5,d, ¢*) (3.4.42)

where Hgy ~ 1, H(()ies) ~ 1, Hy; ~ p and the resonance part of equations (3.4.41)
(the first couple for p; and d, split out from the other equations after truncation
of Hyp) has the stationary solution

P1 = pro = const, d = dyg = const (3.4.43)

for arbitrary values of the impulses pj and p*.
Let Hy; be independent of ¢*. Then BFI/G(]* = 0, therefore

Dy = poo = const, p* = pg, = const.

In this case the first two equations really split out from all the rest, and for the
existence of (3.4.43) it is necessary that
oH, 0H}, . OH,
01 foo YL _
od Op1 Op1 (3.4.44)
Hy, = Hou () + Hyy™ (5.d).

=0,

After that the integration of the remaining equations (3.4.41) amounts to simple
quadratures. Finally we obtain the following stationary (equilibrium) solution of
system (3.4.41):

P1 = p1o = const, d = dyo = const,
Py = Pgo = const,  p* =pgy = const, g = qgo + wt,
w=(Wy,... , W), W= 0 (H}, + pHy,) ,
opy PP (3.4.45)
7" = qp +w*t, W* = (Wh s W),
o = o F= (k).

op* ’
P=Ppoo
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The resonance solution (3.4.45) can be given a geometric interpretation similar
to that described in the study of Van der Pol equations. Indeed, in two-dimensional
phase space (p,q) we introduce n-dimensional tori (or more exactly, toroidal sur-
faces) C1 x---x Cy, considering the quantities |pio|, [|pGoll = [P} 0ol 4+ -+ 1P, .00
150l = |Prg+1.00l 7+ - -+ Ph 00l @s the radii of circumferences C1, ... ,Cp. On these
tori we introduce n “geographic” coordinates (longitude and latitude): d, g}, q*.
As one of the angular coordinates on the torus is constant (d = const), the motion
of an imaginary point is performed either along a generalized parallel on the torus,
or along a generalized meridian. The other angle variables (g and g*) are linear
functions of time (g, are fast functions, ¢* slow functions).

If the frequencies w and w* are rationally commensurable, then on the (n—1)-
dimensional manifold (generalized parallel and meridian) we will obtain a periodic
solution. If there is no rational commensurability, then the trajectory of a point is
a quasi-periodic function of time.

The following question emerges: do quasi-periodic solutions of the initial Hamil-
tonian system exist such that they are close to the stationary solution of type
(3.4.45) of the averaged Hamiltonian system? There is no rigorous mathematical
proof of this statement, but the existence of approximate quasi-periodic solutions
follows from the construction method itself.

The construction scheme for these solutions is as follows. If resonances occur at
any step of the transformation, then the averaged system should be constructed by
means of the averaging operator for continuous disturbances (i.e. by introducing
the Delaunay anomaly), then at this step a canonical substitution of variables
is constructed in order to destroy some of the terms of the disturbing function
Hi(p,q). If at the given iteration step there are no frequency resonances, then
the averaged Hamiltonian system can be obtained by means of the operator of
averaging over all fast angle variables. At such a step, instead of the Hamiltonian
system (3.4.41) we obtain the system

s _ day _ OHgy ,  OH,

a7 a — opt " Mopl (3.4.46)
dp* _ OH,  dit _ OH, B
a -~ Mag at ~ Fop

i.e. the resonance part of the system is lacking, and the vectors do not have the
dimensions (ng — 1), but ng.

So at each step a simplified, averaged system of the first approximation (in the
accepted terms) is constructed which is studied with the purpose of integration and
finding an equilibrium (stationary) solution. Under certain conditions (occurring
at each iteration step) it is possible to theoretically construct a chain

(ﬂ@ﬁ(ﬁ(o)’ @(@)ﬁ(ﬁ(l)’ @(U)g e g(ﬁ(oo)’ @(oo)) (3.4.47)

of analytic and one-to-one canonical substitutions of variables, allowing us to obtain
closer and closer approximations to the sought quasi-periodic solutions. For this
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scheme to be mathematically justified, it is necessary to find the conditions under
which the infinite procedures converge in one or another sense. This question
requires special study.

Now we pass on to a more detailed statement of the described algorithm. Let
there be a rigorous commensurability between the basic frequencies for the fast
angle variables qq, i.e. the following inequality is satisfied (see Arnold [1]):

|(ko,w)| < K (w)||kol|~(mo*Y). (3.4.48)

Introduce a critical argument d by formula (3.4.22), assuming that ko is chosen
from the condition

(Ro,e)| = _inf__[(ko.w)] (3.4.49)

In the disturbing part H; of the Hamiltonian H we separate its secular part
H,, partial sum [H;]n and the remainder term Ry H; by the formulae

J— !
Hi(p.d,q*)= > hi(p)cos [krd+ (k*,q") + li] , (3.4.50)
I<|[k][ <N
T " " * %
[Hinv = Y hi(p)cos[kid+ (kg,q5) + (K*.q") + 1] (3.4.51)
1<|[klISN
RyHy = Y hp(p)cos[kid+ (ki qf) + (k*,q") + L] - (3.4.52)
IklI>N
Introduce the new canonical variables P = (P, Py, P*), Q= (D,Qy,Q*) by the
formulae
" " * *
p=b +MZ kSk(P) cos [ky'd + (kg q5) + (K, ") + I,
HkH>1
(3.4.53)
D=d+uY Sp(P)sin[kyd+ (ki q}) + (*,q%) +Ii];
ll&][>1

p= P+uz kS (P) cos [k'd + (k. q") + (K*, q*) + li],

k=t (3.4.54)
—q+uz Sp(P)sin[kyd + (k§, ) + (K*.q") + li];
Ik]>1
oSy, — oSy,
Sl = ap Sy = ap = ”7 * I
T k= oP p = W.7") (3.4.55)

q=(q0,4"), P=(F,P), Q=(Q5Q).

Since the generating function S(P,q) is determined by (3.4.39), it does not con-
tain, generally speaking, small denominators, therefore relations (3.4.53)—(3.4.54)
do not have peculiar properties. From equalities (3.4.53), (3.4.54) one can obtain
explicit formulae connecting the old (p,d,q) and the new (]B,D,Q) variables.
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Concrete dependences can be constructed by the method of step-by-step approxi-
mations. These relations have the form

= P4 uY Sor(P)cos kD + (k. Q4) + (K, Q) + L],

Islz0

d=D+pY" far(P)sin [/ D+ (ki Q4) + (k. Q") + 1]
s>

p=P+uY fu(P)cos KD+ (K, Q0+ (K,Q%) + 1.,
Islz1

0= Q+n S fu(P)sin[k/D + (k. Q4) + (k*, Q") + 1],
IIkII>1

(3.4.56)
Pi=pi+p Z opu k(D) cos[ki'd + (kg a0) + (K*,q%) + 1],
Hkl\>0

D=d+pY parn(® sinkid+ (k) + (k. q%) + 1],

||k||>1
P=p+up Z @pi (D) cos [ky'd + (kg qy) + (K", ¢") + ;]

IIkII>0
Q_q—FMZ Pak ZB)SIH[k' d+(k(/]17 ”) (k*,q*)—l—l;c],

ll&]>1

where fpr, ..., @gr are some analytic functions of their own variables.

The equations for the new variables P, D, P, ) will again be canonical:

dP_ _OH' 4D _OH' P __OH' dQ _OH o .
dt 9D’ dt oP’ dt  0Q’ dt OP’ o

where P = (P, P*), Q = (Qy,Q*), and H' = H'(P,, D, P,Q) is a new Hamilto-
nian obtained from the old Hamiltonian H (p;,d, p,q) by a substitution of variables
(p1,d, p,q), using relations (3.4.56). The new Hamiltonian has the form

HI(P17D7P7Q) = H(I]O(Pl) +IUH1(P17-D7P7Q*) +Mﬁ1(P17-D7P7Q): (3458)

where MI;T 1 is the set of terms not accounted for at the previous step of the transfor-
mation, plus the remainder term pRyH;. From the condition of the construction
of a generating function S(P;, P,q) and the choice of N it follows that puH; ~ p?
in the domain of substitution of the new variables P;, D, P, ), provided that the
old variables pi, d, p, ¢ change in the initial domain Ga,,.

Then, using the same method, it is possible to transform the canonical equa-
tions (3.4.57), first having written in explicit form the dependence of the new
Hamiltonian H' on the new canonical variables P;, D, P, Q. Finding resonance
terms of the Hamiltonian at each step and including them into its secular part
(through the introduction of a critical argument and averaging for continuous dis-
turbances), we again construct a canonical substitution of variables that allows
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us to decrease the norm of the remaining part of the Hamiltonian (the construc-
tion of higher approximations is described in Arnol’d [1], and Grebenikov and
Ryabov [1]). During this construction, frequencies of quasi-periodic solutions (in-
cluding the small frequencies w* proportional to u) are also defined more exactly
at each step.

If p*), d®), §*) denote an s-th approximation of the initial canonical variables
D, d, q, they are expressed through the canonical variables of the previous (s—1)-th
approximation P=1), D=1 (=1 by means of the equalities

POt =P +u Y Q@S

[[%||>0
x cos [k} Dy~ + (K, wﬁ”tw”é%*”)ﬂk Dt Q) + 1,
() = Dig "+ Y £ (P ™)
IR
x sin [k DS~ + (ki 'Vt + Q"5 ™) + (b, "t + Q*557Y) +
"(s) _Q(S 1) +u Z qu (s— 1))
[[%]|>0
x sin [k DS + (ki 0t + Q"5 ™V) + (b, w4+ Q75 V) +

(3.4.59)
)

DE™Y Q=Y (the initial values of the variables P(—1), D=1 QG=1) are
connected with the initial conditions pgg, dog, Goo by the relations described in
Arnol’d [1], and Zhuravlev [1].

Formulae (3.4.59) show that the approximate solution of the initial Hamilto-
nian system p(®) (¢, 1), d®) (¢, ), ¢® (¢, 1) is usually quasi-periodic with respect to
time ¢. It can move to a periodic solution only for “exotic” initial conditions, when
th(e) exac(t )commensurability of fast and slow frequencies of the s-th approximation

s (s
“j

, w*;” is possible.

where fU2) ok 2 (), f(s) are analytic functions of their own variables, and Plg *

3.5 Motion of a Geostationary Satellite

One of the most interesting resonance problems of celestial mechanics is the problem
of the motion of an artificial celestial body with its period of rotation around
the Earth’s center approximately equal to 24 hours. Such a body moves in the
equatorial plane of the Earth with an angular velocity approximately equal to the
velocity of the Earth’s rotation around the polar axis. Due to this, the satellite
“hangs” above the same point of the Equator; therefore such satellites are extremely
important for global TV broadcasts. These objects move approximately along a
circular orbit with its center at the Earth’s center, at a height of about 36 000 km
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above the Earth. Naturally, such a description is quite approximate, and for the
exact prediction of the motion of a geostationary satellite it is necessary to study
a very intricate nonlinear system of differential equations, which is a mathematical
model of its dynamics.

From the point of view of dynamics a geostationary Earth satellite is a very
compound object, for the following two reasons: first, it is a typical resonance object,
as the angular velocities of rotation of the Earth around its axis and rotation of
the satellite around the Earth’s center are approximately equal, and consequently,
there is a resonance of lowest order (in the usual notation w; : we = 1: 1); and
second, disturbances in its motion due to the Earth’s polar compression on the one
hand and by the influence of the Moon and the Sun on the other are values of the
same order of infinitesimals and therefore should be determined together, and not
separately, in order not to lose accuracy.

These two factors were accounted for by S.G. Zhuravlev in the construction of
an asymptotic theory of the motion of a daily satellite with the use of the averaging
method (see Zhuravlev [1,2]). Below we will adhere in the main to the results of
his research.

The differential equations of the motion of such a body, written with the use
of a special system of phase coordinates (see Zhuravlev [1]), have the form

dn _ g ~4/30U
ar = RN

dh_ unt /—8U oU oUu oU
dr  \/1-¢? —kQ[ ( dq q6k+a)\>}’

dl BU ou  ou oU
i = e [V (i )

dq ~1/3 oUu q oUu
24 J1—a2 — k2| 2= — -
ar M ¢ [Bk 1+/1-¢>2—k2 0l

(2
q — Ooh ol

(3.5.1)
dk

dr

d\
— = ﬁ+3,uﬁ4/36—l~] + i1 — g2 — k2
dr on

i
14 +/1—¢%— k2

P S PR
1—¢—r2\""on " "ol
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where 7,"n, U, p are respectively the dimensionless time, the average motion (aver-
age angular velocity of the satellite), the disturbing function and a small parameter,
calculated by the formulae

= tp; 3/2 g, = (1_62)3/2])0_3/2’

2 (3.5.2)
U= p—OV, M= —3020 (7'_0> s
HUE Po

where ¢ is time, py the focal parameter of the orbit at an initial point of time, ug
the gravitational potential of the Earth, V' the disturbing function of the problem,
ro the largest equatorial radius of the Earth, cog the coefficient characterizing the
polar compression of the Earth (see Samoilenko and Ronto [1]), and e the orbital
eccentricity.

If in the disturbing function U we take account of the influence of the polar
and equatorial compression of the Earth and the attraction of the Moon and the
Sun, in the variables 7, h, I, ¢, k, A it will have the form (see Zhuravlev [1])
1-6k ¢>+k?

+
6 2
mrRin? (1 —¢* — k?)
— 3
R2p4/3 (1 — €2)

R (1—¢? - k?)
R (1—e2)

U = R*u*

+ hcos 24

2
Z (Ezf,L) cos vu + I_),(,L) sin Vu)
v=0

3
Z(Z,, cosvu + B, sinvu) +
v=1
2
Z (d,(,s) cos vu + b sin vu)

SR2AA(1— ¢ — k2)]
ARZA/ (1 — €2)?

msR2n2(1 — ¢ — k?)
R2A/3(1 — €2)3

v=0
~9 3
R v~ teos 20y
—q° —
1-2n[VR2 =12 _ ! 5
- T sin 2(WsT —u) — 7 cos 2(@s —u)| ¢,

(3.5.3)
where @3 is a dimensionless angular velocity of the Earth’s rotation, calculated
by the formula @3 = ws+\/p3/puE, and ws is the angular velocity of the Earth’s
rotation. In (3.5.3) the following symbols are also used:

3 3
_ [ Poj _ K [ To
mj = — mj, ,umj = — —_—

To HE \Poj

2 2 2
Vi + d .
b:6<r—0> #, R; =1+ gjcosu; + kjsinu;,
Do 1%

gj =ejcosw;, kj=ejsinw;, u;=vj+w; Jj=L,5S5,

h+1 h—1 h—1 h+1
R:1+<Q\/ 2-; +k\/ 2h>cosu+<q W—k\/%)Sinu, u=v+w,
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where v is the true anomaly of the satellite, vy, vg the true anomalies of the Moon
and the Sun, por, pos the focal parameters of the orbits of the Moon and the Sun
at the initial time, py, us the gravitational potential of the Moon and the Sun,
and ca9, dao the coefficients characterizing the equatorial compression of the Earth
(numerical values of ¢ag, €29, d2o can be found e.g. in Duboshin [1]).

The connection between the phase variables m, h, q, k, I, A and the classical
Keplerian elements a, e, i, w, , M is expressed by well-known formulae, see Du-
boshin [1]; and in Zhuravlev [1] one can find analytic expressions for the coefficients
a8, A,, B, of series (3.5.3).

So the equations of the motion of a geostationary satellite (3.5.1) are a multi-
frequency system with five slow variables (71, h, ¢, k,1) determined by its first five
equations (their right-hand members are proportional to the small parameter p)
and one fast variable A determined by the last, the sixth equation. Therefore one
might think that the system (3.5.1) is not in resonance, but actually this is not
so. The point is that due to the presence of the equatorial compression (terms
with @3) it is not autonomous, i.e. its right-hand members explicitly depend on ¢.
In an extension to seventh order (if another additional fast variable is introduced,
e.g. by the formula y = @37) the new seventh-order system will be autonomous,
but with two fast variables (A and y).

For the construction of an approximate solution of equations (3.5.1) we will use
the averaging method in accordance with which we will search for a substitution
of variables

P:F+Mp1+ﬂ2p2+, P:(ﬁahalaqak)a

—_ 3.5.4
A= X4 ph + 2N 4 ( )

that would transform equations (3.5.1) into the equations

dP — _
dr = pA1,(P) +N2A2p(P) +
(3.5.5)

dx — _
7, = 1+ uBi(P) + 1 Baoa(P) + -+,
where Aqp, AQE ..., Bix, Bay,... are still unknown functions of the averaged

slow variables P.

In the accepted terminology, equations (3.5.5) are averaged equations of any
approximation, and the algorithm for finding the unknown functions pq,ps,...,
A1s A2, ..y Aip, Aoy, ..., Bix,Bay,... has been given more than once in the pre-
vious section, so we will implement this algorithm in this specific case.

To obtain explicit expressions for the functions Ai,, Asp,... it is necessary
to have an averaged value of the disturbing problem, taking into consideration
that the ratio of the period of the orbital motion of the satellite and the period
of rotation of the Earth around the axis is 1:1. If as an averaging operator we
use the operator for continuous disturbances (a particular case of this for problems
of celestial mechanics is the Delaunay—Hill scheme), then the averaged disturbing
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functions with consideration for the terms up to pu? inclusive will have the form
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2 __ ]2
AD = — 3ptor <% sin2D — Y7 =T g9 D))
~7/3 2 R P
Agz) = - bn2 <% sin2D — @ cos 2D>,
Q0 _ MV = ga" ) 08" @+ 1 oall)
o un oh Oh 9 oh |’
— o~ p— S B
5 _ stV =P 1oAY ¢+ B dafy)
21 i - 5 5|
~7/3 72
Ag]i:j) = - bn2 <% sin 2D — % cos 2D>,
A _ Ve P ga™ . oB™ Wt oall)
e pn ol ol 9 al I’
) msiaVIZ= B[94 ¢+ 12 aly)
e un ol 2 al |’
~7/3 3 773
AP — _qln; <%Sin2D—ucos2D>—khZ
_ Mg+ BT
4u ’
o _ i [ @k od 9B ki oalp)  oaly)
2¢ T 5 2 ok ok ah ol ,
~ p— S _ _
A5 msig [ ¢° + k& 5a> N k haa(S) . laaég)
~7/3 572
Agf) = - kbr; (% sin2D — % cos 2D>
N qhﬁ7/3 N (qQ +k2)qﬁ7/3
K 4u ’
o iy [+ (oA"Y BN g ey oaly)
oo Lo \ o dq p\" on a )|
o~ — (S B ~
) _ sy [+ k2 04 q ¢, oag) | oaly)
o n p dq  p\  Oh a )|
2 _ ]2
Béf) = —3m"/3? (% cos2D + % Sin 2D>
/s 2 2
+ WB(q + k%) — 13h + gk],
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2 A\ e
Sih= — %%T i (ZJ) sin 24 (,/ho —losinQ; — \/hg + I cos Qj) ,
- 0
j
= 4053/3 n; (4)
ok = {——2 + zj:mj <ﬁ—0> [3%&

2 DR D)
s (0o, VBBY | oy (VBB hlo
ho ho hO hO

simrer (fiz 2 [ho +1 _

+ #(%) [ 02h0 O(dH coswy, + B11 sinwy,)
ho — 1o, < . ~
(J11 coswy, + 011 sinwy,) | proT,
2hg

61/\ = [ﬁg/g —4ij <g—2> aéjo):|’no7' ] = L,S.
J

In the expressions for the coefficients a((]%), dgjo), b%), aii, Pii, Ji1, 011 it is
necessary to replace the osculating elements by their initial values. It is clear
that in the first approximation the polar compression of the Earth, as well as the
attraction of the Moon and the Sun, do not generate secular disturbances in the
element n.

This statement is an analogue of the classical Laplace theorem on the absence
of first-order secular disturbances in the major semiaxes of the orbits of the three-
body problem (see Duboshin [1]). Using the formulae given in Zhuravlev [1]

oh 1
0l = ———, de = —(qok + kdq),
i T e e(q q)

om = %((5qcos7r — dksin),

we can calculate the first-order disturbances in the inclination d14, eccentricity
d1e and the longitude of the pericenter §;7. From these relations it follows that
the polar compression of the Earth does not cause secular disturbances in the
eccentricity and the inclination, and the Moon and the Sun generate them in all
elements except n. The so-called parallactic terms in the Moon’s potential (see
Hill [1]) generate secular disturbances in the elements ¢ and k, and consequently
in the elements e and 7 of the geostationary satellite’s orbit. S.G. Zhuravlev also
constructed an asymptotic theory of the second approximation, i.e. integrating
equations (3.5.5) with consideration for the terms proportional to u? and found
(see Zhuravlev [1]) second-order disturbances dam, o, d2q, 2k, dah, G, i.e.
analytic expressions

n =17+ péin + p?dn,  h=ho+ pbih+ p*ssh,
= lo + ,u51l + MQ(sgl, k = ko + /.,L(Slk + MQ(SQ _ (358)
7= qo + p01q + p*62q, A= Xo + o7 + oy X + p2y .
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Here we cannot write the formulae for 57, ... , da\, but their analysis shows
that equatorial compression of the Earth in the second approximation already gen-
erates secular disturbances in the element 71, and this is an essential difference of the
problem of the motion of a geostationary satellite from the Newtonian three-body
problem for which the Poisson theorem is true: second-order secular disturbances
in major semiaxes of orbits are zero.

S.G. Zhuravlev has also performed a comparison of the asymptotic theory of
the motion of a geostationary satellite, constructed by himself, with the results
related to the concrete satellite Early Bird and published by Arnaud [1].

According to Arnaud [1], the drift of that satellite along the longitude was
A = 0.02 degree/day. Calculation by asymptotic formulae from the papers of
Zhuravlev [1,2] gave 0.0206 deg/day, that due to the polar compression of the
Earth /.\020 = 0.0268 deg/day, that due to the attraction of the Moon AL =
—0.0045 deg/day, that due to the attraction of the Sun As = —0.0022 deg/day
and that due to the equatorial compression of the Earth }\022 = 0.0005 deg/day.
The value of the small parameter of the problem is of order 10™%.

3.6 Averaging Method in the Theory of Partial Differential Equations

The averaging method in conjunction with the method of separation of variables
(Fourier method) allows us in many cases to study oscillatory processes in systems
with distributed parameters. These questions were investigated in numerous works,
including the monographs by Mitropolsky and Moiseenkov [1]. The essence of this
approach is that one partial differential equation is reduced by the Fourier method
to an infinite-dimensional system of ordinary differential equations, to which one
or another averaging method can be applied.

Consider the quasi-linear equation of hyperbolic type with constant coefficients

2 2 2
AQ—FQB6 4 +Ca—u+Da—u+E6——l—GU—pF<t x,u, (Zj gu> (3.6.1)

ot? Otox 0x? ot 0

where p is a small parameter, F' is a function nonlinear with respect to its argu-
ments, and the constants A, B, C satisfy the condition of hyperbolicity

—AC > 0. (3.6.2)

By means of known substitutions of variables (see Vladimirov [1]) equation (3.6.1)
can be transformed to a simpler form (for the new variables the old symbols u, ¢,
x, F are kept):

Pu 0%

a ——)\u+pF<taju

ou Ou
T > (3.6.3)

At dx
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Let it be required to find a solution of this equation under the following initial and
boundary conditions:

u(0,t) = u(l,t) =0, (3.6.4)

ou
)= = f(x), — = &(x), .6.
0= S, 5| =2 (36.5)

where f(z), ®(z) are functions of the degree of smoothness ensuring the existence
of a solution of the problem (3.6.3) - (3.6.5).
First consider the undisturbed equation obtained from (3.6.3) at u = 0:

u  ,0%u

with the previous initial and boundary conditions. Supposing that (n7wal=!)2—A>0
for n =1,2,..., with the help of the Fourier method we find the solution of equa-
tion (3.6.6.) in the form of the series

u(t,x) = Z(A” coswpt + By, sinwyt) sin ?, (3.6.7)
n=1

where w,, = \/(nmal=1)2 — X are frequencies of normal oscillations; the constants
A, and B,, are determined from the initial conditions.

Proceeding from the analytical structure of solution (3.6.7) and supposing that
with sufficiently small g the forms of normal oscillations in the presence of distur-
bances are determined with sufficient accuracy by the same functions sin(nnz/l)
(n=1,2,...), we will now seek the solution of the initial equation (3.6.3) in the

form of the series

o'}
nwx

u(t,z, u) = Zzn(t, ) sin - (3.6.8)

n=1

where zp(t, ) are unknown functions. The analytic form (3.6.8) of the sought
solution is typical for the well-known Boubnov—Galyorkin method. Substituting
(3.6.8) into (3.6.3) and (3.6.5) and integrating with respect to x from 0 to 1,
we obtain for the calculation of z,(¢,u) an infinite countable system of ordinary
differential equations

2z,
d; w2z = uFn(t 21, 20y By ), m=1,2,. (3.6.9)
with initial conditions
dzp,
nli—g — Jn» e :(ﬁn, 3.6.10
e = G| (36.10)

where f,,, ®, are the Fourier coefficients of the functions f(z), ®(z) respectively.
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Now rearrange the system of equations (3.6.9) into standard form. Instead of
zn and 2, introduce new variables z,, and z_,,, using the equalities

Zn = Tpe'nt 4 x_eT it (3.6.11)
dzp, . ; . i
% = jwnp et — jw,z_,e it (3.6.12)

From these formulae it follows that x,, and z_, are slowly changing complex con-
jugate variables. Upon the necessary transformation one can obtain the system

(3.6.13)

It can be proved that F_,, = F,. Therefore, solving (3.6.13) with respect to i,
and £_,,, we obtain an infinite system of ordinary differential equations in standard
form, equivalent to system (3.6.9):

dz.,

% =y Xt 21, s, ),  no= 1,42, (3.6.14)
where
Xn(t,.’l,’l,... ;.’1771,...)

eiwnt

=5 F,(t, ze™t 42 qe ™t iwim ettt —jwix et ),
Wn

n==1,+2,...
Then using expressions (3.6.11), (3.6.12) and initial conditions (3.6.10), we
obtain the initial conditions for (3.6.14):

D, + iwn fn

==+1,%£2,... 3.6.15
220-)71 I n I I ’ ( )

CUn|t:o =

where it is assumed that f_, = f, and ®_, = ®,,.
We apply the method of averaging with respect to ¢ to system (3.6.14) by means
of operator My, and obtain the following averaged system of the first approximation:
dT, _ _
T ubM [ X, (8, %1, ... 5% 1,...)], n==+1,%£2,... (3.6.16)
with the initial conditions
Znlio = Znlieo - (3.6.17)
Thus the initial problem with distributed parameters finally turns to the au-
tonomous infinite-dimensional system (3.6.16) with initial conditions (3.6.17). For
the justification of this algorithm it is necessary to have theorems on e-promixity
of infinite-dimensional vectors = = (z1,...;2_1,...) and & = (Z1,...;F_1,...).
It should be noted that at the moment there is no complete mathematical justifica-
tion as there is for the finite-dimensional case (see Grebenikov and Tunusbaev [1]).
Nevertheless for the approximate calculation of oscillation amplitudes this method
is effective enough. Let us give two examples.
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p(tx)

lllllllllllllll
) )

Fic. 3.6.1. Horizontal beam under a shear load p(t, ).

Ezxample 1  We study the transverse oscillation of a beam of length [ fixed at the
ends and under the shear load p(t,z) (Fig. 3.6.1).
The equation of transverse oscillation of the beam is a particular case of the
Kirchhoff equations, and in this case it has the form
0u 0*u ou 0%u
— + EJ— + ku=p(t — N(u)=— 3.6.18
pam T B g +ku p(,w)+u¢<u,at>+u (W) 52 ( )
where p is the linear density of the beam (assumed thin enough), J the moment
of inertia of the cross-section, E the modulus of elasticity of the material, ¢ the
reaction of the base of the beam, N the longitudinal force occurring in the beam
as a result of the neutral line elongation and equal to

vo-2 (2 s619
0

S is the area of the beam cross-section, k£ = const, and g is a small positive
parameter.

In equation (3.6.18) the sought function is u(t,z) — the cross-motion of the
beam at point z at the moment of time t.

From (3.6.18) and (3.6.19) it is clear that the oscillatory process is nonlinear,
and its study in the general case is impossible. Therefore assume that the disturbing
load has the infinitesimal order p, i.e.

p(t,x) = pg(t, ). (3.6.20)

If we now apply to equation (3.6.18) the method of Boubnov—Galerkin and
seek a solution in the form of series (3.6.8), then we obtain the following countable

system:

d2

d;n_*'wglzn:uzn(thlaZQa'“;215227"')7 n:172

3.6.21)
. (nm)? o= (s7)%22 (
PZn = qn(t) + on(z1,...3%1,...) — ES B zn; i 5

where ¢, (t), ¢n(21,...;21,...) are coefficients in the Fourier series for func-
tions ¢(t,z) and @(u,) with respect to the fundamental functions sin(nwz/l),
n=12,...

Copyright © 2004 CRC Press LLC



3. SOME RESONANCE PROBLEMS 159

Using the above method it is possible to rearrange equations (3.6.21) into the
standard form

d.’L‘n 'ue—zwnt

— = — X, (t, Tt 4+ x_qe it ) ,
dxdt Mjﬁ:j (3.6.22)
-n _ X—n t iwrt B —dwit ).
= 2y, o (Bmet e

Assume that the function @ = ¢+ ¢ has cubic nonlinearity:
G(t,x,u,0) = q(t,2) + (@ + fu+ yu?)i

with specified constant parameters a, 3, 7. Such a concrete definition is necessary
for the completion of the analytic computation. Then the Fourier coefficient ¢,
can be represented by the formula

on=Jy+J, + 7,

where

l
=1

kol

l
oo
, 2« .. kmzx | nrmz
J = 21 8in —— sin —— dx
n l )
0
l

2 o0
ﬂ_g/E:%%mm?m%%m%%m
0 m,s=1
e (k= n) (k +n)
. —Nn)TT . +n)rx
= 2 / [Z ag (sm ] + Sin ] >
o k=0
- ij (sin U —ln)ﬂx + sin U +ln)7rxﬂ dz,
=2
o0 j—1
ap = sz+szs, bj = Zz],szs,
s=1 s=1
e (k1 —n) (ks +n)
Y 1 —N)Tx 1 +n)mx
J = 4_1/[2 Ay, <cos 7 - 7 >
0 k1=0
> ko —n)mx ko +n)mx
+ZBL2<COS( ) — (ks l) >
ko=1
— Z Chg <cos (ks —ln)ﬂ'a: — CoS (ks +ln)7m‘>
ko=1
- Z Dy, (cos ( —ln)mn - (ks +ln)7ra:>} dz,
ka=1
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160
[e%s) oo ko—1
A, = E Zki+k+s2k s, By, = E E Zhothk—sZkZs,
k,s=1 k=1 s=1
oo kz+s—1 ks—1ks—s—1
Cry = E E Zhg—ktsZkZs, Dy, = E E Zhy—k—sZkZs.
s=1 k=1

s=1 k=1
Consider in more detail the expressions for .J),, J)/, J!!". Due to the orthogo-

nality of trigonometric functions, we find that J), =0 at k #n and J, = az, at
k=mn. Let k+n and j +£n be odd numbers, i.e. suppose that

(a) if n is odd, and k and j are even, then
= 43 i kQ(GQk — bay) ;
I 21k = (20— 12
(b) if n is odd, k and j are even, then

(2k — 1)(azg—1 — bar—1) ax ] ‘

11_% -
Tn =7 g(zk_gn_n(zkun_n*1_4n2

With even values of kK £n and j +£n we have J)] = 0.
JV=~(An,+ Bp—C, — Dy)/4. For n=1,2, J! =~(A, + B, — Cy)/4.
If we use the expression for @, system (3.6.21) may be given the form

If n > 2, then

dQZn 2 I - " n ’I’l271'4 - 2

i T = Gn(t) + an + T+ T = BS— 2 > (kz2)?|,  (3.6.23)

k=1
and equations (3.6.22) in this case will have the form
d t —iwnt ) —iwnt
% N %[qn(;z'ew * % (2 = e + em (T + )
ES(nm)> <~ (kr ? 2. 2iwnt
— — n 2 -
8il2w, kZ:; ld (@hzne +ATRT—kTn (3.6.24)

+ $Ek$n€72lw"t + l‘il',ne%(wkiw")t

+ 20T _pe 2t 4 g? g e 2ilrtwn)t

iwnt

dz_p, _ M qn(t)ewnt Q 2iwnt " "
a -, [ pi. T g (Ene Tn) + i (T )
E 2 k 2 .
N G T
Sil*wn =\ (3.6.25)

+ 2z x_prneient 4 a:Q_ka:neQZ(“’"*”’“)t

+ zix_pe?rt 4 miaj_ne_%“’"t)} .
Now suppose that the linear disturbance pX,, is a periodic function ¢, and

consider two cases.
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1. Let the Fourier coefficients ¢, (t) of the external load have the form ¢, (t) =
(0)

gn’ sinvt, where v does not depend on n. Then, averaging equations (3.6.24) and
(3.6.25) over t, we obtain

dwn_ﬂ[a ES(nm)’ . .

Ty — —TpT—
n n n n
8

dt - p |2 8ilPw,
ES(nn)? <= (k= S (3.6.26)
" i, 2\ T) k]~ pan
k=1
L Ls(nﬂ-ya’: Fn + 2307
dt P) 2 Sil2w, "Moot
(3.6.27)

ES(nm)2 XN (kr\” _ _
" i 2 \T) Tk man
n k=1

where a, = 0 at wy, # 0 and a, = ¢»/(4pwy), if w, = v with the value of n
equal to ng. The condition w,, = v shows the presence of resonance between the
frequency wy,, of the beam’s natural oscillations and the frequency v of the applied
load.

In the case of zero resonance, equations (3.6.26) and (3.6.27) can be integrated.
For that, multiply (3.6.26) by Z_,,, (3.6.27) by Z,,, and sum the products:

d_n d_fn _n_fn ne—n 2
i+a‘:n T n _ potnT WY (EBaZon)
dt dt p 4p

I,

This is the well-known Bernoulli equation (see Smirnov [1]) for the function
ZnT_p. Solving it with the specified initial conditions for Z,(0)Z_,(0), we obtain
Zn(D)Z _n(t) = 402,(0)T_,(0)e#*!/? [4da — T, (0)F_,(0) (e#/P —1)] .

Upon substitution of this expression into the right-hand member of equations
(3.6.26) and (3.6.27) and upon integration we find

Tn(t,p) = T (0)er 1) (3.6.28)
T op(t,p) =3 ,(0)erntH), (3.6.29)

In these formulae

_ pat 1 ES(nm)?
Mt = B2~ 5 [1 S
1
X 1“[1 + 7T (0)7 - (0) (/7 — 1)] (3.6.30)
ESm)® §~ (2r)’ X 7 L guat/p
iy 2y, SZ;( ] ) 1n[1+’7$s(0)$,s(0)4a(e 1],
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_pat 1[ - ES(nm)?
- = 1 pat/p
x ln[l + 10 (0)2n (0) 1= (47 — 1)] (3.6.31)
ES(nm)? <= [sm\2 1
Inll s  (eMot/p _q
i 2 () W[t me 0 )]
n=12,...

If v+ =0, ie. the function ¢(u,%) contains quadratic nonlinearity, and the
mentioned resonance is zero, the averaged system of the first approximation will
take the form

dZ, _ pi,[a ES(nm)*_ _ ES (nm)?
P [5 = i, i~ g 2 (T SR
dz : ES(n)’ BS(r & smy: 3032
Topn _ pT—n | nm)® nm sm _
a  p [2 8il2w, " + 4il2w, Z( l ) msx_s}
In this case we will obviously obtain the linear equation
T da:l + —di_n &a: T
which will give upon integration
T (b, )T—n(t, p) = in(o)i_n(o)euat/p’
and then
Zn(t, ) = Tp(0)ernti) (3.6.33)
_n(t, ) = ZT_p (0)M-nEH) (3.6.34)
] _ pat ES(mT)Q = (0\F pat/p _
ES’(mr) Wt/p km
4p112wn ;( ) 71(0)Z 1 (0),
pat ES(nm)? _ _ t
- —_— - I |
N _n(t, ) = 2%+ i, Zn(0)7 5 (0)( )
ES(nm)?

/ kw2
nat/p 7 7
(enet/? — 1) ;(7) 21(0)2-1(0).

In the case of resonance w,, = v the system of equations (3.6.26), (3.6.27)
is not analytically integrable, therefore it should be split into two subsystems:
nonresonance — a countable subsystem with the variable index n =1,..., ng—1,
ng + 1,...; and resonance — a subsystem consisting only of two equations with
unknown functions Z,,(¢t,u) and Z_,, (¢, ). The first subsystem is integrated in

4pil?w,
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compact form by the above method (products Z,Z_, with n # ng are found). As
regards the resonance subsystem, it finally takes the form

Tn Tn E 2
dr ® = Hng [g — ZTngT—ng <1 + 73 S(nOﬂ-) > +A(t):|

dt p 12 8 8il’v
_ ,qu? sin vt
4pv
dZ_py  UT_py [ v 3ES(ngnm)?
$-no _ A¥=no | & o (L 222 Y A
dt o |2 T (5T Tgm,, ) TAG
_ ,uqé%) sin vt
4pv

where A(t) is a time function calculated through integration of the nonresonance
subsystem. The latter is nonlinear, so it seems reasonable to find its solution by
numerical methods.

2. Let the load q(t,z) be a quasi-periodic time function with the frequency
spectrum vy, Vs, ... ,Vs. Then its Fourier coefficients have the form

g;(t) = ¢\Veit. (3.6.35)

In this case system (3.6.26), (3.6.27) also splits into two subsystems (resonance
and nonresonance), both of which can contain an infinite number of equations.
If the nonresonance subsystem can also be integrated in analytic form, then the
resonance subsystem can usually be investigated by numerical methods. Certainly,
in practice it is essential at what values of ng a resonance may occur. If ng is equal
to a very large integer, then the standard system of ordinary differential equations
for Z,(t,u) and Z_,(t, ) should be considered practically nonresonance, and the
above methods are applicable to it.

Ezample 2 Consider the nonlinear equation
4 2
% + aQ‘;TZ = puf(t,u), (3.6.36)
occurring in problems of flexural oscillations of a beam located on an elastic base un-
der the influence of external disturbing forces (see Mitropolsky and Moiseenkov [1]).
Below we describe the method of rearrangement of this equation to a countable
system of ordinary differential equations.

Suppose that a # 0, u > 0 and f(¢,u) is a function analytic in some do-
main, that does not contain in its expansion any absolute terms with coefficients
depending on ¢t. Under these conditions it is required to find a solution of u(¢,z),
satisfying the boundary and initial conditions

8%u o%u
u(t,0) = u(t,l) =0, pre . =33 , =0, (3.6.37)
ou
ul,—g = f1(2), n = F(z). (3.6.38)
t=0
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Let the functions f; (z) and F(x) be decomposable into absolutely convergent series

oo
krmx

. k
fi(z) = Qp S N Zﬂk sin —— uk

k=1
2 / k 2 / k
ap = j/fl(m) sin%xdm, B = Y/F(a:) sin%xda:,
0 0

k| < M/K?, |8l < M/K?, M = const.

As before, we will seek the solution of the formulated problem in the form of the

series
nwT
E zn(t s1n—.

For the unknown functions zn(t,,u) (n = 1,2,...) we obtain the countable
system of equations

&Pz,
e +wyzn = pfu(t,z1,20,...), mn=12,... (3.6.39)
with the initial conditions
dz
t=0
2 / =
nmw . mmz\ . N
wn:m, fn:ﬁ/f<t’212m(t)sm ; )sdea:

0 m=

Rearrangement of system (3.6.39) into the standard form in order to be able to use
the averaging method does not meet with any difficulties.

In conclusion we will only note that in principle, the coefficients f,, may contain
frequencies resonant with eigenfrequencies of the differential operator d?/dt? +w?,
and this may substantially complicate the study of not only the standard system,
but also the corresponding averaged system of the first approximation.

3.7 Energy Method of Construction of Amplitude—Phase Equations

For the construction of averaged systems of any approximation by means of the
Krylov—Bogolyubov transform we often tried to obtain an explicit form of equations
for the oscillation amplitudes and phases (so-called amplitude—phase equations).
But the Krylov—Bogolyubov method is not the only possible one for solving this
problem. Here we will describe another method of the construction of amplitude—
phase equations of the first approximation, based on application of a so-called
energy method (for the detailes see Godunov and Riabenky [1], and Mitropolsky
and Moiseenkov [1]) well known in the equations of mathematical physics. It
originates from the variational principle of virtual displacements, one of the classical
principles of engineering mechanics. According to this principle, the virtual work
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6W is equal to the scalar product of the vector F' of forces influencing a mechanical
system and the virtual displacement vector dz:

SW = (F, 6z). (3.7.1)

If the mathematical model is described by N degrees of freedom, the forces
F are the generalized forces Q49 from the second-order Lagrange equations and
virtual displacements correspond to the variations of amplitude and phase of the
first normal oscillation with a frequency wi(7), 7 = pt is slow time. Then the
virtual work of the generalized forces is equal to

N
oW = Z Qo00zs, 05 = o\ (1) cos E6a — o\ (T)asin £8ep. (3.7.2)

The symbol 4, like in all variational principles, in the general case denotes not
a differential, but a universal deviation; ¢ = pf/q + ¢; p,q are coprime numbers;
a is an amplitude; ¢ is a phase; and 6 is an angular argument with respect to
which the functions of the Krylov-Bogolyubov transform are 27-periodic. Let 6T
denote the value of the average virtual work within a complete oscillation cycle
within the period 27:

o
— 1
3T = 2—/ SV de. (3.7.3)
0
Upon construction of a Fourier series for Q.o (r = 1,...,N) of arguments ¢

and 6 and further integration of the expression for W over the complete phase &,
we obtain

27 271'N

47T2 Z isqy / / ZQ 0V e Y [cos Eda — asin 61p] dO dE.  (3.7.4)

The formulae show that the summation index s is connected with the indices
n and m indices of the double Fourier series for (),o by the relations n = —sp,
m = sq + 1. Expression (3.7.4) may be given the form

=\ = [y, W
W= W= 3 [ sa 50 (3.7.5)
where
—_— 27 27 N
oW,
® = eiseY —irqi
ba 471' / / ZQro% cos £ d€ df, (3.7.6)
—_— 27 27 N
oW,
: = 2s Y —irqy
s ' //ZQro% asin £dE df. (3.7.7)
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If the amplitude—phase equations of the first approximation are written in the
usual form

da
E = :uAl (Ta a, 1/})7
i) po(r) (3.7.8)
E = wl(T) - T + ,uBl(Taaa/(/))a
then, according to the theorem given in Mitropolsky and Moiseenkov [1],
_ a d[m (T)w: (1)]
Al (Ta aﬂ/}) - 2m1 (T)OJl (T) dT
2 ° . (SWS 2w1 (SWS
i 2 [
x [4wf — (g1 —pr)?s?] (3.7.9)
2 > is OWs W
B = — i —9
) = s 3 [ o -2

X [40.)% — (qu1 —pl/)232] ,
mi () = 2T (7)),

where T is the kinetic energy of the undisturbed system.

O0W, is average virtual work that within an oscillation cycle would be performed
by the disturbing force in a sinusoidal mode (the s-th term of its expansion into a
Fourier series) over virtual displacements corresponding to variations of amplitude
da and phase §v of the oscillation.

So the following rule can be formulated (see Mitropolsky and Moiseenkov [1]):
for the construction of amplitude—phase equations of the first approximation it is
necessary to find the value of the average virtual work that within an oscillation
cycle would be performed by the disturbing force in a sinusoidal mode over virtual
displacements corresponding to variations of amplitude and phase, expand the
obtained expression into a Fourier series, and after that substitute the partial
derivatives of the s-th term into (3.7.9).

This rule becomes much simpler if the oscillatory system is under the influence
of potential disturbing forces only, because in this case

SW = —4V,

where V is the disturbed potential energy, i.e. the part of the potential energy that
occurs due to the presence of a disturbance.

So the energy method allows us to derive approximate equations for the ampli-
tudes and phases without preliminary construction of exact differential equations of
the problem. Expressions for the work (or potential energy) and the kinetic energy
are directly used for their construction. This circumstance makes it possible to
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] —— -
VAN

4 £=¢()
LEF(6) u = u(tx)

Fic. 3.7.1. Rod influenced by travelling load and pulsating force.

extend the energy method to the solving of problems of the theory of oscillations
of systems with distributed parameters, described by partial differential equations.

As an example, consider the problem of transverse oscillations of a rod under
the influence of a traveling load and a pulsating force (see Fig. 3.7.1).

Using the energy method, construct amplitude—phase equations for this prob-
lem. Let S be the area of the rod cross-section of dimensions small in comparison
with its length . Let us also assume that on the rod a mass puM is moving which is
small compared with the mass M of the rod. In addition, let the rod be influenced
by a vertical force uF(#) periodic with respect to 6, with its point of application at
any point of time coinciding with the center of mass uM. Let p, E be the density
and Young’s modulus of the material, and .J be the moment of inertia of the rod’s
cross-section relative to the axis perpendicular to the flexure plane.

If the inertia of the cross-section rotation and transverse forces are neglected,
then the expressions for the kinetic and potential energies of the rod-load system
will have the form

l
_pS [ (ou Ou*
T_2/<6t> da:-l—uM(at) <
0 a=

E 2
27/< ) o= Mg (ul,—c) = Vo + Vi,
0

The equation for the natural oscillations of the rod (undisturbed motion) is deter-
mined by the undisturbed values of the kinetic and potential energies

2 ! 2
pS ou EJ / 0%u
Ty = d Vo=— — | d
0= (m) o= 822 )
0 0
and it can easily be deduced, e.g. from the variational principle of Hamilton—
Ostrogradsky

= TO =+ ,U,Tl,

(3.7.10)

6/(T0 — Vp)dt =0, (3.7.11)
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wherefrom we obtain the equation
0*u  pS d%u
ozt  EJ 0t2
The boundary conditions for the simply supported or hinged ends of the rod
are given by the equalities

=0. (3.7.12)

| 8%u | 8%u
u = — = U = —
=0 2 z=l 2
Oz =0 Oz z=l

—0. (3.7.13)

We apply the Fourier method to equation (3.7.2). Then the equation for the
eigenfunctions determining the forms of natural oscillations has the form
d*X pSw?
— —k'X=0 k= 3.7.14
I ; R ( )
where w is the frequency of the principal oscillation. Writing the general solution
with the use of the formula

X(z) = Cysinkx + Cycoskz + C3shkx + Cychkx

and taking into consideration the boundary conditions written as

d*X d>X
X = — =X = — =0
|x:0 d.T}Q 20 |x:l dﬂ:2 ot 9
we obtain the basic frequency equation
sinkl = 0, (3.7.15)

with its solutions being k, = nn/l (n =1,2,...). Hence we determine the forms
of normal (principal) oscillations of the undisturbed motion

Xn(x) = op(z) =sin ?

and their eigenfrequencies

n’r? |EJ
n = "5 Al o> :172;"';
W 12 pS n

required for the energy method application.

For definiteness we assume that pF(0) = uFysinf, and the instantaneous
frequency of the disturbing force df/dt = v(ut) is positive. Suppose that in the
time interval 0 < ¢ < T the frequency of the vertical force v(ut) takes a value
equal to wy, i.e. the oscillatory system passes through principal resonance, because
it is the most interesting case.

Taking into account the disturbing potential energy

puVi = —uMg (UIH) :
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(where ¢ = vt is the current coordinate of the point of application of the disturbing

force, v is the velocity of the motion of the load and pulsating force along the rod)
and the disturbing kinetic energy

T, = pM B—UQ
lu’l_lu’ at

z=(

the summed disturbing force can be presented as a sum of the pulsating force
applied from the outside and the force of inertia, i.e.

2 0%u

2
ne® (T, 0, %) = [uFo sinf + uMgu — MMW] . (3.7.16)
=¢

From (3.7.16) it is clear that the beam flexure u should be taken as a generalized
coordinate. Then the first approximation can be written as

u™M = asin 7rl_x cos(6 + ), (3.7.17)

where the amplitude a and the phase v are determined from the equations of
the first approximation (3.7.8) with functions (3.7.9) and with consideration for
w1 &~ v(T).

Now, using the energy method, we deduce equations (3.7.8) and (3.7.9). First
we find the expression for the disturbing force u® in a sinusoidal oscillation mode:

e (t,x) = ap™ (x) cos(6 + 1),

(1)
agt = —aw1p (z) sin(f + 1)),

2, (1)
% = —aweW(z) cos(f + v),

where (1) (2) = sin (71'l_a:) As a result we obtain

pdd =4 [FO sinf + Mg + aw] M sin WTC cos(6 + @b)} .

Then we write the expression for the virtual work corresponding to the variations
of the amplitude and phase of the first normal oscillation:

oW = p@él)éu(l) =pu {FO sin@ 4+ Mgu + aw? M sin WTC cos(f + @b)}

X [sin WTC cos(8 + v)da — asin WTC sin(6 + ¢)6¢] }
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After that we find the average virtual work 6W and its “partial derivatives”

(5W1 iFO i 7TC (SW_l _ iFg —ith 7T<
a4 ¢ T sa a4 M
(5W1 aFo i) 7T< (5W71 G,Fo —i 7TC
A k) = et — 3.7.18
50 4e s1ndl, 50 4e sml, ( )
(SW() GW%M .. 92 7T< (SW()
—_— = sin® —=, — =0
da 2 l o1
and
I
my = pS/sin2 7rl_a: dx = pTSl (3.7.19)
0

Substituting all these expressions into (3.7.9), we obtain amplitude—phase equa-
tions of the first approximation

da 2uFy w(

&~ oSl ) T OV (3.7.20)
@:w —u—’uwlMsiHQW—C %sinﬂ—csind) N
di ! pSl I pSal(w +v) l ’

where ¢ = ({(1), v =v(7).

In conclusion we note that the amplitude—phase equations can also be given
complex notation, using the substitution of variables z = ae®”.

Then instead of system (3.7.20) obtain the equation

dz 2pFy . 7(

— = - ————sin— 3.7.21
dt ip(r)2 pSl(wy + v) S ( )

where u
p(t) =wi — v — “;ilql sin? WTC (3.7.22)

3.8 Averaging Method and Maximum Principle in Boundary Value
Problems

It seems logical that the asymptotic theory of differential equations, using the
averaging method, has been widely adopted in optimal control theory, including
its important part that is usually called the maximum principle (see Pontryagin, et
al. [1]). Though there are numerous known results (see Avramchuk [1], Klick [1, 2],
Akulenko and Chernousko [1], Chernousko [1], etc.) and a lot of publications on
this subject, we will describe one of the first (chronologically) results obtained
by Avramchuk and Klikh [1], and the mathematical issues of applicability of the
averaging method in the maximum principle (see also Klikh [2]).

Consider the following time minimization problem. It is required to solve the
problem of a material point’s flight from a given initial point to a given end point
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within minimum time. The material point moves in the central field of forces under
the influence of a small controlled traction.
The equations of the material point’s motion in this model will have the form

d>r 9\’  GM d [ ,db ,
prola <E> =3 + w cos 3, 7 <r a) = rwsin j, (3.8.1)

where r and 6 are polar coordinates of the point, m is its mass, M the mass of the
attracting center, G the gravity constant, and the acceleration constant in absolute
value, caused by traction W is equal to

w=|W/m| <1, (3.8.2)

and S is the angle between the direction of traction and the radius-vector of the
moving point.

The problem is to find an optimal control 8 = §(t) of the traction vector, and
of the corresponding path moving the phase point within minimum time from the
initial position

dr de
0o, — — 3.8.3
To, Vo, dt tzoa dt —o ( )
to the given end position
dr db
Tk, 01«:; - s T . (3.8.4)
dt{,_, ~ dt]_y,

The authors proposed to seek for the optimal path in the form of an osculating
ellipse (see Duboshin [1])

14z cos(f —x2)’

p (3.8.5)
where p = r/rg, ¥1 = a/h is the eccentricity of the orbit, z2 = w is the angular
distance of the pericenter from the line of nodes, and z3 = 1/h is a focal parameter.

Passing to the new phase coordinates z = (x1,x2,23) and to the new inde-
pendent variable 6, we obtain

dzy 2 271 + 2cos(f — ) — 71 5in’ (6 — 23) sin
P [T+ 21 cos(6 — z2)]°
9 sin(f — z2)
+ HTy [1+ 71 cos(f — x2)]? cos f,

dzs 73 [2 + 21 cos( — z2)]sin(0 — z2)

doy _ T3 i 3.8.6
a0 Mz [T+ 21 cos(0 — z2)]° sin (3.86)
2
x5 cos(f — x2)
W T o cos@— 2P P
dzs 222

B P T cos@—ap SR
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where p = w is the small parameter of the problem. From the second equation
of system (3.8.1) it follows that the control g = 3(f) should be chosen so as to
minimize the integral

O

2372
/ [ 2 a9, (3.8.7)

1+ x cos(f — z2)]?
fo

The formulated problem will be solved with the use of the maximum principle.
First of all, construct the function

3
i=1
where
232
fo(z,0) = . (3.8.9)

- [14 2y cos(f — z2)]2’

fi are the right-hand members of equations (3.8.6), and the auxiliary variables
y = (y1,Y2,y3) and y4 are the solution of the conjugated system (for the detailes
see Plotnikov [1], Pontryagin, et al. [1], ets).
The control 8 = 3(#) is now found from the condition of the existence of
max H, hence
B(6) = arctg{z[22; 4+ 2cos(f — x2) — 1 sin* (0 — )]s
+ sin(0 — 2132)[2 + 1 cos(0 — 332)]:1/2 + 2:131:133:1/3}/{[1 (3810)
+ 21 cos(0 — z2)][z1 sin(f — z2)y1 — cos(d — z2)y2]},

Then, substituting £(6) into (3.8.8), we obtain
H= —fo(m,0)+,uA(a:,0)v B(may56)+y4a (3811)

2
T3
561[1 + 2 008(9 — CUQ)]?’ ’

A(z,0) = (3.8.12)

B(z,y,0) = [z1sin(0 — z2)y1 — cos(f — z2)y2]/[1 + x1 cos(f — )]
+ {z1[221 + 2cos(8 — x2) — 21 sin* (0 — z2) |1 (3.8.13)

+sin(f — 22)[2 + 21 cos(0 — z2)]ys + 221 23y3}>.
As is known from Pontryagin, et al. [1], on the sought optimal path
~ fo(a(6).6) + pA(2(6), )/ B(2(8), 4(0),0) + y1(6) = 0 (3.8.14)
for any 6 € [, 6], and this relation is henceforth used as one of the system

integrals. Also note that the function A(z,f) essentially depends on x and 0, i.e.

9A/dx 20, DA/ 2 0.
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Taking account of (3.8.14), the problem of finding an optimal trajectory turns
to the following two-point boundary value problem (see Lans [1]): it is necessary
to find the solution of the seventh-order system of differential equations

de  , A%(z,0) 0B(z,y,0)

b =" Afb) —w]
dy _ Ofo(z,0)  fo(x,0) —ys 0A(z,0) , A*(z,0)  IB(z,y,6)

a8 oz A(z,0) or VM Afo(x,0) —ya] 0z
dys _ 0fo(,0) _ fo(z.0) —ys 0A@,0) _ ,  A2,6) 0B(x,y,0)
a9~ o8 A(z,0) 0 Y ofo(x,0) —ya] 00

(3.8.15)

with the boundary conditions
z(00) =20, x(0r) = zF, y4(6) = 0. (3.8.16)

The exact solution of the boundary value problem (3.8.15), (3.8.16) cannot be
found in compact form, so for the construction of an approximate solution we will
use the averaging method.

The generating system is presented by the equations

4 0 L const

B T = const,

dy _ 0fo(2,0)  fo(z,0) —ys OA(,0)

9~ oz A(z,0) 9 (3.8.17)
dys _ 0fo(x,0)  fo(,6) —ya 8A(x,0)

g 06 A(x,6) 96

The last equation of (3.8.17) is easily integrable. Its first integral can be written
in the form

fo(ﬂ?,e) —Ys fo(il?,ao) - y4(60)

= = t. 3.8.18

A(e.5) At (3:818)

If one uses equality (3.8.18), then the other equation of (3.8.17) can be easily
integrated:

y :wg/Q—(l—l—m%)yg sin (6 — x3 — g + 29)
! 1—12 [1+ 21 cos (6 — za — 0o + 29)]?
20570~ ad) - (L @) (1 + 4[5 - (14 1))
2(1 —z3)?

sin (6 — z3 — 6y + 29)
[1+ 21 cos (0 — z2 — b + 29)]?
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B 2232 (1 — 22)(1 4 222) + (1 + 21) (1 — 1622) [/ — (1 + 21)2yY]
2(1 — 22)3

sin (6 — 2o — 6 + 29)
1+ 1 cos (0 — xy — 0o + 29)

L 60231 = a3) + (14 21)(2 — 1303 —doDlad” — (1+ 1))
21 (1 —23)7/2

J1—122 0—1x9—6p+ 29
" 1 2 0
xarcg( 1+ 2 g 5 >+y1a
32
Y2 = . D)
[1+m1 cos (0 — z3 —90+mg)]
(1+$1)[x§/2 - (1-|-x1)2] 0,,0
3 +y2 +y47
[1+4 21 cos (0 — x5 — b + 29)]
3/2 2,0 : o 0
e (1+21)%y9] sin (6 — zo — O + 9)
s = z3(1l — 012
3 1) [1+x1 cos (0 — xo —00-1-3:2)]
3 3x1{x2/2(1 —z3) —2(1+ xl)[x§/2 - (1+z1)%9]}
2z3(1 — 22)2
" sin (6 — 2o — 6 + 29)
1+ 1 cos (0 — xa — 0o + 29)
L3051 —ad) — 2@+ a) (4 2) [o5” — (14 1))
2?3(1 —2?1)5/2
J1—122 0 —2x9— 0+ 20
" 1y 2 0
xarcg( 7 5 >+y3,
(1—|—x1)[a:§/2 — (1+z1)%9] w§/2
Ya = +

- [1+ 21 cos (6 — 22 —00—1-3:3)]3 [1+ 21 cos (6 — 22 —00+x3)]2.

(3.8.19)

Here the notation z? = z;(f) is used. In formulae (3.8.19) the variable x5 is
separated so that the form of the solution should be such as required in accordance
with the theorem of Volosov [1].

Then, the slow variables x = (1, 22,%3) are determined from the system of
three equations upon substitution of the fast variables y and y4 in (3.8.15) by their

values (3.8.19), and the averaging of the right-hand members over the angular
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argument 6. We then have

dz, _ z3[(1—a})(4 - 72 - 41 - 37)y) + 67yl
b 2721+ 71) (1— 22)32[23° — (1 + 71)298]
dzs _ I 5:3

A0 a1+ 3) 77 — (1+21)%)]

77+ 118 +4) 45725 + 1)
i- a7 (-7
271 + 77 — 4
0, ,0 1t 7
———— t+4
~ 129:3/2 L2+ a) } i [2(1633% —1)
G- " i | aoay
42x1 + 4077 + 26971 — 9673 — 31672 + 327, + 16
8(1 72)9/2
2(4z1 + 1321 - 2) L 20 +m) }
-7 " Jial)

dez 5 #3331 - 37)y? — 273(2 + 77)yl]

(3.8.20)

9 (1) (1= )5/ (257 — (1 4+ 20)%)

So the initial problem turns to the integration (for the given initial conditions
z(6p) = z°) of the three averaged equations (3.8.20). The initial values of the
vector of fast variables y° = (y{,49,49) included in those equations as parameters
should be chosen so that the boundary conditions z(f;) = z* are satisfied, and
the value of g is considered as known, because it is determined from the equality

A(.Q?k, 00)
A(z*, 0k)

In the first approximation, the optimal control f = S(f) determined by
(3.8.10) where = = (21(0), 22(0),z3(6)) arereplaced by the solution of the averaged
system (3.8.20) at values of y chosen from the boundary conditions, and the func-
tions y1(0), y2(0), y3(0), y4(6) are determined by equalities (3.8.19) where z1, 2,
x3 in their turn are also replaced by the solution of equations (3.8.20), may not be
close to the exact optimal control. However, as proved by Avramchuk and Klikh [1],
in the interval [6g, 0] of length T a1 it is approximate in the sense of the mini-
mized functional (3.8.7). These authors give a numerical example. Let 29 = 0.0005,
9 = 0.0459, 29 = 1.0005, 6y = 0.2500, z¥ = 0.0104, 25 = 1.0708 + 2k,
2k = 1.1000, 6), = 0.5000 + 2k7, = 0.001.

Solving the differential equations for the optimal path (phase coordinates 1 (6),
x2(0), z3(0) and coordinate p(#)) on computer, we find the dependence of the
above coordinates on 6 (Fig. 3.8.1). The authors calculated the values of ¥ b

Yy = fo(z",60) — fo(=*,65).

Copyright © 2004 CRC Press LLC



176 METHODS OF NONLINEAR RESONANCE DYNAMICS

PsX; X X,
(=]
1,10 1S} 50
z ) 'pyv
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Fic. 3.8.1. Dependence of phase coordinates x1, o, x3, p of the
optimal path on the polar angle 6.

means of successive refinement, minimizing the discrepancy at the end point (see
Lans [1]), and they are as follows: y? = 83.440, y9 = 9.2355, yJ = 457.9999,
yy = 0.0082. The optimal control 3 = B(f) is given in Fig. 3.8.2. The authors
have also calculated the minimum flight time by their approximate method and
by the method of high accuracy numerical integration; the results were sufficiently
close.

While using the averaging method for solving optimal control problems, a
number of questions arise related to the mathematical justification of the averaging
method. Among them is the question of e-proximity of the exact and smoothed
solutions of an optimal control problem within a sufficiently large time interval,
the continuous dependence of a solution on the parameter, etc.

Here we will describe two such results. Let there be given a system of diffe-
rential equations in standard form

d
d—f = uf(t,z,u) (3.8.21)
and boundary conditions
z(to, ) = zo, h(ty, z(t1,pn)) =0, (3.8.22)

where z, f are n-dimensional vectors, u is an r-dimensional control vector, pu is a
small positive parameter, and ¢ is the (real) time.

In addition, let the vector u be defined in a compact domain U, C R, of
Euclidean space, and the vector-function f(¢,z,u) in the (n + r + 1)-dimensional
domain Gpqr41 ={z € P,, u € U,, t € (tg,0)}.
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1,0
0,5

-0,5
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1,5

-1,5

Fic. 3.8.2. Dependence of optimal control # on angle 6.

We will also suppose that f and h are defined and continuous with respect to
their arguments, and f is continuously differentiable with respect to ¢ and z in the

corresponding domains.
Along with the problem (3.8.21), (3.8.22) consider the functional

t1
J(z,u) = ,u/fo(x,t,u) dt. (3.8.23)
to

It is required to find a control that would solve the boundary-value problem
(3.8.21), (3.8.22) and minimize the functional (3.8.23). For the further computation
assume that system (3.8.21) is controllable in P,, the issue of optimal control has
a solution in the interval [to,#1] for every p € [0, p*], and the set of functions
V(t,z) = {fo(t,z,u), f(t,z,u)}, u € U,, is strictly convex for every (n + 1)-
dimensional vector (¢, ). Under these conditions the control u = u*(¢, z,1) solving
the formulated problem is a single-valued function.
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Substitute u = u*(t,z,) into the right-hand members of system (3.8.21) and
the system conjugated with the latter. If we denote
Xo(t,l’,’(/)) = fO(t7I7U*(ta$a¢))a
X(t’ x’ ,(/)) = f(t7 x) u* (t’ x’ ,(/)))’

) - Ll Cond) _ (Aftenbod) )

then we obtain a two-point boundary problem of the maximum principle:

dx
— =nX(ta), alto,n) =12°,
(3.8.24)

% =p¥(t,z, 1), h(ti,z(t,p) =0.

We associate problem (3.8.24) with the two-point boundary problem with ave-
raged equations

W= iX@0), o) =2,
4l (3.8.25)
L = W@ D), Bl (0,0) = 0,
using the notation
X(2,9) = M[X(t,2,9)], W(z,9) = M[¥(t,2,9)]. (3.8.26)

Then for the two-point boundary problem of the maximum principle (3.8.4)
the following theorem is true:

Theorem (see Klikh [1]) Let:

(1) the vector-functions X (t,z,v), U(t,z,v) be uniformly bounded and con-
tinuous with respect to x, 1 uniformly with respect to t € [tg,0), (z,v) €
P2n C GQn;

(2) the function h(t,x) be uniformly bounded and continuous with respect to
t € [to,0), x € P, C R, with all u € [0,un*];

(3) at each point (x,1)) € Pay, there be limits

1 to+T
X(@v) = jim 7 [ X(taw)d,
to
1 to+T
W(z,1)) :Tlgnmf / U(t,z, 1) dt;
to

(4) for p =1 the boundary problem (3.8.25) have the unique solution (Z(t,u),

Y(t, 1)), determined for all t € [to,o0) and lying in a bounded domain
Gap.-
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Then for any € > 0 there exists p° € [0, u*], such that with 0 < p < u° the
solution (z(t,p), ¥ (t, ) of the boundary problem (3.8.24) satisfying the boundary
conditions

a(to.p) =2°,  h(to+1/p, z(to + 1/p, 1)) =0,

and the solution (Z(t,pu), 1 (t, 1)) of the averaged boundary problem (3.8.25) in the
same time interval [to,to + u~ 1] are e-close in their norm, i.e.

ot ) =zt pll <e, Mot p) —dtpll <e, telto, to+1/p]. (3.8.27)

Remark 1If furthermore the function Xo(t, z,v) in the domain Gapt1 = {(z,9) €
Py, t € [to, to + p~ ']} satisfies with respect to (z,1)) € Py, the Lipschitz condi-
tion with the constant L, then we have the estimation for the functional

| T (@(t, ), w*(t,2,0)) — J(&(t, 1), w*(t,7,9))| < 2Le, (3.8.28)

where u*(t,z,1), u*(t,Z,v) are optimal controls of the corresponding boundary
problems.

The second result relates to the continuous dependence of the solution of the
two-point boundary problem of the maximum principle on the parameter that is in
essence a generalization of the well-known results of Gikhman [1] and Krasnoselsky
and Krein [1] for the case of optimal control.

This is as follows. Let there be a two-point boundary problem

dx

d_:X(T,Cﬂ,’(/),/J/), .17(0,/_1,):1'0,

d«l (3.8.29)
E = ‘I"(T,l‘,'ﬁ[),,&), h(T,CU(T, /J’)a:u) = 07

where
X(T7',L‘71/}7M) = X to +T/'t_15$5 ,(l))’
T(7-53’:”(/)’/'t) = T(to +TM_17w7¢)7
T=ult—1to), h(r,z,p)=hto+7p"", z).

Under certain conditions imposed on the functions (3.8.29), Klikh [1] obtained
the following result: for any € > 0 there exists a sufficiently small neighborhood
of the point pg such that for all points of this neighborhood and for all solutions
of (z(7, ), ¥(r, u)) of the boundary problem (3.8.29) defined for 0 < 7 < T and
satisfying the boundary conditions

2(0,p) =2°,  W(T,z(T,p), 1) =0,
the following e-inequalities are true:

(7, 1) = 2(r, po)ll <&, |lb(r, 1) = (7, o)l <&, 7 €0, T].
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In conclusion note that the real application of the averaging method in optimal
control theory actually turns to the development of effective algorithms for com-
puters, because in important applications of control theory it is hardly possible to
manage without extensive computations.

3.9 Comments and References

This chapter described the solution of certain nonlinear problems of space dynamics
and mechanics of continua, based on asymptotic approximations and the averaging
principle. The contents of this chapter are to a certain extent an illustration of the
mathematical results contained in Chapter 2. At the same time it should be noted
that the field of application of the asymptotic theory of equations is significantly
wider and varied. It is successfully used in high-energy physics (in the study of
charged beam dynamics in accelerators), in aircraft navigation (in the study of
automatic regimes of flight), in mathematical control theory (in solving boundary
problems of differential equations), in mathematical biology, geology, and other
areas of knowledge.

As the reader should have noticed, we tried to advance as far as possible in
solving one or another problem with the help of mathematical analytic apparatus,
though it is clear that on this path it is seldom possible to obtain a satisfactory so-
lution of a real, but not simplified model problem. Only a sensible, well-considered
synthesis of the modern mathematical arsenal (analytical, qualitative and numeri-
cal methods) and new computer technology give important practical recommenda-
tions and results.

It is also important to point out the following circumstance. In the previous
chapters we only considered the Cauchy problem for ordinary differential equations
(apart from problems of oscillations of a rod, which are typical mixed boundary
problems). Actually the described mathematical theory in conjunction with math-
ematical methods of information processing can be successfully used (and has been
used many times) in qualitative processing of discrete and continuous experimental
information in problems of image processing, filtration problems, etc.

Section 3.8 Justification of the averaging method in the bounded three-body
problem, using the averaging operator for continuous disturbances (the averaging
schemes of Delaunay—Hill) by means of splitting three-dimensional configuration
space into the domains of possibility and impossibility of motions, and detailed
comments, can be found in Grebenikov and Ryabov [2].

Section 3.5 The averaging of Hamiltonians with consideration for frequency
resonance not only in the first step of the iterations, but also in the second step,
the third, etc., was first proposed in a paper by Grebenikov, et al. [1].
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Section 3.7 The effectiveness of asymptotic theory based on averaging prin-
ciples in quasi-linear partial differential equations was first proved in the book by
Mitropolsky and Moseenkov [1,2].

Section 3.8 The mathematical theory of the maximum principle widely used

in applied problems of control theory is specified in the book by Pontryagin, et
al. [1]).
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4 Numerical-Analytic Methods

4.0 Introduction

This chapter is devoted to numerical-analytic methods of the construction of sys-
tems of ordinary differential equations in problems of analytical dynamics. Our first
study in this field was performed in 1968 (see Ryabov [1]). Fundamental research
in the application of numerical-analytic methods in problems of celestial mechanics
was carried out in the 1970s (see Barton [1], Deprit [1], Hansen [1], Hearn [1], and
Rom [1]). These methods continue to develop intensively in different directions (see
Samoilenko and Ronto [1]) together with the development of computer networks
and their mathematical software in the form of analytic programming packages.

In the monograph of Grebenikov and Ryabov [1] a number of examples are
given of applications of these methods in problems of nonlinear mechanics, de-
scribed by quasi-linear differential equations. This chapter is in a certain sense
an addition to the material stated in Grebenikov and Ryabov [1], and its con-
tinuation. The essence of the methods described here is the fact that they are
aimed at implementation of analytic algorithms arising from the iteration variant
of the Poincaré—Lyapunov method of small parameters. We use iteration processes
converging in the Cauchy sense (and not only asymptotically), which allows us to
obtain the solution with a predefined accuracy.

We will also note that in this chapter we basically adhere to a simplified variant
of numerical-analytic methods, when a result is presented not in a purely literal
form, but in the form of a certain analytic structure (defined by one or another
algorithm) with numerical coefficients. This allows us in a number of cases to reduce
requirements to the capacity and operating speed of the computer, compared with
the variant oriented to literal analytic transformations.

183
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Sections 4.1 and 4.2 describe algorithms for the Lyapunov transform for linear
systems of equations with periodic coefficients, and the construction of the Green
and Lyapunov matrices for those systems; these play an important part in the
analysis and construction of solutions to these systems. Some small examples are
given to illustrate it.

In Section 4.3 an algorithm is proposed for direct construction of periodic
solutions of linear heterogeneous systems with periodic coefficients.

In Section 4.4 an algorithm is considered for the construction of known periodic
Hill’s solutions in the problem of lunar motion, illustrated by a table for periodic
solutions (in the form of Fourier polynomials) for several numerical values of the
basic Hill’s parameter.

In Section 4.5 there is a complete algorithm for Mathieu’s construction in the
form of Fourier polynomials, and a corresponding Quick-Basic program.

In Section 4.6 an algorithm for the construction of solutions of the plane
bounded three-body problem is developed, an iteration process is proposed, cor-
responding to quadratic convergence. Of course, the direct programming of this
algorithm and its numerical-analytic implementation are far from being simple,
but the authors think that the difficulties are of a technical nature and are sur-
mountable provided that a sufficiently high-powered and high-speed computational
complex is available.

In Section 4.7 an algorithm is developed for implementation of the Krylov—
Bogolyubov transform (see Bogolyubov [1] which plays an important part in the
analysis of nonlinear multifrequency systems with fast and slow variables.

4.1 Construction of Lyapunov Transform for a Linear System
with Periodic Coefficients

Consider the linear system

dx

— =P(t)x 4.1.1

=P, (41.1)
where the matrix P(t) is continuous or piecewise continuous, real and 27-periodic
with respect to ¢. As is known (see Erugin [1], and Lyapunov [1]), there exists a

transform (called the Lyapunov transform)
x = L(t)y (4.1.2)

with a nonsingular real periodic matrix L(t), reducing (4.1.1) to the system
dy
7=
with constant real matrix W. The fundamental matrix X (t) of system (4.1.1) will
be expressed by the formula

Wy (4.1.3)

X (t) = L(t)e"". (4.1.4)
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Matrices L(t) and W are called matrices of the Lyapunov transform and are

connected by the equation

dL
i P(t)L — LW. (4.1.5)
Matrix W plays an important part in the analysis of the properties of solutions
of linear system (4.1.1), the eigenvalues of W being the characteristic exponents of

this system.

4.1.1 Construction of matrices L(t) and W by means of series
Matrices L(t) and W are found on the basis of (4.1.5) in the form of the series

Lit)=E+ Li(t) + Lo(t) + - - -, (4.1.6)
W=W; +Wy+---, (417)
where E is a unit matrix, and the matrices Ly(t), Wy, k = 1,2... satisfy the
equations:
dLy
— =Pt)-W
dt () =W,
dL-
— =P@)Ly — Wy — LW
dt (L = Ws = LaWn, (4.1.8)
dLs
W = P(t)LQ — W3 - L1W2 - L2W15

From these equations we find real 27-periodic matrices L (¢t) and real constant
matrices Wy, by the formulae

27 t

L [ p(s)ds, Ll(t):/[P(s)—Wl]ds,

2

Wi

0

1 27
Wy = o / [P(s)La(s) — Ly (5)W] ds, (4.19)

~
[V
=
Il
R
S
o
=
=
|
S
|
=
=
=
~
\.('IJ

Convergence of these series (uniform with respect to t) takes place if the norm
[|P(t)]| of matrix P(t) is comparatively small. According to Erugin [1], conver-

gence is guaranteed if
In2
max |y (t)] < —, k=1,2,....n, (4.1.10)
k 27

where . are eigenvalues of the matrix W.
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4.1.2 Construction of matrices L(t) and W by means of iterations
Matrices L(t) and W can also be found by means of iterations, using the same
equations (4.1.5) (cf. Woodcock, et al. [1]). To do this, assume in (4.1.5)

L(t)=E+V(t),

where E is a unit matrix, and obtain the equation

dv
— = Ut)—w, (4.1.11)
where
Ut)=PRH)E+V(@)]-V(E)W. (4.1.12)

We will consider matrix W as a constant part of the periodic matrix U(t) and
calculate matrices U(t), W, V(t) by means of successive approximations Uy, Wy,
Vi(t), k=1,2,...

The first approximation is:

Uit = PU), W= 5 / Uy (s) ds,

. (4.1.13)
Vi) = [ glt.s)[U1() - Wil ds,
0
where
s
—, 0<s<t,
glt,s) =3 2T (4.1.14)
— -1, t<s<27.
27
The second approximation is:
Ux(t) = P(t)[E — Vi (t)] = Vi () Wh,
27
1
W, = o /UQ(S) ds,
s (4.1.15)
2
Va(t) = [ g(t.5)[Ua() ~ Walds,
0
etc.
Let matrix P(t) be representable by the series (polynomials)
P(t) = Ao+ Y _(Agcoskt + By sin kt). (4.1.16)

E>1

Then we obtain the following formulae.
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The first approximation:
Ui(t) = P(t), Wi = Ao,

Vi(t) = Z %(Ak sin kt — cos kt). (4.1.17)
E>1

The second approximation:

Us(t) = Aél) + 2 (Ag) cos kt + B,(Cl) sin kt),
k>1

Wy = A, (4.1.18)

i)=Y %(AS) sin kt — B{") cos kt),
k>1

where Aél), AS), B,(cl), k > 1, are coefficients of a Fourier series (polynomials)
obtained on the basis of the expression for U (t) in (4.1.15), etc.

If matrix P(t) is specified as a Fourier polynomial with numerical coefficients,
then the construction of the approximations Uy(t), Wy, Vi(t), as well as the series
(4.1.6), (4.1.7) is easy to implement on a computer with the help of software for
multiplication, summation and integration of Fourier polynomials. In the general
case, when the matrix P(t) is set by a Fourier polynomial with coefficients be-
ing letters, then it is expedient to apply the corresponding symbolic computation
programs.

The convergence domain in the case of iterations may be wider than in the
case of series (4.1.6), (4.1.7), and from the algorithmic point of view the iteration
method is preferable. According to Woodcock, et al. [1], convergence of iterations
is guaranteed if

max | ()] < (3 - 2V/2)w, (4.1.19)

where g (t) are eigenvalues of the matrix P(t), and the least period of P(t) is
equal to T = 27 /w.

Ezample Consider the equation
24+ 0.524+ (1 —0.5coswt)z =0,

equivalent to the system
z = P(t)z, (4.1.20)
where

P(t) = Py + Py coswt,

P°:<—(1) —11/2>’ Pl:(l(/)Q 8)

x = (x1,22)-
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In conformity with the described method, we obtain
(1) (1) Lp i
W =Py, VW(t) = —P sinwt,
w

1/ -1/2 0
@ —wmn @) =ym —
wE =w, vt =V (t)+w2< 1/4 1/2>coswt,

1 0 0
B) = w® L —
w w +w2<—1/8 O)’ etc.

Let, e.g., w = 10. Upon the fifth approximation we obtain

W= ( —1.0(?1 297 —0.5010006 > » L =E+V(®), (4.1.21)
- . 10
V(t) = ;Ak cos kwt + By, sinkwt, E = ( 01 ) (4.1.22)
where
0 ( ~0.005188  —0.000025 ) Com < 0.000257 —0.001037 ) |
0.002594  0.005188 0.050907 —0.000257

0.000 003 0 0 0
A2 = ) B2 = )
—0.000008 —0.000003 —0.000067 O

Here all the coefficients, upon rounding off, are written to an accuracy of 0.000 001,
and the other coefficients are supposed to be zero.

4.1.3 Interpolation formulae for Lyapunov transform matrices It is also
possible to propose the method of the construction of Lyapunov matrices, based on
the numerical integration of system (4.1.1) and on the representation of functions of
matrices with the help of Lagrange—Sylvester interpolation polynomials (see Gant-
makher [1], and Starzhinsky and Yakubovich [1]). Namely, let the fundamental
matrix X (¢) of this system be found in this way in the interval [0,2x], i.e. a cor-
responding table of numerical values of elements of matrix X (¢) is constructed. In
particular, obtain the numerical matrix X (27), called a monodromy matrix, for
the initial system (4.1.1). Then find its eigenvalues g1, ... , on, called multipliers
of this system.

Case (a) There are no negative multipliers. Then the matrix W is calculated by
the formula

1
W= o~ InX(2m), (4.1.23)

where In X denotes the principal value of the logarithm of X. If all multipliers
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(complex in the general case) are simple, then the matrix In X (27) can be expressed
by the finite interpolation formula of Lagrange—Sylvester:

n " [X(2n) — Eo;
InX(2r) =) Ing Hf—l,;”““[ (2m) ~ Bej] (4.1.24)
=1 Hj:l,j;ﬁk(@k - 0j)
where E is a unit matrix, and Ingg, k& = 1,...,n, are the principal values of
logarithms of g, i-e.
Ingr =1In|ox| +iargox, (i=+v-1). (4.1.25)
The eigenvalues A\, k= 1,... ,n, of the matrix W are equal to
1
A = —1 4.1.2
k=50 1 Ok ( 6)

and are called characteristic exponents of the system (4.1.1) (or a solution of that
system). Having performed all multiplication operations in (4.1.24), we obtain a
matrix In X (27) in the form of a n-th power matrix polynomial with respect to
X (2r) with coefficients depending on g1,...,0n, and Ing,...,lng,. Since the
matrix X (27) is real, then the matrix In X (27) found in this way is also real (the
imaginary parts of the coefficients of this matrix polynomial are mutually effaced
due to the conjugation of complex multipliers).

Having obtained the matrix W, by a similar interpolation formula one can
express the matrix exp(—Wt):

n " [-W—E\;
e~ Wt _ Z e~ Akt HJ—nl’Hék[ J], (4.1.27)
= Hj:l,j;ek(/\k =)

where )\, are eigenvalues of W, calculated in accordance with (4.1.26). This matrix
is also real.

If among the multipliers g1, ... , 9, there are multiple factors, then the formulae
for In X(27) and exp(—Wt) have a more complicated structure. In the general
case, if A1, Aa, ..., Ay are eigenvalues of the matrix A, and s1, $a, ... , S, are their
multiplicity respectively, then the formula for the function F(A) of that matrix is
written as

F(A) =Y [FOWZY + F' )27 + -+ FeD (2 Z60)], (4.1.28)
k=1

where Z,gl), .. ,Z,gs’“) are matrices independent of F'(A). For example, in the case
of a second-order matrix with dual eigenvalue \; = Ay we have

F(A) = EF(\) + (A= EM)F'(\). (4.1.29)
In the case of a third-order matrix with eigenvalues \;, A2 = A3 we have

F(A) = F(\M)Z1 + F(X\2)Zy + F'(X2) Zs, (4.1.30)
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where , )
Zs=(A—-EX\) — %
But if A = Ay = A3, then
F(A) = EF(\)+ (A—EXN)F' (M) + %(A — AEL)2F"(\y). (4.1.31)

Depending on the nature of the elementary divisor corresponding to multiple
factors, secular terms in the given formulae may become zero. In particular, formula
(4.1.31) directly corresponds to the case when the third-order matrix A has one
elementary divisor (A — A;)3. If this matrix has two elementary divisors, (A —\;),
(A — X1)2, then

(A—EXN)?=0, F(A)=EF(\)+(A—-EXN)F'(\), (4.1.32)
and if matrix A has three elementary divisors A — A, A — Ay, A — Ay, then
A— EAl =0 and

F(A) = EF(\). (4.1.33)
(More detailed information on the representation of the functions F'(A) via matrices
with multiple eigenvalues can be found in Gantmakher [1].)

Concrete formulae for the above functions will be found, assuming in (4.1.29) -
(4.1.33)

F(A)=InA, A= X(27),
F(A) = exp(—A4), A= % In X (27).

Upon construction of the matrix In X (27) we can find the Lyapunov matrix
L(t) (or rather a table of values of the elements of this matrix) by the formula

L(t) = X (t)e” . (4.1.34)

It is easy to see that this formula determines a 2w-periodic real matrix. Using
the table of numerical values of its elements, we can find an approximate (but
sufficiently accurate) expression of this matrix in the form of a matrix trigonometric
polynomial by methods of approximate function theory.

Case (b) There are negative multipliers. Then formulae (4.1.23), (4.1.24), (4.1.34)
determine complex matrices W, L(t). To obtain real matrices W, L(¢), retaining
the formula (4.1.34) for L(t), for the matrix W one should use the formula (see
Erugin [1])

—_ 1 2
W= —lnX?(@2n). (4.1.35)
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The eigenvalues of the matrix X?2(27) are equal to the squares o7,..., 0> of
the eigenvalues g1,...,0, of the matrix X (27). If all o2,...,02 are different
and nonnegative, then for the construction of the matrix In X?(27) the formula
(4.1.24) can be used, replacing X (27) by X?(27), and g by 03, k=1,...,n.
Then the matrix L(t) determined in accordance with (4.1.34) is real, but its least
period in this case is equal not to 27, but to 47, because

InX%2#2InX, exp(—2aW) #[X(2n)]",
exp(—47W) = exp(—In X?(27)) = [X?(2m)] L.

If among 0?,...,0>% there are multiple factors, then we can apply formulae
of the form (4.1.28). If among o3,...,0> there are negative factors (in the case
of purely imaginary multipliers g ), then the formula (4.1.35) implies the complex
matrix W. To obtain a real matrix, the following formula should be applied

W= % In X*(27). (4.1.36)

The eigenvalues of the matrix X*(27) are equal to of,. .., o5. If all of them
are nonnegative, then the last formula implies the real matrix W. Matrix L(t)
is calculated by the same formula (4.1.34), and it turns out to be real, with least
period 8.

Note that if among g1, ... , 0, there are negative multipliers, then for the con-
struction of matrices W, L(t) the above described methods of series and iterations
are not applicable. Indeed, those series and iterations imply the real and 27x-
periodic expression for L(t), and in the presence of negative multipliers the real
matrix of Lyapunov transform does not have period 2w. Consequently, these series
and iterations necessarily diverge.

4.2 Construction of Green and Lyapunov Matrices

Green and Lyapunov matrices are applied in calculation of periodic solutions of

the systems

dx
i Pt)z + f(t), (4.2.1)

where P(t) is a periodic matrix, and f(t) is a periodic vector-function. These
linear heterogeneous systems are encountered during the construction of periodic
solutions of quasi-linear systems
dr
i
by series or iteration methods.

P(t)x + F(z,t) (4.2.2)

4.2.1 Noncritical case The noncritical case is when the homogeneous system

dx
i P(t)x (4.2.3)
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does not have T-periodic solutions not identically equal to zero, i.e. when among the
characteristic exponents of that system there are no purely imaginary exponents,
equal or divisible by +(27/T);i.

Then the periodic solution of system (4.2.1) is representable by the formula

T
2(t) = / G(t, 5)f(s) ds, (4.2.4)

where T is the period of matrix P(t) and the function f(¢), and G(t, s) is the Green
function for the homogeneous system (4.2.3). This function is expressed through
the fundamental matrix X (¢) of the homogeneous system (4.2.4) normalized at
t =0 in the following way:

G(t,s) = { [E - X(T)}_lX(t)X‘l(s), 0<s<t

(4.2.5)
[E-X(I)]'X(t+T)X '(s), t<s<T,

where E is a unit matrix.
There is also the following variant of formula (4.2.4) for periodic solution of
system (4.2.1):
t+T

x(t) = /GL(t,s)f(s)ds, (4.2.6)

where G, (t,s) is a matrix to be called a Lyapunov matrix. The formula for it will
be given below.

Construction of matrices G(t, s), G (t,s) in analytic form (approximated, of
course) can be performed by means of matrices L(t), W of the Lyapunov transform
for the homogeneous system (4.2.3). Indeed, let a transform

x = L(t)y (4.2.7)
be found, reducing (4.2.3) to the system

dy

— =W 4.2.8

o y (4.2.8)

with a constant matrix W. Then the same transformation applied to the hetero-
geneous system (4.2.1) reduces this system to the form

YWyt L7 () (4.2.9)

For a periodic solution of this heterogeneous system with constant matrix, we
obtain the following formulae in the noncritical case:

T
y(t) = /Go(t,s)Lfl(s)f(s) ds (4.2.10)
0
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or
t+T

y(t) = / GO (1 5) L= () /(s) s, (4.2.11)

where G%(t,s) is a Green matrix equal to

[B— Wi 1eW(t=s), 0<s<t,
Gt,s) = (4.2.12)
[E _ eWt]fleWteW(tfs)’ t S s S T,
and where GY (t,s) is a Lyapunov matrix equal to
GY(t,s)=[E—eVT] 7 e"TeW=9)  g<t—s<T. (4.2.13)

Reverting to the periodic solution z(t) of system (4.2.1), we obtain in accor-
dance with (4.2.7)

T
/L GO (t, s) L™ (s) f(s) ds (4.2.14)
or rr
x(t) = / L(t)GY.(t,8) L (s)f(s) ds. (4.2.15)

t

Comparing the last formulae with (4.2.3) and (4.2.5), we obtain the following
expressions for matrices G(t, s) and G, (¢, s)

G(t,s) = L(t)G(t,s) L *(s), (4.2.16)
Gr(t,s) = L(t)GY (t,s) L' (s). (4.2.17)

4.2.2 Example Consider system (4.1.20). We obtained above expressions
(4.1.21) and (4.1.22) for the matrices W, L(t) of this system, which allows us
to construct the matrices W and exp(W't).

The eigenvalues of matrix W are as follows:

A, do =ctip, c¢=—0250003, u=0.968915,
so that the normalized fundamental matrix of this system exp(Wt) is
c . 1 .
cos ut — — sin ut — sin ut
w I

eVt = et 2 . (4.2.18)
<—— - ,u> sin ut  cos ut + — sin ut
© M

or
eVt = et (E cos ut + M sin pt) ,
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where FE is a unit matrix of order 2 x 2, and

0.258024  1.032082
- . (4.2.19)

—1.033422 —-0.258024

A
1

The period of the sought solution is T = 27 /u = 6.484 764, so that
eWt = BeT = 0.197659E, (E—e"') "1 =(1—-eT)"'E =1.246350F,
(B — eV 1eWT = T (1 — eT) "1 E = 0.307 042E

=
Tl T~

o 1.246353et=9)F(t —s), 0<s<t,

GO(t,s) = (4.2.20)
0.246 353e<""9)F(t —5), t<s<T,

GY (t,5) = 0.246353e°"IF(t —s), 0<t<s<t+T, (4.2.21)

where

F(t—s)=Ecospu(t —s)+ Msinpu(t — s).
Matrices G(t, s), Gr(t,s) will be expressed in accordance with (4.2.16) and (4.2.17)
by the formulae

1.246 350e(t=3)®(t,s), 0<s < t,
G(t,s) = (4.2.22)
0.246 353e“t=9)d(t,s), t<s<T,
Gr(t,s) = 0.246353¢1=9)d(t,s), 0<t<s<t+T, (4.2.23)

where
®(t,s) = L(t)F(t—s)L™"'(s) = Ecospu(t —s) 4+ L(t)ML™"(s) sin pu(t — 5). (4.2.24)

Multiplication of matrices L(t), F(t — s), L™!(s) is simple in principle, but
quite an intricate operation. It is advisable to implement it on a computer, using
appropriate software for multiplication of Fourier polynomials with matrix coeffi-
cients. For the construction of L~!(s) an iteration method of Newton’s type can
be used. Assume L~ '(t) = Z. Then Z satisfies the matrix equation

F(Z)y=Z'-L(t) =0. (4.2.25)
Let a zero approximation Z = Z; be chosen. The next approximation Z; is
found from the following correlation for AZ = Z; — Zg:
(Zo+AZ)™' — L(t) =0,

where the terms of order higher than one with respect to AZ are truncated. We
obtain
AZ = Zo(Zy ' = L(t)) Zo,
hence
71 =272y — ZoL(t) Zy. (4.2.26)

By a similar formula the successive approximations are found.

Copyright © 2004 CRC Press LLC



4. NUMERICAL-ANALYTIC METHODS 195

4.2.3 Critical cases In critical cases periodic solutions of heterogeneous sys-
tems of the form (4.2.1) are also expressed by formulae (4.2.3), (4.2.6), but the
matrices G(t,s), Gr(t,s) have a more complicated structure. These matrices are
called generalized Green (or Lyapunov) matrices.

By means of formulae (4.2.16), (4.2.17) these matrices can be constructed after
their construction for system (4.2.8) with the constant matrix .

For instance, let a second-order system of the form (4.2.1) with 27-periodic
P(t) and f(t) be considered, and let it turn out after construction of Lyapunov
transformation matrices W, L(t) that the eigenvalues of matrix W are equal to %i.
Then it is always possible to find the transform

z=0Qy (4.2.27)

with a constant nonsingular matrix ) that reduces the second-order system (4.2.9)

to the system

% =Wiz+ (p(t)’ (4228)

where (t) = QL™'(¢)f(t), and the matrix W; has the form

0 -1

1 0)°
The conditions for the existence of periodic solutions of system (4.2.28) are well
known (see Grebenikov and Ryabov [1]):

27
p1(t) costdt = — / a2 (t) sint dt,
0

27 27
/ p1(t)sintdt = / pa(t) costdt,
0 0

where 1 (t), p2(t) are components of the vector ¢(t). The periodic solution of
system (4.2.28) is expressed by the formula

2(t) = / GO(t, $)p(s) ds,

where G(t,s) is a generalized Green matrix for this system, equal to

cos(t —s) —sin(t —s)
G(t,s) = g(t,s) , (4.2.29)
sin(t —s)  cos(t — s)
and

s

—, 0<s<t,

2n

9(t,5) =9 g
(%—1), t<s<om

Copyright © 2004 CRC Press LLC



196 METHODS OF NONLINEAR RESONANCE DYNAMICS

Periodic solution of the initial system (4.2.1) will be expressed by the formula

2(t) = L(t) / GOt 5)QL=" () f(s) ds, (4.2.30)

so the generalized Green matrix for the initial system is equal to

G(t,8) = L()GO(t, s)QL~1(s). (4.2.31)

4.3 Direct Numerical-Analytic Method of Construction of Periodic
Solutions

This method is described in the book of Grebenikov and Ryabov [1] basically as
applied to quasi-linear equations with a constant matrix of the linear part. That
book contains a number of examples. In the case of the construction of periodic
solutions by means of iterations with accelerated convergence one has to deal with
heterogeneous linear equations with a periodic matrix. In this section we will
consider in detail the algorithm of the construction of periodic solutions of such

equations.
Let a system of the form (4.2.1) be given, i.e. the system
d
d—f = P(t)z + f(1), (4.3.1)

where P(t) is a 2m-periodic matrix, and f(t) a 2m-periodic vector. Consider the
noncritical case. This fact can be established upon construction of Lyapunov trans-
formation matrices L(t), W and calculation of the eigenvalues of matrix W. Let
P(t) and f(t) be presented by Fourier series where we will be restricted to harmo-
nics of order Ny, that is

No
1 .
P(t) = 5,40 + kz_; Ay, cos kt + By sin kt, (4.3.2)
1 o
f(t) = 5Go+ > Gy coskt+ Hysinkt, (4.3.3)
k=1

where Ag, Ay, By are constant matrices, and Gg, G}, H}, constant vectors.
We will look for a 27-periodic solution z(t) in the form of a trigonometric
polynomial of sufficiently high order N (N > Ny):
1 u ,
z(t) = §M0 + Z My, cos kt + Ly, sin kt, (4.3.4)
k=1
where My, My, L are constant vectors. Substituting (4.3.4) into (4.3.1) and
equating the coefficients at equal harmonics, neglecting harmonics of order higher
than N, we will come to a system of algebraic equations with respect to My,
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My, L. We would like to propose quite a simple algorithm of the construction of
this system.

First of all, consider the algorithm for multiplication of two Fourier polynomials
for scalar functions p(t), ¢(t):

N
1 .
p(t) = an + ,;_1 ay, cos kt + by, sin kt,
_N (4.3.5)
(t) = lm —|—Zm cos kt + I, sin kt
@(t) = 5 Mo 2 k k .

In the product s(t) = p(t)¢(t) we will neglect harmonics of order higher than N,
so assume that
1 N
s(t) = 590 + ,; gk, cos kt + hy sin kt. (4.3.6)
Consider the algorithm simplest in structure, expressing p(t), ¢(t), s(t) by
Fourier polynomials in complex form:

N N N
pt)= > pe™, oty = > et s(t)= >0 spett, (4.3.7)
k=—N k=—N k=—N
where
P 1 a r 1 m s 1 g
0 — 5 %o, 0 — 7 Mo, 0 — 790,
2 2 2 (4.3.8)

1 , 1 . 1 .
Py = 5(% Fibg), K= §(mk Fil), sk = 5(916 F ih),

minus corresponds to k£ > 0, and plus to k& < 0.
Then introduce the vectors

p=col(p_n,...,pNn), F=col(r_n,...,Tn), S=col(s_n,...,sn). (4.3.9)
The vector § can be expressed as the product
5= Pr, (4.3.10)

where P is a matrix of sufficiently simple structure. Write this matrix in the case

of N =2 (that this is enough for the structure of this matrix for arbitrary N will

become clear):

po p-1 p=2 O 0

P opo p-1 p—2 0

P2 P Po P-1 P-2 |- (4.3.11)
D-1

P=
0 p P po -
0 0 p m po
Consequently, the components of the vector col(s_s,...,s2) are expressed
through elements of the matrix P and the components of the vector col (r_o,... ,72)
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as follows:
S_9 =por—2 +Pp-_1T—1 + p—aTo,

(4.3.12)
S_1 =pir—2 + por—1 + p_17ro + p—or1 etc.

Since py, and p_g, and 7 and r_j, are conjugate complex, s and s_j are the same.
Upon finding sg, sk, s—j obtain in accordance with (4.3.8) the real coefficients go,
gk, hi of the product p(¢)p(t) by the formulae

go = 280, gk = 2Re Sk, hk = —-2Im S_k- (4313)

The complex conjugation of s and s_j can be used to check the calculations.
This algorithm of the computation of the product of Fourier polynomials is
quite convenient, if the computer program provides for operations with complex
numbers. If one is restricted to operations with real numbers, another algorithm
can be proposed.
Assume that

p=p +ip!, r=r"+i", s=4¢+is", (4.3.14)

where p',p”, ... ,s" are real, expressed through the coefficients of the Fourier poly-
nomials (4.3.5), (4.3.6). In accordance with (4.3.8) for N =2 we obtain

apg a1 a2 0 0
a; ag ai; as 0
ap ag aip a (4315)

2PI: a
0 as a; ag ap
0

0 as ai; Qo

0 b b 0 0
by 0 b by O

2P =| —by by 0 b by (4.3.16)
0 —by —by 0 b
0 0 —by —b 0

and
r' = col (ma, m1, mg,my,ms), 7' =col(la,ly,0,—11,—15),
s' = col (gQa 91, 9o, glagQ)’ 5" = col (h’Qa hla 07 _h17 _h2)
Formula (4.3.10) will be rewritten as
s +is" = (P +iP")(r' +ir"),
so that
s'=Pr'—P"" s =P'r"+ Pr" (4.3.17)
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and, e.g., for N =2 (we will write the formulae in complete form)
(1)) ai as 0 0 meo
ai o Qa1 as 0 miq
2col (92,91, 90,91, 92) = a2 a1 aop a1 a mo
0 as Qi apg ay miq
0 0 as a1 Qo meo
(4.3.18)
0 b1 b 0 0 Iy
—b1 0 b1 b2 0 ll
—| =by —b1 0O b by 0 |,
0 —by —b 0 b lh
0 0 —=by —bi by Iy
0 b1 bg 0 0 meo
—b1 0 b1 b2 0 may
2 col (hg,hl,o, —hl, —hg) = —b2 —b1 0 b1 bg mo
0 —bg —bl 0 b1 may
g a1 a2 0 0
ay ag ai; a3 0 ll
+ as a1 ag aip as 0
0 a a1 a o lh
0 0 as ai; Qo lz

The structure of the formulae for arbitrary NN is obvious.

The symmetry of the components of the vectors s’ and s” can serve to check
the calculations.

Using the derived formulae for multiplication of Fourier scalar polynomials, we
can write in concrete form the algebraic system for the coefficients Mgy, My, Ly, of
the periodic solution z(t) expressed in accordance with (4.3.4).

Represent the matrix P(t) and the vectors f(t), z(¢) by complex Fourier poly-
nomials

N N N
Pit)y= Y Pe™  ft)= Y See™, x(t)= > Rpe™,  (4.3.20)
k=—N k=—N k=—N

where Py are matrices, and Sy, Ry, are vectors expressed in terms of the coefficients
Ay, By, Gy, Hy, My, Lj of the real Fourier polynomials (4.3.2)—(4.3.4) by a
relation analogous to (4.3.8).

Now introduce the vectors
w = col (R,N,... ,RN), . ,SN), (4321)

where the components Ry, Sy are vectors. The system of algebraic equations with
respect to vector w will be written in the vector-matrix form as

v=-col(S_n,..

Unw = —v, (4.3.22)
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where Uy, is obtained from P in (4.3.10), substituting the scalar constants pj, from
Py, and substracting diagonally +ik, k= N, N — 1,.... For example, for N =2

Py+2%E P, P, 0 0
P Py+iE P, P, 0
Uy = P, P Py Py P, . (4.3.23)
0 P P, Py —iE P
0 0 P, P, Py —2E

If instead of system (4.3.1) a first-order scalar equation of the same form is
considered, then equations (4.3.22) are the usual system of algebraic linear equa-
tions with respect to 2N +1 scalar unknown R_y,... , Ry with a constant matrix
with complex scalar elements. Then the direct construction of the inverse matrix
Uy does not cause difficulties (in the mode of operations with complex numbers).

We obtain
w = Uy'v. (4.3.24)
Checking the calculation involves checking the complex conjugation of Ry
and R_k.

But if (4.3.1) is a system of a certain order, then the elements P} of matrix Uy,
are matrices, so that Uy is a block matrix. The structure of an inverse matrix for
a block matrix is complicated. For instance (see Bellman [1]),

A1 Bl ! _ (A1 — BlBglAz)il (A2 — BgBl_lAl)il (4 3 25)
AQ BQ - (Bl — AlAngg)il (BQ — A2A1—1‘Bl)71 ’ o
where A4,..., By are (nondegenerate) matrices of the same order. Therefore it is

advisable to write out completely the rows and columns of matrices P, and com-
ponents of vectors v, w, and to replace (4.3.22) by a system of algebraic equations
with respect to all scalar components of vectors R_n,... ,Rn-

For example, let (4.3.1) be a second-order system. Then all the P, are 2 x 2
matrices, and R_n, Ry are two-dimensional vectors:

(11 (12) (1) (1)
by, by, Ty Sk
P, = , Rp= , Sy = . (4.3.26)
i s ) () ()

Then system (4.3.22) can be written as a system with respect to 2(2N + 1)
unknowns r(()l), r(()Q), r,(cl), r,(f), k=1,2,...,N.
Introducing the vectors

7 = col (s(_lj)v, s(_zj)v, e ,35\1,),35\2,)), (4.3.27)
w = col (r(_lj)v, r(_2])\,, ... ,rg\l,),rﬁ)), (4.3.28)

rewrite system (4.3.22) in the form

Uyt = —10, (4.3.29)
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where the matrix Uy is obtained from Uj upon replacement of P, by the corre-
sponding matrices. For example, for N = 2 we obtain

RPN (8 P00
ey (22) PPV
U, = pﬁl” p§12) P i P (4.3.30)
P2y (22 O

Thus we obtain an ordinary system of algebraic linear equations with respect to
4N + 2 unknowns r(f])\,, r(f])\,, ceey (1), rf,) with a complex matrix Uy. Having
constructed an inverse matrix by standard methods, we find the vector w with the
sought components. The requirement for complex conjugation of the components
rfcl) a ) , as well as r,(f) and r(_Qll serves to check the calculations.

If one IS restrlcted to an operation with real matrices, the following algorithm
can be used. Separate the real and imaginary parts in the matrix Uy and the

vector ¥ = col (r (J)V, . 53))

and r*

Un=C+iD, ©v=1v +i",

where, owing to the connection between the coefficients of complex and real Fourier
polynomials for f(¢),

1
' = Ecol(agp,aggx G, 6D 6V, 6,
" = %col(H](;), gy, ..., 5V, 5?, ..., -HY, -HY).

Representing the inverse matrix UE{” in the same form U;l) = (1 +1iDq, for
the real matrices C'1, D1 we obtain the following expressions:

C,=(C+DC™'D)"', Di=—(D+CD'C)". (4.3.31)
Thus we obtain for the vector u‘;(r(l) r(21)\,, e ,rg\l,),rﬁ)) the formula

—(01 + Z.Dl)f) = —Cl’l)/ + D11)” — i(Cﬂ)” + Dlv’). (4332)
The requirement for complex conjugation of r(J) and r(J) 7 =12 k =
1,...,N, can serve to check the calculations.
Having determined the vectors Ry = col (ril), r£2)), k=0,£1,... ,+N, we
can find the real coefficients My, My, Ly, of the sought polynomials for z(¢) by the
formulae

My =2Rg, My =2Re(Ry), Li=—2TIm/(Ry). (4.3.33)
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4.4 Construction of Periodic Solutions in Hill’s Problem of Lunar
Motion

Hill [1] considered the equations

A’z dy x
—2m — = 2
dgz ~ Mg T XGE =IO il
d?y dx Yy (44.1)
2m
az Ty txs =0

of the plane bounded circular three-body problem of the Earth, Moon and Sun,
where x,y are the rectangular coordinates of the Moon in the rotating coordinate
system with the center in the Earth, r = y/2? 4+ y2. In the right-hand members
of these equations, in comparison with the exact equations for such a problem,
the terms of order z/a’, y/a' and higher are discarded (a’ is the distance from the
Earth to the Sun). The parameter m is equal to

nl

= — 4.4.2

m n—n' ’ ( )
where n' is the average day angular motion of the Earth around the Sun, and n is
the same motion of the Moon around the Earth. Hill assumed m = 0.0808 489 3679.

The parameter x in (4.4.1) is expressed by the formula
mr +mry,

=f——v h—n)2’
where mr, my, are the masses of the Earth and the Moon respectively, and f is
the gravitational constant. The variable 6 is connected with time ¢ by the formula
0 =(n—n')(t—tg), where to is the initial time.

Hill constructed the periodic solution of these equations in the form of trigono-
metric series

(4.4.3)

(o] oo
0) = Agppicos(k+1)0,  y() = Ab., sin(2k + 1)6), (4.4.4)
k=0 k=0
where the constant coefficients are represented by literal power series with respect
to m. Hill found those series without clearing up the question of their convergence.
The first estimate of the radius of convergence of these series was obtained by
Lyapunov [2].

We will consider the methods of numerical-analytic construction of the periodic
solution of equations (4.4.1) by meauns of iteration, and the implementation of these
methods for numerical values of m (see Grebenikov and Ryabov [1]). As the initial
equations we assume those obtained by Lyapunov from the given equations upon
the following change of variables:

r+iy=a(l—p)e?, z—iy=a(l—qe ? (i=+v-1), (4.4.5)
where

= (%)1/3, l:1+2m+gm2.

Copyright © 2004 CRC Press LLC



4. NUMERICAL-ANALYTIC METHODS 203

Equations with respect to variables p, ¢ are written in the form:

d2p .dp 3 3 —2i
d? .dg 3 3 i h
dag _ 2(1 + m)z d_g — 5l(p-|_ q) = 5)\(]) — 1)62 0 + lR(pa Q)a
where
1 3
_ _ —1/2 _N\-3/2 _1__0_°%
Ri(p,q) =(1-p) /(1 -q) l=3r-39 (4.4.7)

Ra(p,q) = Ri(q,p), X=m’.

This is close to the resonance case, because for A = 0 the homogeneous equa-
tions (obtained from (4.4.6) with m =0, Ay =0, R; =0, Ry = 0) have a 27-
periodic solution (the corresponding characteristic equation has a couple of imagi-
nary roots +i and a multiple zero root). However the structure of the right-hand
members of equations (4.4.6) is such that no supplementary existence conditions
for periodic solutions are required, which in resonance cases are usually imposed
on the right-hand members of the initial equations.

Write equation (4.4.6) in the following form:

Ds(p.q) = fs(p.q,0,)), s=1,2, (4.4.8)

where Dy(p,q) are differentiation operators, and fs(p,q, 8, \) are functions corre-
sponding to the right-hand members of equations (4.4.6).
We will calculate the periodic solution of those equations by means of successive

approximations p;(6), ¢;(6), j =1,2,..., assuming that the functions p;(9), ¢;(6)
satisfy the equations
Ds(pja(JJ) = fs(pjflaqulagak)a s = 1a27 (449)

and pg = qo =0.
Consider the auxiliary equations

Ds(p,q) = ps(8), s=1,2, (4.4.10)
where the functions 1 (8), ¢=2(0) are represented by Fourier polynomials in complex
form, and

N
w1(0) = Ag + Z (Ape®™ 0 + A_ke™2H0) 0y (8) = 1 (—9), (4.4.11)
k=1

where Ag, A, A_j are the real coefficients, and N is a sufficiently large integer.
With such functions ¢1(6), ¢2(6), equations (4.4.10) have a periodic solution of
the following form:

N
p(6) = Mo + E (M + M_e™2*0) | q(0) = p(-0), (4.4.12)
k=1
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where the coefficients My, My, M_j, are real. These coefficients are expressed by
the formulae

A
My = —3—;, My = apAp + 0 Ay, M_p = 6pAr + 'YkA—ka (4-4'13)
where
1 N 3 3
1 2 3 2| 47.2 L,
V= —— |—4k* =41+ m)k — =1|, Ap =4k*|4k* — 1 —-2m + —m*=|.
Ay 2 2
The equations for the first approximation p;, g; are as follows:
3 —2; 3 i
Di(p1, 1) = —5)\6 2 9, Dy(p1,q1) = _5/\62 0. (4.4.14)
Since their right-hand members have the form (4.4.11), they have the periodic
solution
p1(0) = Ml(l)emg + M(711)67219, ¢1(8) = p1(=9), (4.4.15)
where
MO = 92+ 4m + 3m*)m? MY = 3(38 + 28m + 9m?)m?

16(6 — 4m +m?) ’ 16(6 — 4m + m?)
If we substitute the obtained expressions for p; (), ¢;(8) into the right-hand mem-
bers of the equations with respect to ps, g2, we find that the functions

fs(p1(6),q:1(8),6,)), s=1,2 (4.4.16)

may be represented by Fourier polynomials of the form (4.4.11), if we neglect the
harmonics of order higher than a certain N. Consequently, we can find a periodic
solution of the form

N
p2(0) = MP + 3" (M,EQ)eQ““H + Mgze—”’”) , @(0) = pa(—0),  (4.4.17)
k=1
where the coefficients Még), M,52), Mgg are expressed in conformity with (4.4.13).
For the direct construction of solution (4.4.17) it is necessary to express the
function Rq(p1(0),q:1(0)), and at the same time the function fi(p1,q1,6,)) in the
first of the equations with respect to p2(6), g2(8) by a Fourier polynomial. Here
we can use the following formula:

3 3 1
where 13, 1:3-5 . 1:3-5-7
13, 135, 1357,
A=ganty el Tagest
3.5, 3.5, 3.5:7-9,
B=sauts 01530t
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Having performed the operations of multiplication, exponentiation of Fourier
polynomials for p;(6), ¢1(0), and the subsequent summation, we can construct for
R1(p1(0),q:1(9)) a Fourier polynomial of any order N.

When p2(0), g2(0) are found, the approximations p3(), g3(6), etc. are con-
structed analogously.

Calculations were done on a computer for different values of m (0.2, 0.35, 0.43,
0.45). In the computational program N = 24 was assumed, but in the output of
the final results only the Fourier coefficients larger than 1079 in absolute value were
retained.

The maximum possible number of iterations was assumed to be j = 150. If all
Fourier coefficients in two neighboring approximations at a certain step j < 100
coincided with an accuracy of 1079, it was assumed that there was practical con-
vergence of the iteration process; the Fourier coefficients in the last approximation
pr(0), qr(6) were printed out.

Table 4.4.1

m 0.2 0.35 0.43

n 5 13 86

My —0.000712 | —0.003 584 | —0.004 192
M, —0.012495 | —0.052377 | —0.087 296
M_4 0.062919 0.234994 | —0.384072
Moy —0.000358 | —0.005661 | —0.015 325
M_5 | —0.000023 | —0.000610 | —0.002 130
M3 —0.000013 | —0.000 782 | —0.003 380
M_3 | —0.000001 | —0.000077 | —0.000 369
My —0.000001 | —0.000122 | —0.000841
M 4 —0.000009 | —0.000067
M —0.000020 | —0.000 226
M 5 —0.000001 | —0.000014
Mg —0.000004 | —0.000062
M ¢ 0 —0.000003
My —0.000001 | —0.000016
M_, —0.000001
Mg —0.000 005
M_g 0

My —0.000003
M_g 0

My —0.000001
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Practical convergence of the proposed iterations was found for m < 0.43.
For m = 0.45 the process explicitly diverges. The results of the calculations
(coefficients Mgy, My, M_j, for these values of m) are given in Table 4.4.1. In this
table you will also find the number of iterations n required with the given m for
the coincidence of the neighboring approximation with an accuracy of 107,

Note that the value m = 0.43 substantially exceeds the previously obtained
(see Grebenikov and Ryabov [1]) theoretical estimates of the domain of series
convergence and iterations used for the construction of the Hill’s periodic solutions.

4.5 Numerical-Analytic Construction of Mathieu Functions

Mathieu functions, as one knows (see Hayashi [1]), are periodic solutions of the
differential equation

A’z

pre) + (a+gcos2t)z =0, (4.5.1)
where a and ¢ are constants. This equation is called the Mathieu equation. If
the constant ¢ taken as a parameter is fixed, then periodic solutions of Mathieu
equations exist with certain values of the constant a which depend on ¢ and are
called the eigenvalues of this equation or of the corresponding Mathieu functions.

These values form the two sequences:
acn, n=0,1,2,... and az, n=12,...

The so-called n-th order Mathieu cosine functions, denoted by ce,(t), correspond
to the values a.,, and inverting into cosnt as ¢ — 0. Mathieu n-th order sine
functions, denoted by se,(t), correspond to values as,, and inverting into sinnt as
t— 0.

Grebenikov and Ryabov [1] and Ryabov [1] considered some variations of itera-
tion algorithms for the construction of Mathieu functions in the form of trigonomet-
ric series (practically polynomials). The convergence of those algorithms is proved
for the parameter ¢ not exceeding certain limits (different for one or another Math-
ieu function); and estimations of some of those limits were obtained. Grebenikov
and Ryabov [1] give examples of computer implementation of such algorithms in
the case of functions ce; (t), sej(t). In this section a common algorithm is consi-
dered for the construction of Mathieu functions of any order n, and the respective
Quick-Basic implementation of this algorithm is described.

4.5.1 Algorithm construction The n-th order sine and cosine Mathieu func-
tions ce,(t), se,(t) will be calculated as the periodic solutions of the equation
d*z

=t (n® + qgh + qcos2t)z = 0, (4.5.2)
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where ¢ is a specified numerical parameter (> 0), h is a constant found together
with the Mathieu functions and determining the eigenvalues A = n? + gh of those
functions.

Note that with negative values of the parameter ¢ we do not obtain new Math-
ieu functions, because (see, e.g., Witteker and Watson [1])

Y

Ce?n(ta _Q) = (_1)n862n <§ - ta Q> )
™

SeQn(t; _q) = (_1)n362n (5 - ta q)a

™
CE2n41 (t; _q) = (_1)n362n+1 (5 - ta q> )

T
seont1(t,—q) = (—1)"ceant1 <§ —t, q) .

For the construction of se,(t), n =1,2,3,..., assume
z=sinnt+z (4.5.3)
Lo K0
x = ZEL sin (n — 2L)t + Z Fg sin (n + 2K)t, (4.5.4)
L=1 K=1

where Ep,, Fk are unknown coefficients, K0 is a sufficiently large number (we
assumed K0 =30), LO= (n —1)/2 for odd n and LO =n/2 —1 for even n.

For the construction of ce,(t), n =0,1,2,..., assume
z = cosnt + z, (4.5.5)
Lo K0
T = Z Ey, cos(n — 2L)t + Z Fg cos(n + 2K)t, (4.5.6)
L=1 K=1

where L0 = (n—1)/2 for odd n, L0 =n/2 for even n, and for even n E,, /> should
be replaced by E, /2.
For z in cases (4.5.3), (4.5.5) we correspondingly have the equations

# +n’z = —q[hsinnt + cos 2t - sinnt + (h + cos 2t)x], (4.5.7)

# +n’z = —q[hcosnt + cos2t - cosnt + (h + cos 2t)x]. (4.5.8)
Substituting (4.5.4), (4.5.6) into these equations and equating the left-hand and
right-hand expressions at the cosines and sines of the respective arguments, we
obtain algebraic recurrences for F, Er,, h. They are as follows.

For the coefficients Fg, K > 1, of all the functions ce,(t), se,(t) we have the
relation

FK:GK(FK_1+2hFK+FK+1), (4.5.9)

where Gg = q¢/(8K(n+ K)), Fo =1 for n >0 and Fy =2 for n =0.
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If we denote My, = —q/(8L(n — L)), L =1,2,3,..., then for the coefficients
E,, B, of the functions ceq(t), cen(t), sen(t), N > 5, we have the relation

By = My,(1+ 2hE; + E,). (4.5.10)
In the case of functions ces(t) and sex(t) we have
By =2M;(1+hE;) and E; =0 (4.5.11)
respectively. For N = 3 we have
Ey = M;(1+2hE, + Ey), (4.5.12)

where the plus corresponds to the function ces(t), and the minus to the function
ses3(t). In the case of function ses we have the relation

Ey, = M1(1+ 2hEy). (4.5.13)
The constant A is connected with c¢ the oefficients F}, E; by the relations
1
h+ §F1 =0 (for ceo(t), sea(t)), (4.5.14)
1 1
h+ 5+ §F1 =0 (+ for cei(t), — for sei(t)), (4.5.15)

1
h+ §(F1 +E) =0 (for cex(t) and all cen(t), se,(t), n > 2).
(4.5.16)

For the coefficients Er, 2 <L <n/2 (n —even), 2< L < (n—1)/2 (n — odd)
of functions ce,(t), se,(t) we have the relation

Ep, = My (Ej—_y + 2hEp, + Ef41). (4.5.17)
With even n and L = n/2 in the case of ce,(t), se,(t) we have
Ep =2M(Ep_1 +hEr) and Ep =0 (4.5.18)
respectively. With odd n and L = (n —1)/2 we have
Ep = My(Ep_1 + 2hEp + Ey), (4.5.19)

where plus corresponds to the function ce,(t), and minus to the function se,(t).
These are the initial relations constituting the basis for the iteration algorithm
for the calculation of the value of h and all coefficients F, Ej,.
For this, one can use the method of simple iterations. Then, for example, in
the case of ces(t)

Fl =Gy, E!=2M,, h =—(F +E)/2,
FL =GgFL |, K>2, (4.5.20)
F2=Gi(1+2mF} + F}), E?=2M(1+ hED),

etc.
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If ¢ remains a literal parameter, then simple iterations allow us to obtain ap-
proximations FI]'{, Ei, hj, 7 =1,2,3... in analytic form as polynomials of powers
of g. However the implementation of these iterations with different numerical values
of ¢ has shown that the domain of convergence of such iterations is comparatively
small. For example, in the case of ceq(t) the upper bound of convergence is ap-
proximately equal to 4.7 — 4.8.

Here we build another algorithm (of an irrational type) which is implemented
with numeric values of ¢ and has a sufficiently large convergence domain.

4.5.2 Computational layout 1. Calculation at the first step (step counter
IR = 1) of the first approximation Fl(l), E£1), r(Y) for Fy, Ey, h by means of
formulae (4.5.10) - (4.5.16) provided that F» = Ey =0 (subprogram T1).

2. Calculation at the same step of the first approximation Fl((l), Eg), K > 2,
L > 2, by formulae (4.5.9), (4.5.17) — (4.5.19), where Fx11 = Ery; =0 is assumed
(subprogram T2).

3. Calculation at the second step (IR = 2) of the second approximation
F®. EP and h® by formulae (4.5.10)~ (4.5.16), where F, = F\", E, = E{"
(subprogram T1).

4. Calculation at the same step of the second approximation FI((Q), Ef), K >2,
L > 2, by formulae (4.5.9), (4.5.17) ~ (4.5.19), where Fx11 = Fy),, Er41 = EY,
(subprogram T3).

5. Calculation at the third step (IR = 3) of the third approximation Fl(s),
E£3), and h®) by means of formulae (4.5.10) - (4.5.16), where F, = F2(2), E, = EéQ)
(subprogram T1), etc.

Subprogram T1 for the calculation of Fy, Fy, h consists of two parts. The first
part provides for the calculation of Fl(l), (Y for ceo(t), cey(t), sey(t), sea(t) (then
E;, = 0). For example, in the case of ce;(t) at the first step according to (4.5.9),
(4.5.16) we obtain

11 1
B=0, F"=(V/1+1G>-1) )2, W =-2-SRY, G=1q

(4.5.21)

Upon calculation of FI((1 ), K <2, by subprogram T2 we obtain at the second step
2 _ 1 (1) 5 __1 1.0

F! _§<\/1+4G2(1+F2 )—1), h<>_—§—51«“1 , (4.5.22)

etc. In the cases ceg(t), sei(t), sea(t) the algorithms are similar.
In the cases cea(t), cen(t), sen(t), n < 3, the relations for Fy, Ey, h are more
complicated. They can be written in the following general form:

E, +F, = —2h, (4.5.23)
Ei[1+¢—q(E+ F)]=—q(l+R), (4.5.24)
Fi[1+g(Er+ F1)] = ¢2(1 + 5), (4.5.25)

Copyright © 2004 CRC Press LLC



210 METHODS OF NONLINEAR RESONANCE DYNAMICS

where
¢1=q/(8N —8), q2=q8N+38), S=F,
g3 =0 for N=2 andall N > 3,
g3 =q for ces(t) and g3 = —¢q for ses(t),
qs = 2q; for N =2 and ¢4 = ¢; in the other cases,
R =0 for ces(t), ces(t), ses(t) and R = Eo in the other cases.

Calculation of Fy, Fy, h provided that R, S are known is achieved by the se-
cond part of subprogram T1, namely by subprogram T11 included into T1. At the
first step (IR = 1) assume R =S = 0 and consider relations (4.5.23) - (4.5.25) as a
system of algebraic equations with the two unknowns FE;, F;. With comparatively
small values of ¢ (for ¢ < 2N) for the calculation of the roots of these equations
use the Newton iteration algorithm, assuming the initial approximations

E?:_Q4a F102612

The maximum allowed number of Newton iterations is assumed to be J1 = 150.
This process stops if the neighboring approximations for Fy, F; coincide with an
accuracy of a = 107'0; the obtained values are assumed as the first approximation
FY, EW and
h = —(FV + E) /2

is calculated.

If after 150 iterations the coincidence of the neighboring approximations for
Fy, E; is not achieved, then the calculation stops, and a message about the diver-
gence of the process in subprogram T11 appears. With ¢ values exceeding 2N the
initial values FY, EY for the Newton approximation are chosen with much more ac-
curacy (otherwise those approximations either converge to an extraneous solution,
or diverge). With this purpose, reduce relations (4.5.23) - (4.5.25), assuming that
R, S are known, to the cubic equation with respect to h:

Coh3 + C1h2 4+ coh+c3 =0, (4526)

where the coefficients ¢q, ..., c3 are expressed through ¢qq1,...,q4, R, S :
Co = q142,
a =gl +a) —al/2,
¢y =[-1—¢qs — q2qu(1+ R) — q2(1 4+ 5)] /4,
cs =[@u(1+R) —g2(1+g3)(1+ 5)] /8.
For the sought values Fy, E; we have the formulae

1+ S 1+ R
F = M’ B = __u(l+R) (4.5.27)
1 — 2hgs 1+ g3+ 2hq
Analysis and respective calculations show that for all considered values of IV, ¢ this

equation has three real roots. It is necessary to calculate the root h = h%(q)
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which depends continuously on ¢ and becomes zero as ¢ — 0. To calculate it,
apply the Kardano—Gudde formulae, viz, first rearrange (4.5.26) by means of the
substitution h =y — ¢1/3¢o into the equation

y* = by + by =0, (4.5.28)
where by, bs are expressed through co, ..., cs:
by = ¢} /3¢k — cafco, by = —cie2/3ck + 263 /27¢ + 3/ co. (4.5.29)

At the first step assume R =S = 0. The root y° in this case is calculated by
the formula

y° = ,/%1(— cos D 4+ V/3sin D), (4.5.30)

where

D=D1/3, if by<0, and D =D, +m, if by >0,

Dy = arctg Dy, —7/2< Dy <m/2, Dg=—2+/Dgg/ba,

Do = b3 /27 — b3 /4.
Having found ¢ calculate h° = y° = —¢;/3co, and also FY, EY by formulae
(4.5.27) with R= S = 0.

Use the values F?, EY as an initial approximation for the calculation of the
roots of equations (4.5.24) —(4.5.25) by Newton’s method. The values F}, EY are
quite close to the exact roots Fl(l), E{l), therefore it takes quite a few iterations to
get the values of the latter with a specified accuracy 10719,

Assume the obtained Fl(l), E{l) as the first approximation of the coefficients
Fy, Ey (calculated at the first step IR = 1). Then calculate

) = —(FY + EM) /2

and FI((l), Eg), K >2, L > 2, in accordance with subprogram T2.

At the second step (IR = 2) the computational algorithm only differs by the
assumption R = Eél), S = F2(1) instead of R =S5 = 0.

With ¢ < 2N the approximation Fl(Q), Efg) is calculated by Newton’s method
from equations (4.5.24) - (4.5.25) with the initial approximation F? = F{") EO =
Efl), and with ¢ > 2N this initial approximation is calculated by means of the
cubic equation (4.5.26), etc.

This is the layout of the calculation of the approximations FI((] ), E(Lj), R, § =
1,2,... (The computational algorithm is given in full in the Quick-Basic program
described below.)

The maximum quantity KO of the calculated coefficients Fk is fixed, and,
as mentioned above, K0 = 50 is assumed. In addition, put a boundary on the
absolute value of these coefficients and of the coefficients E,:

|Fx|>a=10"1 |Er|>a=10"1°.
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Calculations show that these coefficients decrease in absolute value with an increase
of their indices. Therefore only those first coefficients F, Ej that satisfy these
estimations are calculated. The number of such coefficients obtained during com-
putations are denoted by K1, L1 respectively. The neighboring approximations for
these coefficients and also for h are compared, and if they coincide with an accuracy
of € =107%, we consider that with the given N, ¢ there is (practical) convergence
of the iteration processes, the calculation stops, and the last approximation for Fi,
Er, his displayed on the monitor and printed out as the sought result.

The maximum allowable number of iterations is assumed as Imax = 200. If
at step IR = 200 the required coincidence of neighboring approximations is not
achieved, the calculation stops, and a message about the divergence of the process
appears, as well as the results obtained at the last steps.

4.5.3 Quick-Basic program

PRINT "Construction of Mathieu functions CE(t),SE(t) of order"
PRINT " N(<=100) for diff.eq. Z’’ + (N"2 + QH + Qcos2t) Z = Q"
PRINT " in form of polynomials"

PRINT "...+E(2)cos(N-4)t+E(1)cos(N-2)t+cosNt+F (1) cos (N+2)t+"
PRINT " F(2)cos(N+4)t+..."

PRINT "or"

PRINT "...+E(2)sin(N-4)t+E(1)sin(N-2) t+sinNt+F (1) sin(N+2)t+"

PRINT "F(2)sin(N+4)t+..."

PRINT "for given numerical value of parameter Q."

PRINT "Coefficients E(1),..., E(LO),F(1),...,F(K0) and"
PRINT " constant H are required quantities"

PRINT "Maximal number of coeff.E(L) equals LO,"

PRINT "maximal number of coeff.F(KO) is taken KO."
PRINT "The indicator ICS=1 corresponds to CE(t)"

PRINT "and indicator ICS=0 corresponds to SE(t)."
DEFDBL B-H, M, Q-S, X-Z

DIM F(2, 51), E(2, 51), G(50), H(2), M(50), U(50), V(50)
KO = 50: IMAX = 200: EPS = 1E-08: ALPH = 1E-10

100 :
INPUT ; "N="; N: INPUT ; " ICS="; ICS: INPUT " Q="; Q
IF N MOD 2 = O THEN
LO=N/2
ELSE
LO=(N-1) /2
END IF

FOR K = 2 TO KO
G(K) =Q/ (8 x K* (N +K))
NEXT K
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FOR L = 2 TO LO

M(L) = -Q / (8 x L
NEXT L
FOR J =1 TO 2
FOR I =1 TO 51
F(J, I) = 0: EQJ, I) =0
NEXT I
NEXT J
IR =1
R=0:8=0

GOSUB T1 ’Calculation of
F(1, 1) = Y: E(1, 1) = X:
GOSUB T2 ’Calculation of
NextIteration:

IR=1IR + 1

R=E(, 2): S=F{, 2)
GOSUB T1 ’Calculation of
F(2, 1) = Y: E(2, 1) = X:
GOSUB T3 ’Calculation of
WO = H(2) - H(1)

IF N + ICS > 2 THEN

* (N - L))

213

X,Y,Z for F(1,1),E(1,1), H(1)

H(1) = Z

F(1,K), E(1,L), K>1, L>1

X,Y,Z for F(2,1), E(2,1), H(2)

H(2) = Z

F(Q’K)’ E(Q’L)’ Kl’

* (1
THEN
+ 2 %
THEN
+ 2 %
THEN
+ 2 %
THEN
+ 2 %

+ H(2)

H(2)

H(2)

H(2)

H(2)

E(2,
E(2,
E(2,
E(2,

E(2,

L1

- Q2 x (1 + 2 H(2) * F(2, 1) + F(2, 2))

1)

1) + E(2, 1))
1) - E(2, 1))
1) + E(2, 2))

1))

Vi=E(2, 1) + Q1 * (1 + 2 x H(2) * E(2, 1) + E(2, 2))

Ul = F(2, 1)
END IF
IF N = 2 AND ICS = 1 THEN
Vi =E(2, 1) +2 % Q1
ELSEIF N = 3 AND ICS = 1
Vi=E(2, 1) +0Q1 x (1
ELSEIF N = 3 AND ICS = 0
Vi =E(2, 1) + Q1 x (1
ELSEIF N = 4 AND ICS = 1
Vi=E(2, 1) +0Q1 x (1
ELSEIF N = 4 AND ICS = 0
Vi =E(2, 1) + Q1 x (1
ELSEIF N - 4 > 0 THEN
END IF
FOR J = 1 TO K1
U(J) = F(2, J) - F(4,
NEXT J
FOR J =1 TO L1
V() = E(2, J) - EQ1,
NEXT J
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IF K1 < L1 THEN J1 = L1 ELSE J1 = K1
FOR J =1 TO J1
IF ABS(U(J)) > EPS OR ABS(V(J)) > EPS GOTO 200

NEXT J
IF ABS(WO) > EPS GOTO 200
IF ABS(U1) > EPS OR ABS(V1) > EPS GOTO 200
GOTO PrintRes
200 :
IF IR IMAX GOTO 300
FOR J =1 T0O J1

F(1, J) = F(2, J): E1, J) = E(2, J): H(1) = H(2)
NEXT J
GOTO NextIteration
300 :
PRINT "No convergence for Q="; Q; SPC(3); "N="; N
PRINT "ICS="; ICS
LPRINT "No convergence for Q="; Q; SPC(3); "N="; N
LPRINT "ICS="; ICS
PrintRes:
A=N"2+Q * H(2)
PRINT "N="; N; SPC(3); "ICS="; ICS; SPC(3); "Q="; Q
PRINT "IR="; IR; SPC(3); "Ki="; K1; SPC(3); "Li="; L1
LPRINT "N="; N; SPC(3); "ICS="; ICS; SPC(3); "Q="; Q
LPRINT "IR="; IR; SPC(3); "Ki="; K1; SPC(3); "Li="; L1
IF N + ICS > 2 THEN

PRINT "Ui="; U1l; SPC(1); "Vi="; V1; SPC(1); "DOO="; DOO

LPRINT "U1="; U1l; SPC(1); "vi="; V1i; SPC(1); "DOO="; DOO
END IF
PRINT "H="; H(2); SPC(1); "WO="; WO; SPC(1); "A="; A
LPRINT "H="; H(2); SPC(1); "WO="; WO; SPC(1); "A="; A
FOR J = 1 TO K1
PRINT "F("; J; ")="; F(2, D)
PRINT "U("; J; ")="; U(JD)
LPRINT "F("; J; ")="; F(2, J)
LPRINT "U("; J; ")="; U(J)
IF J MOD 17 = O THEN

PRINT "press any key"

AA$ = "": WHILE AA$ = "": AA$ = INKEY$: WEND
END IF
NEXT J
PRINT "press any key"
AA$ = "": WHILE AA$ = "": AA$ = INKEY$: WEND

FOR J =1 T0 L1
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PRINT "E("; J; ")="; E(2, J)
PRINT "V("; J; ")="; V(J)
LPRINT "E("; J; ")="; E(2, I)
LPRINT "V("; J; "™)="; V(J)
IF J MOD 17 = O THEN

PRINT "press any key"

AA$ = "": WHILE AA$ = "": AA$ = INKEY$: WEND

END IF
NEXT J
400 :

PRINT "If you want to repeat calculations with others or"

PRINT "with the same parameters N,ICS,Q, then enter 1 else 0"

INPUT "W="; W

IF W = 1 GOTO 100

PRINT "Calculations are ended": END

T1: ’Calculation of X,Y,Z for F1, E1, H

IF N = 0 THEN
G=Q/ 4
Y = (SQR(1+(2+S)*G"2)-1)/G: X=0: Z=-Y/2

RETURN
ELSEIF N = 1 AND ICS = 1 THEN
G=Q/ (16+Q):X=0
Y = (SQR(1+4*(1 + S)*G"2) - 1)/(2%G): Z
RETURN
ELSEIF N = 1 AND ICS = O THEN

-1 +Y) /2

G=Q/ 16: X =0
Y = (G-1 + SQR((G-1)"2 + 4%(1 + S)*G~2)) / (2 * @)
Z=1-Y) /2

RETURN

END IF

IF N > 1 THEN

Q1 =Q/ (8 (N-1)): Q2=Q/ (8 *x (N + 1))

END IF
IF N = 2 AND ICS = 1 THEN
Q4 =2 *Q1: Q3 =0
ELSEIF N = 2 AND ICS = O THEN
G=Q/ 24: X=0

Y = (SQR(1+4*(1+8)*G"2) - 1) / (2%G): Z

RETURN
END IF
IF N > 2 THEN Q4 = Q1
IF N = 3 AND ICS = 1 THEN

Q3 = Q1

Copyright © 2004 CRC Press LLC

=-Y /2

215



216 METHODS OF NONLINEAR RESONANCE DYNAMICS

ELSEIF N = 3 AND ICS = O THEN

Q3 = -Q1
ELSEIF N > 3 THEN
Q3 =0

END IF
GOSUB T11
RETURN

T2: ’Calculation of F(1,K),E(1,L), K>1,L>1
FOR K = 2 TO KO
F(1, K) = G() * F(1, K - 1) / (1 - 2 * H(1) * G(X))
NEXT K
IF N = 4 AND ICS = 1 THEN
E(1, 2) = -Q * E(1, 1) / (16 + H(1) * Q)
ELSEIF N = 4 AND ICS = O THEN
E(1, 2) =0
END IF
IF N = 5 THEN
IF ICS = 1 THEN E1 = 1 ELSE E1 = -1
E(1, 2) = -Q *x E(1, 1) / (48 + Q * (2 * H(1) + E1))

END IF
IF N > 5 THEN
LO0O =10 - 1

FOR J = 2 TO LOO
E(1, J) = M(D*EM, J - 1) / (1 - 2xH1)*M(I))
NEXT J
J =10
IF N MOD 2 = O THEN
IF ICS = 1 THEN
E(1, J) = 2xM(I)*E(L, J - 1)/(1 - 2xH(1)*M(J))
ELSE
E(1, ) =0
END IF
ELSE
IF ICS = 1 THEN E1 = 1 ELSE E1 = -1
E(1, J) = M(D*E(1, J - 1)/ - M(J)*(2xH(1) + E1))

END IF
END IF
RETURN
T11: ’Calculation of X,Y,Z for F1,E1,H
CoO = Q1 * Q2
Cl=4(Q2* (1 +Q3) -Q1) /2
C2=(-1-Q3-Q2*Q4* (1 +R)-Q1*Q2* (1+98)) /4
C3=(Q4* (1 +R) -Q2* (1 +Q3) x (1 +8)) /8
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Bi1=C1~2/(3%C0~2)-C2/CO0
B2 = -C1*C2 / (3*C0"2) + (2%C173)/(27xC0~3) + C3/CO
DOO =Bl ~ 3 /27 -B2 "2/ 4

Ni =2 %N
IF Q < N1 GOTO 500
DO = -SQR(D0O0) * 2 / B2
D1 = ATN(DO)
IF B2 < 0 THEN
D=D1/3
ELSE
D= (D1 + 4 x ATN(1)) / 3
END IF
Z0 = SQR(B1/3)*(-C0S(D)+SQR(3)*SIN(D)) - C1/(3%CO)
X1 =-Q4x (1 +R) / (1 +Q3+ 2 * Q1 x Z0)
Y1 =Q2* (1 +8) / (1 -2=x%Q2* Z0)
JT =1: J1 = 150
GOTO 600
500 :

IF IR = 1 THEN
X1 = -Q4: Y1 = Q2

ELSE
X1 =E(1, 1): Y1 = F(1, 1)
END IF
JT = 1: J1 = 150
600 :

F1 =X1 % (1 +Q3) - Q1 x (X1 + Y1) * X1 + Q4 *x (1 +R)
F2 = Y1 +Q2 * (X1 + Y1) * Y1 -Q2 *x (1 +8)

DF1 = (1 +Q3) *» (1 + Q2 * (X1 + 2 * Y1))

DF = DF1 - Q1 * (2 * X1 + Y1) - 2 * Q1 * Q2 * (X1 + Y1) =~ 2
DF2 = (1 + Q2 * (X1 + 2 % Y1)) * F1 + Q1 * X1 * F2
DF3 = (1 + Q3 - Q1 * (2 % X1 + Y1)) * F2 - Q2 * Y1 * F1
X2 = X1 - (DF2 / DF): Y2 = Y1 - (DF3 / DF)

IF ABS(X2 - X1) > ALPH OR ABS(Y2 - Y1) > ALPH GOTO 700
X=X2: Y=Y2: Z=-X+Y) /2

RETURN

700 :

IF JT > J1 GOTO 800

X1 X2: Y1 = Y2

JT JT + 1

GOTO 600

800 :

PRINT "No convergence of T11l for IR="; IR

PRINT "Press any key"
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AA$ = "": WHILE AA$ = "": AA$ = INKEY$: WEND
GOTO 400
T3: ’Calculation of F(2,K),E(2,L),K=2 to K1,L=2 to L1
FOR K = 2 TO KO
F(2, K) = G(K)*(F(2, K - 1)+F(1, K+1))/(1 - 2*H(2)*G(K))
IF ABS(F(2, K)) < ALPH THEN EXIT FOR
NEXT K
Ki =K -1
IF N = 4 AND ICS = 1 THEN
E(2, 2) = -Q *x E(2, 1) / (16 + H(2) * Q)
ELSEIF N = 4 AND ICS = O THEN
E(2, 2) =0
END IF
IF N = 5 THEN
IF ICS = 1 THEN E1 = 1 ELSE E1 = -1
E(2, 2) = -Q *x E(2, 1) / (48 + Q * (2 * H(2) + E1))

END IF
IF N > 5 THEN
LOO =10 - 1

FOR J = 2 TO LOO
E(2, J) = M) *(E(2, J-1)+E(1, J+1))/(1-2%H(2)*M(J))
NEXT J
J =10
IF N MOD 2 = O THEN
IF ICS = 1 THEN

E(2, J) = 2xM(J)*E(2, J-1)/(1-2*M(J)*H(2))
ELSE

E(2, J) =0
END IF

ELSE
IF ICS = 1 THEN E1 = 1 ELSE E1 = -1
E(2, J) = M(D)*E(2, J - 1)/ - M(I)*(2+H(2)+E1))
END IF
END IF
FOR J =1 TO LO
I=10+1-17
IF ABS(E(2, I)) > ALPH THEN EXIT FOR
NEXT J
L1 =L0+1-17
RETURN
STOP
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4.5.4 Comments on the program The Quick-Basic program given above
implements the algorithm in double precision. In response to a user query the
program sets the order N, the criterion ICS =1 or ICS = 0 for the functions
cen(t), sen respectively, and the numerical value of the parameter q. After exe-
cution of the program, the following are displayed on the monitor and printed out
(in the case of convergence of iterations):

1) the given values of N, ICS, ¢;

2) the number IR of iterations allowed for the required accuracy a = 10719 of
the coefficients Fx, Er;

3) the quantities K1, L1 of the coefficients Fk, E, exceeding « in absolute
value;

4) the residual discrepancies U1, V1 obtained upon substitution of the final
values Fy, Fy, Ey, Eo, h into the initial relations (4.5.9) for K = 1;

5) the quantity h, coefficients Fi, Er,, 1 < K < K1, 1 < L < L1 (with double
precision), differences W0, U(K), V(K) between the last two approximations for
h, Fg, Ey, respectively, and the quantity D00 proportional to the discriminant of
the cubic equation (4.5.26).

If K1 > 17, the first values to be displayed and printed out are the first 17
coefficients Fi, and then upon pressing any key, the next 17 coefficients, etc. (the
maximum allowed number of coefficients Fi is 50). In the same way the coefficients
Ej, are displayed on the monitor and printed out.

The maximum order N of Mathieu functions, allowed by the program, is 100.

Note that at his own discretion the user can change the program parameters
KO0, Imax, alpha, eps, as well as the dimension parameter for the calculated coef-
ficients Fi, Ey, and the associated quantities Gg, My, U(K), V(L).

The implementation of this program shows that the (practical) convergence
of the proposed iteration process is ensured in the case of functions ceq(t), ceq(t),
seq(t), sea(t) in a very large domain, at least for 0 < ¢ < 7000. In the case of
the other Mathieu functions the convergence domain is much smaller, though it
is large enough, and this domain increases with the increased order N of these
functions. For different functions cen(t), sen(t) see the table of upper bounds g,
of the parameter ¢, for which the number of iterations IR ensuring the prescribed
accuracy 10~® tends towards 200.

Table 4.5.1

ceEN cen ces cey cCes Ceg Ccey ceg Ceg ceyg Ceypg Ccezp ceyo
g~ | 405 160 33 59 48 65 67 80 8 182 273 365
SeN Se3 S€4 S€; S€g S€y Seg S€g Se1g S€ap Sezp Seéyo
qx 303 70 40 60 58 T2 78 8 182 270 360

An example of results printed out in the case ce2(t), ¢ = 32, is given below.
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Construction of Mathieu functions

N= 2 ICS= 1 Q= 32

IR= 36 Ki= 11 Li= 1

U1=-6.795683E-09 V1= 4.56666E-16

C3= .1160455991877158 D00= .2469067098022291

H= 1.160101914937828D-02 DH=-1.631752510888873D-10

A= 4.371233

F( 1 )= 7.297387560717799 U(C 1 )= 9.071099E-09
F( 2 )= 4.303726409970468 U(C 2 )= 5.096762E-09
F( 3 )= 1.210210035599587 U( 3 )= 1.367956E-09
F( 4 )= .2064818841575251 U( 4 )= 2.250614E-10
F( 5 )= 2.389046878665688D-02 U(C 5 )= 2.531559E-11
F( 6 )= 2.00541015603754D-03 U( 6 )= 2.078218E-12
F( 7 )= 1.27923482678711D-04 U(C 7 )= 1.302111E-13
F( 8 )= 6.416610614172347D-06 U( 8 )= 6.435982E-15
F( 9 )= 2.598511597751983D-07 U(C 9 )= 2.5746E-16

F( 10 )= 8.67651371123749D-09 U( 10 )= 8.508039E-18
F( 11 )= 2.429387587345403D-10 U( 11 )= 2.359225E-19
E( 1 )=-7.320589599016555 V( 1 )=-8.744748E-09

4.6 Algorithm for Construction of Solutions of the Plane Bounded
Three-Body Problem

Consider the bounded plane circular problem of three bodies: Sun—Jupiter—asteroid
in the nonresonance case. An algorithm is proposed based on iterations with acce-
lerated (quadratic) convergence. These iterations are not connected with successive
changes of variables and belong to iterations of an ordinary type, i.e. each subse-
quent approximation is directly determined from the previous one. At the same
time, for comparison of the obtained results, we indicate an algorithm for con-
structing the solution by means of simple iterations, equivalent in essence to the
power series in a small mass.

The proposed algorithms require a huge number of algebraic operations with
double Fourier polynomials with the help of appropriate computer program pack-
ages.

4.6.1 [Initial differential equations of the problem The following equations
will be considered as the initial equations of the given problem (see Subotin [1]):

dp dG

:uFl(p,e,G,L), = l_luF3(pvevG7L)7
0 de
@ @ (4.6.1)
a0 :uFQ(p,e,G,L), a0 :1_F4(pa€aG)a
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where 6 is the asteroid longitude measured from some constant direction, p the
orbital parameter, e the orbital eccentricity, G = 6 — g the true anomaly along
the orbit (the difference between 6 and the longitude of the orbital perihelion g),
L = §—n;t (the difference between 6 and the longitude of Jupiter moving uniformly
at the angular velocity n;), and p the mass of Jupiter. Units of time and mass are
chosen so that the gravitational constant k2 = 1, the semiaxis of the circular orbit
of Jupiter a; = 1, the angular velocity n; = 1, the sum of the mass of the Sun
mg and the mass of Jupiter u is equal to 1. Then the functions on the right-hand
sides of equations (4.6.1) will be expressed by the following formulae:

F, = 2r’RY,

F= %(26 +2cosG — esin® G)R; + 2 sinGR,,

F3 = % %(2 +ecosG)sinGR;, — r? cosGR.| , (462)
F, = i1"2,

VP

where R is the disturbing function of the problem, equal to

1 1
=—== L+ — 4.6.
R _ —rcos + X (4.6.3)
r the radius-vector of the asteroid, equal to
p
=— 4.6.4
" 1tecosG ( )
and A the distance between the asteroid and Jupiter, equal to
A= (147r>—2rcosL)"/?. (4.6.5)
The functions Fi, ..., Fy, after calculation of the partial derivatives R}, R,
can be written in the following form:
Fy =2pT, F,=(2e+2cosG —esin®’ G)T} + TrsinG,
1 ) 1 3/2 L (4.6.6)
F;==-(2+4+ecos@)sinG-Ty — —cosG - Ty, Fy=p’*(1+ecosG) ~,
e e
where

T, = p*[(14+ecosG) 2 — A 3/?]sin L,
T, =1-p*(1+ecosG) 2cos L+ p*[(1 +ecosG)cos L — p]A—3/2, (4.6.7)
A=p*+(1+ecosG)* —2p(1+ecos@)cos L.

The relation between 6 and time ¢ is expressed by the equation

b

7= p32(1+ ecos G)2. (4.6.8)
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From these expressions it is seen that the functions Fi, F» are odd functions
of the angular variables G, L, and the functions F3, Fy are even, i.e.

Fj(paea—G,—L)=—Fj(p,e,G,L), j:l’Q’
Fs(p,e,~G,~L) = F3(p,e.G, L),
F4(pa€a _G) =F4(p,€,G).

4.6.2 Basic equations for the coefficients of the sought solution We
find the solution to the initial equations (4.6.1) with given initial values p(0), e(0),
G(0), L(0) in the following form:

N N
p=Uo+ Y Ugcos(k,®p), G=v1+ Y Wgsin(k,¢),

k=1 k=1 (4.6.9)
e=Vo+ Y Vicos(k,y), L=+ > Spsin(k,v),
[Ik][=1 [Ik][=1

where N is a given large enough number, k the integer vector (ki,ks), and 1y, 19
components of the vector 1 = (¢1,12), and

kIl = 1kl + ko, (K, ) = kithy + koo,
Vi =wif + 40, =12, o= (Y10,v20)-

We seek the coefficients Uy, Uy, . .. Sk of the Fourier polynomials, frequencies
w1, we and values 11¢, P29- Our goal is to find an algorithm for the construction
of the solution in the form of (4.6.9) with numerical coefficients. Therefore we fix
the numerical values of the mass p and initial values p(0), e(0), G(0), L(0) (initial

value of 6 is zero).
Substituting (4.6.9) into (4.6.1), we obtain

N
- Z (k’w)Uk Sin(ka¢) = ,U’Fl(paeaGaL)a
llkll=1

N
- Z (k,(U)Vk Sin(ka¢) = ,UFQ(]),@,G,L),

l|k]l=1
~ (4.6.10)
wi + Z (k,LU)Wk COS(k',/(p) =1~ ,qu(p, €, Ga L)a
II&||=1
N
wo+ Y (k,w)Skcos(k, 1) =1 — Fi(p,e,G),

ll&l=1

where w;, ,ws are the components of the vector w = (wy,wq) and (k,w) = kyw; +
kows. The arguments p, e, G, L of the functions Fi, ... , Fy in the right-hand mem-
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bers of these relations are represented by polynomials (4.6.9). In addition, we have
the relations connecting the initial values p(0), ..., L(0) and the quantities Uy, Vp,
Y10, ¥20:

N N
p(0)=Uo+ Y Ukcos(k,),  G(0)=1ho+ »  Wisin(k, o),

k||l=1 k||=1
el IE (4.6.11)
e(0) =Vo+ Y Vicos(k,0),  L(0) =19+ Y Sksin(k,vo).
llk]l=1 II&||=1
Theoretically the functions Fi, ... , F; can be expressed by Fourier polynomials
(if harmonics of order higher than N are neglected):
N
Fi(p,e,G.L) = > Fi(U,V,W,8)sin(k,1),j = 1,2,
Il&||=1
N
Fy(p.e,G,L) = > F3(U,V,W,S)cos(k, ), (4.6.12)
lI&]|=0
N
Fy(p.e,G) = Y Fu(U,V,W)cos(k, 1),
lI&]|=0

where Fj, 1 = 1,2,3,4, ||k|| < N, are the corresponding Fourier coefficients
depending on all Uy, Vi, 0 < ||k|| < N, Wy, Sk, 1 < ||k|]| £ N. U,...,S denote
the vectors with components equal to all of Uy, ... , Si respectively. In some simple
cases it is possible to construct explicit expressions for Fjj, but in the case of this
particular problem such expression are too complicated, and we will not need them
in future.

From (4.6.10) and (4.6.12) follow the equations with respect to the unknowns
Uk, Vi, W, Sk, 1< ||k|]] € N, w1, wa:

—(k,w)Uk = /LFlk(U,... ,S), —(k,w)Vk = quk(U,... ,S),
wr = _ﬂFSO(Ua"' ,S), (k’w)Wk = _'UFSk(Ua"' 75)’ (4613)
wy =1 _F40(U7 V,W), (k,OJ)Sk = F4k(Ua V,W)

These equations are supplemented with relations (4.6.11).

For us these algebraic equations are the basic ones. The number N of the
sought values Uy, 1 < ||k]] < N, (as well as Vi, Wy, Si) is large enough. For
instance, N = 42 for ||k|]| < 6, N = 72 for k]| < 8, N = 110 for ||k| < 10.

The total number of unknown scalars Uy, ..., Sk, wi,wa, 1 < ||k|]| < N, is equal
to 4N + 2.

The solutions of these equations will be sought by means of successive appro-
ximations.
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4.6.3 Construction of a solution by the method of simple iterations

Zero approzrimation

00, V0, W, 5O, bt
corresponds to the known formulae of undisturbed (Keplerian) motion with u =0
(see Szebhely [1]). We obtain

U = p(0) =po, Vo =e(0) = eq,
GO =yl =9+, 9 =go), =1,
U0 =v2 =w =0, 1<k <N,

dL©) p3/2 . 3/ o
- =1-(+— 08 iGO)
de =1 (1 + eg cos G(9))2 =1 (1_6(2)> |:1+ZAJCOS]G }’

j=1
(4.6.14)
where

Aj = (-1)2(1 4 jy/1—€2)B,

5o eo - m. (4.6.15)
14++/1—€2 €o
Hence
N
LO =g + 3 5% sin(k, @), (4.6.16)
llkll=1
where

3/2
Py, =1 (1) < ad
0

(ap is the semiaxis of the undisturbed orbit of the asteroid),

0, if ky #0,
S =5~ 4.6.17
k k1ka SO i ky=0, ky=n ( )
and S,(lo), n=1,2,3,..., are some numbers.
The value 1/)5?]) is calculated by the formula

N
% = L(0) = > SO sin(ny(). (4.6.18)

n=1

For example, if we assume that po = 0.8, e = 0.1, then wi’ = 0.27359,

W =0, =GO, =0l b0 =1

LO = (% +0.14528 sin5{”) — 0.00545 sin 205 (4.6.19)
+0.00024 5in 31\*) — 0.00001 sin 41,

Note that with certain specified p(0), e(0) a sharp or even an exact resonance
occurs, that is, a close or an exact commensurability of low order between the
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undisturbed frequencies w§°) =1 and wéo). Then the combination k1w§°) +k2w£0)

is close to zero for some small integers ky, ko. In this example wéo)/wfn notably
differs from 1/3 and w%o) —Swéo) = 0.17923 and it can be considered that there are
no resonances of fourth and fifth order. At the same time 3w§0) - llwéo) ~ 0.00949,
so there is proximity to the 14th-order resonance.

The first approzimation
v, v w8t MW <k < N

is expressed in accordance with (4.6.13) by formulae similar to those used in clas-
sical analytic theories of celestial mechanics:

m___ H (0) (0)
0 = Gy P 0. 5O,
(1) — K (0) (0)
v ( ’w(o))Flk(U ) 75 )a
ngl) = — K F3k(U(0)a aS(O))a

(k, w(®) o (4.6.20)

and Uél), Vo(l) are calculated by means of (4.6.11).
We propose the following method of calculation of the values of

F]k(U(O)a 75(0))7 .] = 172537 F40(U(0)5V(0)7W(1))5 F4k(U(0)7V(0)aW(1))a

which does not require knowledge of the analytic expressions of those values as
functions Uy, Vi, Wi, Sk.

For example, consider the quantities Flk(U(O), . ,S(O)) which, in accordance
with (4.6.6), are Fourier coefficients for the function

-3
Fi(po, €0, G, LO)) = 23 [(1 + eg cos G<°>) - Ag?’/?} sinL©,  (4.6.21)
where in accordance with (4.6.14)—(4.6.18)
Ao = p2 + (1 + eg cos G2 — 2po(1 + e cos GO cos L,

N
LO = + 3" 5O sinnGO), (4.6.22)

n=1

60 = b0 = 004, 0 =l 0

(0)

and pg, eg, Sy’ are some numbers.
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By means of the appropriate programs for algebraic operations with Fourier
polynomials one can represent cosL(®) and also sin L(®) by polynomials of the
following form:

N N
cos L0 = Z [cos L cos(k, (),  sin L) = Z [sin L] sin(k, (),
[|k]|=0 l[k][=1
(4.6.23)
where
(k) = kit + ko), ko = £1
and [cos L(©)];, [sin L(®)]; are numerical coefficients. Then, multiplying the poly-

nomial for cos L(® by cos G© and cos2G(©), we obtain an analogous polynomial

for Ag:
N

Ao =) [Aolk cos(k, ) (4.6.24)

lIkll=0
with numerical coefficients [Ag]. The next important operation is the construction
of the Fourier polynomial for A, 2 1t s expedient to apply Newton’s iteration

algorithm, assuming Z = A0_3/2. For Z we have the equation
Z - A5=0
and the corresponding successive approximations
3 1 .
Zjy1 = 5Zj - §A(3)Z]3, j=0,1,2,... (4.6.25)

As an initial approximation Zg, Zo = p2 can be assumed. Through the ope-
rations corresponding to (4.6.25), one can obtain, with prescribed accuracy, the
polynomial

N
A =57 14 Pk cos(k, @) (4.6.26)
ll&ll=0

with numerical coefficients [AJ?’/Q]k, ||k|| < N. It is essential to note that we ob-
tained this polynomial, which is equivalent to the Fourier polynomial for the third
power of the value inverse to the distance A between the asteroid and Jupiter, with-
out the use of the known (see Subotin [1]) series of disturbing function R(p,e, G, L).
The Fourier polynomial for (1 + egcosG(®))~3 can also be constructed by

means of Newton iterations, assuming that

Z=(1+eycosGO) Z7' —(1+egcosG)=0.
For the iterations Z; we obtain the formula
Ziy1=2Z;— (14 eocosG)Z2, j=0,1,2,... (4.6.27)

for Zy = 1. To obtain the coefficients of the polynomial for Z, e.g., for eg = 0.9
with an accuracy of 2-107!!, it is sufficient to perform eight iterations correspon-

ding to the calculation of terms up to e3S.
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Cubing the polynomial for Z, we obtain the polynomial for (1+ eqcos G(©)~3
and then, multiplying the polynomials for (14 eqcosG(®)=3 A, 32 sinL©), we
obtain in accordance with (4.6.21) the polynomial for F}(po,eq, G, L(0):

N
Fi(po,e0, GO, L) = Y~ Fy (U, VO, WO, 5O sin(k, () (4.6.28)
llklI=1

with the sought numerical coefficients Fy;(U©),...,S().

In a similar way one can construct Fourier polynomials for the functions
Fj(po, 0, G, L)), j=2,3, and obtain the numerical values of Fj, (U, ... S©),
[|k]] < N. The first four formulae in (4.6.20) allow us to calculate the numerical
values of U,gl), Vk(l), W,gl), w?) for 1 < ||k|| < N.

To find the values of Fy(U©, VO W) 0 < ||k|| < N, it is necessary, in
accordance with (4.6.10), to construct a Fourier polynomial for the function

Fy(po, eo, G(O)) = Pg/Q(l + €g cos G(O))_Qa (4.6.29)
where
) N
GO =" + 7 Wi sin(k, vl). (4.6.30)
lIElI=1

Such a construction is performed through operations on Fourier polynomials
(4.6.30). As a result, we obtain the polynomial

Fy(po, €0, G Z Eyp(UO, VO )y cos(k, () (4.6.31)
[Ik][=0

with the sought numerical coefficients Fyr, 0 < ||k|| < N, which allows us, using
the last two formulae of (4.6.20), to find wél), and S,(cl), 1 < ||k|| € N. Then the

values of wﬁ)), 1/)%), Uél), Vo(l) are calculated by means of (4.6.11).
Thus we obtain, in accordance with (4.6.9), the first approximation for the
initial elements p, e, G, L:

(1) = ) 4 Z U( )cos (1)),
[[&||=1

N
e :VO(l) + Z Vk(l) cos(k,¢(1)),

e (4.6.32)
G = (1) + Z W( )sm ¢(1)),
k=1

N
LO =g+ 3 S sin(k, M),

lI&]l=1
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where

o = w1l i=1,2,
/ 7 70 (4.6.33)

@ = @M ), (kD) = k") 4 kol

Formulae for the second and further approximations are similar to (4.6.20):

g+ — P pop@  gl)
(k,w(ﬂ)) 1k( ) ) )a

G+ _ _ M () ()
Vk - (k,w(J))FQk(U PR 7S )a

wu+h — ___H €) ()
k - (k,w(]))FBk(U PR 75 )a

WD 21— B (U, 8D, (4.6.34)

wéjH) —1_ F40(U(j),V(j),W(j+1)),

G+y _ 1 G) @) G+
SUTY = (k’w(j))FM(U V@) i),

L<|k| <N, j=23,...
The method of calculation of the values of
Flk(U(j), e S(J'))’ e F4k(U(J')’V(J')’W(J'))

is the same as in the case of the first approximation. The basic thing here is
the construction of polynomials for the functions Fj(p,e,G,L), if p, e, G, L are
expressed by known polynomials of the form (4.6.9).

4.6.4 Construction of a solution by the method of iterations with qua-
dratic convergence

Zero approximation
0 0 0 0
U/E)a---awé)a 5)51/)5)
will remain the same as that obtained in Section 4.6.3.

First approximation In conformity with Newton’s method of iterations, we assume
in the basic algebraic equations (4.6.13)

Uk:U,EO)—l—uk, Vk:Vk(O)-F’Uk, Wk:W,go)+wk, Sk:SIEO)-FSk,
wj = wj(.o) +vj, j=12, w=(wi,wa), v=(v1,1),
U0 =v0 =w® =0, =1,
(4.6.35)
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and wéo), K/Jig), ¢£g) are expressed in accordance with (4.6.14)—(4.6.18). After this
substitution, equations (4.6.13) can be rewritten in the form:

—(k, w© + U)(U,SO) +up) = pFip (U@ +u, ..., 80 +5),
—(k, w© + y)(Vk(O) + o) = pFor (U@ +u, ..., SO +5),
w%o) +uv=1—pFsU® +u, ..., 50 +5),
(k, w© +v) (W,EO) +wy) = —pFsp (U@ +u, ..., SO +5), (4.6.36)
wéo) +vo=1—Fio(U® +u, VO 40, WO 4 ),
(k, 0@ +v) (S,(CO) +51) = —Fpe(U® 40, VO 4o, WO 4 ap),
1< Ik < N,
Linearizing these equations, taking into account that U, ,50) = Vk(o) = W,SO) =0,

we find the sought linear equations with respect to ug, vy, wg, S; and vy, vs.
To ease notation we introduce the vectors

X = UV, W,5), z = (u,v,w,s),
X = (U,V,W), &= (u,v,w), (4.6.37)
F=(F,F,F), F,=(Fy,Fu, Fs)

and the same vectors with subscripts or superscripts. In addition, we introduce

the following notation
af X [ of
~J = — 4.6.
(azl,zz>m ”;::1 <azl _a (4.6.38)

where f = f(Z) is a vector-function or scalar function of the argument Z with
components Z;, 1 < ||l|| < N, z is an analogous vector, I = (I1, l) is the vector
index; and the subscript m means that all derivatives 0f/0Z;, with respect to the
components Z; are calculated at Z = Z(m).

Then the linearized equations with respect to u, v, w, s, v, Vs can be written
in the form

OF, .
(k,w )y, + M((‘?—X];’ ﬂfz)g = —p(Fk)o;

0F3

=30 — _u(F
aXl,ﬂJl . w(F30)0,

v+
(4.6.39)

(kayl)sl(g()) + (kaw(O)) Sk

+
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where
(Fi)o ,5).

Analytic expressions for Fji(U,...,S), j =1,2,3, Fu(U,V,W) as functions
of their vector arguments, and for their derivatives are unknown. The calculation
of their numerical value with predefined numerical components of vectors U, V,
W, S is described above. Here we consider the calculation of the derivatives of Fj,
with respect to the components of vectors U, V', W, S, which is similar in a sense.

Let there be given an arbitrary smooth function ®(y) of the scalar argument y,

=FE,(U©,...,89), (Fy)o= Fs(U",...

N
y=yo+ Y yicosly,

=1

(4.6.40)

where yo = y(v) is a known even 27m-periodic function of the argument ¢, and
Y1,Y2,... are unknown small quantities. This function can be represented by a
Fourier series with respect to a Fourier cosine series, therefore, if we are restricted
to harmonics of an order not higher than N, then

<I>(y0—|—2ylc0sl¢)= +Z<Dl Y1,Y2,---
1

) cos i), (4.6.41)

(Y1,92, - -

where ®q, ®1,... are functions of the arguments y1,ys, . ... Linearizing ®(y) with
respect to y1,¥2,..., we obtain:
P(y) = [(®o)g + (P1)gcos ) + (P2)gcos2¢ + - -]
6<I’0> <6<I>o> |
<8y1 Ay> ) v i
0P 0P | (4.6.42)
(), () e ]
6y2 0
0P 0P |
+ <—2> y1+<—2> ya - | cos2p 4 .-
[\ Oy1 /, o/, i

where the lower index 0 means that all ®; and the derivatives 0®;/0y; are calcu-
lated for y; = yo =--- = 0.
At the same time

¢(y0+2ylcosl¢):(¢)o+<i—¢> Zylcosl¢+...’
l Y705

).~ (),

(4.6.43)

where
do
dy
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Now we write down the Fourier series for the functions (d®/dy),cosly, | =

1,2,3,...:
<@> cos) = Z Ag.l) cos j1b, <@> cos 2y = Z A;Q) cosji, ... (4.6.44)
/o i20 /o i20
and obtain:
®(y) = ®(yo) + (Z AW COSM)) Y1+ <Z A cos 211)) Yo + o
j=>0 Jj=>0

Hence it follows that formula (4.6.43) for ®(y) can be rewritten in the form
®(y) = ®(yo) + [Aél)yl + AT ys + - ]
+ 1AMy + AP gy + | cos
470+ A+ cosy (4.6.45)
+ [Agl)yl + APy + - } cos 2y +

Comparing (4.6.42) and (4.6.45), we conclude that the arrays of derivatives (column

vectors)
col [(%) ’ (@) ’ <%> ] 1=1,2,3,...
6yl 0 ayl 0 Byl 0

are equal to the corresponding arrays of Fourier coefficients
1 ! !
[Ag>, AN 4D, ] .

The matrix of these derivatives
0%q 0%q 0%
G), G2), (G,
00,) (0% o0,
<3y1>0 <8y2>0 (&w)o (4.6.46)

(%) (%) (%)
o )y \Oy2)y o )

coincides with the matrix

l
A(l) AE)2) A(())

l
A(l) A§2) Ag) (4.6.47)
A(l) AgQ) Aél) 9 .0.

Copyright © 2004 CRC Press LLC



232 METHODS OF NONLINEAR RESONANCE DYNAMICS

where the first column consists of Fourier coefficients for the function
(d®/dy)q cos1), the second column consists of Fourier coefficients for the function
(d®/dy)g cos 21, etc.

The same results will be obtained if ®(y) is an odd function y and we consider
Fourier sine series instead of (4.6.40), (4.6.4).

Now revert to the basic blocks of the matrix of coefficients of equations (4.6.39):

(8. ()
X1/, X1 /o

; 4.6.48
<8F30> <8F4k> ( )
H\ax, ), aX, /o

If the blocks of this matrix are represented with its scalar elements, then the
columns in these blocks will be similar to those of matrix (4.6.46), i.e. consist-
ing of the derivatives of the corresponding functions Fj, j =1,...,4 with respect
to any component of the vectors U, V., W, S. If the vectors | = (I1,12), k = (k1, k2),
1< |k|| £ N, 1 <||l]] £ N, are renumbered in a certain order, and the vectors
F,, U, V, W, S(Fp, Fj2,...,U1,Us,...) are also renumbered in the same order,
then, e.g. (dropping the subscripts 0),

O0Fy OFy O0Fy OFy O0Fy OF)

ou, oU, = oW Vs T oW, OWs

81*}10 OFy  OFn 0Fy  OFyn 0Fy O0Fy

oxi | _| auy ow, T owi ova T oW, oW,

aka OFy; OF) OFy, OFy OFy, OFy

0Xi U, oU, T ow,  av, T oW, 0w,
(4.6.19)

Based on what was said regarding matrices (4.6.46) and (4.6.47), we can con-
clude that the columns of matrix (4.6.49) consist of Fourier coefficients for the

functions
(@> cos(l1,v) <@> cos(l2, )
8p o 1, 9 8]) o 2 gy
6F4 6F4
(E)OCOS(ZDZZ))) (%)0008(12/@[})7'“
respectively.

So, to calculate all numerical values of the elements of matrix blocks (4.6.48)
it is necessary to construct Fourier series for all functions

(5) o (52) o (56),mew. (52),ma,
0 0 0 ’
<[ < N.

The elements of all these arrays should be neatly renumbered in accordance
with the form of (4.6.39).
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For instance, let N = 2. Then the ordered array of vectors | = (l1,ls) is as
follows:

I =(0,1), lb=(1,0), 13=(0,2), lL=(1,1), lz=(1,-1), Ils=(2,0).

The ordered array of vectors k = (k1,k2), ||k|| < 2, is similar.
Having constructed the Fourier series for the functions

F.
<%—p4> cos(ly,v) = g\/P_o(l + €9 cos G%) 7% cos(l1, ),
0

(%) cos(ly, %) = —217(3)/2(1 + €9 cos G°) 7% cos G° cos (I, ),
0

(%) cos(lr, ) = —2p}/*(1 + eg cos G°) ~*eq sin GO cos(la, ¥),
0

where pg, ey are some numbers, and G° = 1), we find the numerical matrix of the

derivatives
8F40 PR 8F40 PR 6F40 PR 6F40
ouy ), oUs / oW/, oWs /,
—6F46 e —8F46 “e —8F46 “e —6F46
oty /, oUs / owy /, oWs /o
where Fyq, ..., Fys are the coefficients of Fourier polynomials for Fy(p,l,G):

F4(P:Z:G) = F40(U7V7W) + - +F46(U;V;W) COS(keaw)-

So the calculation of all coefficients of the equations system (4.6.39) amounts
to the construction of Fourier series of the known functions with their arguments
represented by Fourier polynomials; for this purpose it is necessary to perform a
large enough number of algebraic operations on the latter.

The next step is to find the solution of the linear algebraic system (4.6.39)
with a known numerical matrix of coefficients. This system certainly has high
order (with N = 10 the order is 442), but in view of the fact that among the
matrix elements there are pivotal elements that do not contain the small multiplier
1, one can hope that solving this system with enough accuracy will not present
significant difficulties.

As a result of solving the system (4.6.39) we will find

5 = @ o7 w57 RSN n=n" =4,
which are corrections to the zero approximation U, ,50), e ,S,(CO), and obtain the
first approximation
v - y© +u(0), o s — g0 | 5(0)’
k k k k k k (4.6.50)

W = w4 O @ = 0 4 0
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to the solution of the basic nonlinear algebraic equations (4.6.13). Then, upon

calculation of Uél), Vo(l), zp%), zp%), using (4.6.11), we find the first approximation

N
W =00+ 3 U contl D),
[IEll=1

N
e = Vo(l) + Z Vk(l) cos(k,¢(1)),

k|=
”]l ' (4.6.51)
G =y + 30 W sin(k, ),
[l %=1
N
LO =y + 37 5 sin(k,w)
[[k][=1
to the solution of the initial differential equations (4.6.1).
Second approzimation In equations (4.6.13) assume
Uy =U" +u, o, Sp=5" +s,
gy g (4.6.52)

w1 = w%l) + v, wo = wél) + v

and write down the obtained equations with respect to the corrections uy, vg, wg,
Sk, V1, V2 to the second approximation in the form (4.6.36), where the index 0 is

replaced by index 1. Linearizing these equations with respect to ug, ... , v, allow-
ing for equations (4.6.39) and notation (4.6.37), (4.6.38), we obtain the following
equations:

OF}

0
ax, (k, V)2

(k. )X + (b, wW)ay + po (

1

)1
OF:
vi+p (6—)(3'0’ wl) = —puAs(F30)1,
e (4.6.53)
Vo + — I = —Ay(Fyo)1,
) <aX, ) ==l
(1) (1) OFu (0).(0)
(k,v)S, " + (B, )sp + | —=, &1 | = —Ao(Fyx)1 — (k,v"Y)s;, 7,
o0X; 1
where
oF,
Ao (Fi)r = (Fi)1 — (Fi)o — (8—Xk’ 931) z”,
! 1
(Fp)1 = Fk(U(l),V(l),W(l),S(l)),
and we have similar expressions for As(F50)1, ..., Ag(Fyp)1-
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Calculation of the numerical values of (Fi)1, ..., (Fax)1 and the derivatives
(OF}/OX))1, ..., (OF4/0X;); can be performed in a way similar to that pro-
posed above for the construction of the first approximation. These calculations are
far more extensive, because the approximations p) (), e()(§) are represented by
Fourier polynomials and G() = ¢ + Fourier polynomial.

Having determined from the algebraic system (4.6.53) the corrections u;cl), v,(cl),

wfcl), sgcl), 1/51), I/él) to the first approximation U,gl), e ,wél), we find the second

approximation to the solution of algebraic equations (4.6.13):
U,E2) = U,Sl) —l—ug), cee wém = wél) + Uél).

Then, having calculated Uéz), VO(Q), ((]2), 1/)(()2) by means of (4.6.11), we find the
second approximation to the solution of the differential equations (4.6.1)

N
PP =0+ 37 U cosh, ),
=

N
e — %(2) + Z Vk(Q) cos(k, 1),
k=1 (46.50)
e 6.
G=u+ 30 W sin(k o),
k=1

N
L=y + 3 5 sin(k, v,

ll&l=1

where ¥ = (2, u), B2 = wP8 4y, W = w8 1 02, (1 0) =
kvl + oyl

The third and the further approximations are calculated by means of equations
only differing from (4.6.53) by the corresponding indices.

Remarks

(1) The proposed iterating is in essence an analytic construction of the so-
lutions, the existence of which at small enough p and appropriate initial values
p(0), e(0) (corresponding to the nonresonance case) is proved in KAM theory.
Therefore for small x4 and appropriate p(0), e(0) the iterations must converge.

(2) Assume that practical convergence occurs if at some step the differences
between the neighboring approximations for Uy, ... , Sk, w1, we are smaller in ab-
solute values than the predefined small e.

(3) Varying p and the initial values p(0), e(0), we can estimate the convergence
domain of iterations and their effectiveness.

(4) It is interesting to compare these iterations and simple iterations.
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4.7 Numerical-Analytic Implementation of Krylov—Bogolyubov
Transform

The key tool for the construction of asymptotic solutions of differential equations
regular with respect to u is the Krylov—Bogolyubov transform. Construction of
this transform in explicit form requires very extensive computations, therefore the
use of computers with branched mathematical software seems very promising. To
illustrate this statement consider a particular but very important class of equations
with constant real frequencies.

First suppose that the frequencies are rationally incommensurable (nonreso-
nance case), i.e. let there be a system with slow and fast phase variables

dx dy

E :MX(iﬁ,y), E :OJ0+,LLY(£E,y), (471)
where z = (x1,... ,2,,) is the slow variable vector, y = (y1,... ,yn) the fast vari-
able vector, wy = (w1g,... ,wno) the constant vector with real, rationally incom-

mensurable components, and X, Y vector-functions of the respective dimensions.
Furthermore, let X(z,y) and Y (z,y) be represented by Fourier polynomials of
order n with respect to the vector y, and by algebraic power polynomials of degree
s with respect to the vector x:

X(y)= Y Xp@e™, Y@y = Y Y@, 472
o<|IkI<N o<likl<M

where k= (k1,...,k,) is an integer vector,
n n
(kyy) =D ksys, kIl = [ksl, ks =0,%1,£2,... ,£N.
s=1 s=1

Agsume that the algebraic equation
Xo(z) =0 (4.7.3)

has the real solution z = z(?), i.e. there exists a constant vector z(?) such that the
average value of the function X (z,y) with respect to y is equal to zero.

Find the Krylov—Bogolyubov equation in the form usual for multifrequency
systems:

T =7+ pu(z,9), y=79+ (7). (4.7.4)

The algorithm described in Section 2.4 for locally nonresonance systems is fully
applicable to equations (4.7.1); therefore we can write the solutions of partial dif-
ferential equations determining the transfer functions u and v. Here the existence
of a trigonometric change of variables is guaranteed.
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The vector-functions u(Z,¥y) and v(Z,y) are expressed by the formulae

Z Xk (i)ei(k’g)

O<|[k|<N (4.7.5)
o YV (%)ei (k) o
v(Z,9) = Z Wa l|&| # 0.
O<|[k|<N ’

Due to the rational incommensurability of the components of the vector wq, the
denominators (k,wp) in (4.7.5) do not become zero; these relations have no pecu-
liarities, though for some k the values |(k,wp)| can be small enough.

Instead of the averaged slow variable Z we introduce a new variable ¢ by the
formula

t=z—2, (4.7.6)

i.e. we construct asymptotic solutions in the neighborhood of z(®). Tt is easy to
derive equations satisfied by the new sought variables & and y:

ou\ d¢ ou dy _
E — = 2 W) - X (2@
(( +“653>’dt>+“<ag’dt> pX (29 + €+ pu, g+ ),
_— N (4.7.7)
(Y (Y Y _ (0) _
@n E+uZl), ¥ = Y
“(aa—:’dt>+<< +“ag>’dt> wo + pY (2% + €+ pu, § + o),
where E is a unit matrix.

The functions u(Z,¥), v(Z, ), for which the formulae (4.6.5) have already been

written, evidently satisfy the relations
Ju v
<a—y, w0> = X(.”E,ﬂ) — Xo(il_f), <a—y, w0> = Y(.’Z',g) - Yo(.’f‘) (478)

Now using these equalities, equations (4.7.7) can be rewritten as

ou\ d¢ ou (dy
((’““%) : %) *ﬂ(@’ (a‘“))

= u[X (2@ + €+ pu, §+ w) — X (2 + ¢, 7) + Xo(z© + )],

ov d¢ v dy
A= FE — CAN
= p[Y (@ + &+ pu, g+ ) =Y (2 + €, 5) + Yo (2 +¢)].
Since X (33(0)) = 0, the right-hand member of the first of the relations (4.7.9)

can be represented in the form

pl(H,€) +P(5,m], (4.7.10)

where H = 0Xo(z(?)/dz is a constant matrix, and the norm of the function
P(&, 9, 1) has second order of infinitesimal with respect to [|£|| and first order with
respect to u, that is

(4.7.9)

1P (&3 )l ~ lIEN* + p. (4.7.11)
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The right-hand member of the second equation of (4.7.9) can be written as

n[Yo (z?) + Q& 9, m)], (4.7.12)

where the norm of the function Q(&,7,u) has first order of infinitesimal with
respect to [|£]| and p, i.e.

1Q (& 9, wll ~ M€l + pe- (4.7.13)

In accordance with the expressions for X, Y, u, v the functions P and ) are
representable by n-tuple Fourier series of the form (4.7.2) with respect to g, with
their coefficients being power series with respect to the components of the vector £.
We approximate P and () by Fourier polynomials with respect to y of order Ny
with coefficients that are algebraic polynomials of order so with respect to the
components of the vector . Jacobi matrices are also representable by similar
Fourier polynomials, but with matrix coefficients:

Iu (z,9) du (2, ¥) v (z,9) v (z,9)
= T Q&a- P2:7_7 lei_; 2= —(f- -

OT oy oT a7y
Now considering the relations (4.7.9) as linear algebraic equations with respect
to d¢/dt, dy/dt, we find

P (4.7.14)

d _ —
i (4.7.15)
d_?; = wo —+ 'LLYE](.QT(O)) + ,U(I)(fagnu)a

where F' and ® are representable by Fourier polynomials with respect to § (of
order Ny) with coefficients in the form of algebraic polynomials of powers of sg
with respect to the components of the vector £&. Here we have the estimations

pl|F|| ~ pllel? + w2 n]|®] ~ pliél + 1 (4.7.16)

The system of differential equations (4.6.15) determines the new unknown func-
tions & and g. It is essential that in the first of these equations the terms present in
the vector-function pF have coefficients of infinitesimal order at least y?. Therefore
the linear part of this equation, with respect to &, has constant coefficients corre-
sponding to the matrix pH with an accuracy to terms of order p. Furthermore, in
the right-hand member of the second equation of (4.7.15) the variable summands
included in the functions u® have order p? or higher. It is this analytic structure of
the right-hand members of equations with new unknown variables that is the goal
to be achieved by means of transformation (4.7.4). If we had applied such a trans-
form to system (4.7.15) once more, that is if instead of £, § we had introduced the
variables &1, 71 by the same formulae, we would have come to similar equations,
where:

1) the linear part of the first equation, with respect to &, has constant coeffi-
cients with an accuracy to terms of order p?;
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2) in the right-hand member of the second equation all variables depending on
71 and independent of ¢; have order u® or higher.

From the point of view of calculations, the difficulty of the operations on the
transformation of system (4.7.1) into system (4.7.15) lies in the fact that in all the
constructed Fourier polynomials the analytic dependence on £ is retained. In other
words, we deal with polynomials of the form

> Sk(©elt v, (4.7.17)

0<|[kl[<No

where the coefficients Si(§) are expressed by power series (in practice, algebraic
polynomials of some finite power) with respect to the components of vector &:

Se(©) = > KB g (4.7.18)

0<||7||<s0

The coefficients hﬁk) are specified numbers, and they are involved in computer
operations. One has to constantly separate their real and imaginary parts.

So the full layout of the algorithm for the construction of transform (4.7.4) for
any specified numeric value of y in the nonresonance case consists of the following
blocks.

1. Retaining the previous notation, write the multifrequency system (4.7.1) as

Z—f = X(z,vy), % =wo + pY(z,y), (4.7.19)
i.e. we imply that the numerical value of p is specified and fixed. The functions X, Y
are expressed by Fourier polynomials of the form (4.7.2) with the coefficients Xy, Y
specified in the form of algebraic polynomials with respect to the components of
the vector z.

2. Formulae determining the change of variables can be written in the form

e=T+u@y), y=y+vEg), =20 +¢ (4.7.20)

where the functions v and v are expressed by means of polynomials (4.7.5).

3. Fix the numbers Ny and sg, as well as the admissible error for the compu-
tation of the coefficients.

4. Solve the functional equation Xo(z) = 0 and find the real solution = = 2(%).

5. Having performed the change z = z(©) + ¢, find, using relations (4.7.5),
the Fourier polynomials of the form (4.7.17) for the functions puu (CU(O) +&,9),
po (29 + €,9), denoting them by 4(¢,7), 9(¢,9).

6. In series (4.7.2) for the functions X, Y, perform the change of variables

=20+ ¢+ alg,q), y=7g+9&7).
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As a result obtain:
X (a:(o) +&+a, g+ f)) = > X (:n(") +E+ a) el (k9) gilk.D)
0<|[klI<N
v (x(m FE+a, g+ 5) - Y (xw) vt u) oilk,) gi(k,7)
o<|lk|I<N

(4.7.21)

The coefficients Xy, Y}, are algebraic polynomials with respect to the vector z.
Then, as a result of successive mathematical operations on polynomials of the
form (4.7.17), we will express the coefficients X}, Y} as polynomials of a similar
structure, but of order Ny and with coefficients that are algebraic polynomials of
degree sg with respect to the new vector &.

7. Find Fourier polynomials for the exponents e!(k:?) for different vectors k,
using, e.g., Taylor series

~ a . ~\1J
G 214 3 @ (4.7.22)
j=1 )

The superscript of the sum is chosen so as to achieve the specified accuracy for all
coefficients. Then construct polynomials of the form (4.7.17) for vector-functions
(4.7.21), and then also for functions (4.7.10) and (4.7.12).

8. After that construct Fourier polynomials of the form (4.7.17) for the coef-
ficients d¢/dt, dy/dt in the left-hand members of system (4.7.9), using the “ma-
chine” differentiation program (if available) for the calculation of partial derivatives
of vector-functions w(Z,7), v(Z,y) from the arguments Z, j.

9. Considering the system (4.7.9) as an algebraic system with respect to d¢/dt,
dy/dt, find its inverse matrix, and then write the equations (4.7.15) that are nece-
ssary for the further calculations, in the form

d _ =

X (B +F ).

iy (4.7.23)

The new frequency vector

w = wo + uYp (x<0>) (4.7.24)
and functions F, ® are expressed by means of a Fourier polynomial of the form
(4.7.17), i.e.

Fy= Y F©e™, dEyg = > (8",

0<|[k][<No 0<|[k|[<No

where Fy,, @}, are algebraic polynomials of degree so with respect to the components
of vector &.

10. Then, using numerical, analytic or some “hybrid” method, solve the
Cauchy problem for system (4.7.23) with the initial conditions determined through
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solving the following functional equations with respect to &g, 9o:

i (&0, o) + &0 + 29 = z0, ¥ (&, T0) + Fo = Yo, (4.7.25)

where zg, yo are the initial values for the initial system (4.7.1).

Note that a similar algorithm can be applied in the case of rationally commen-
surable frequencies wyg, wag, - . . , Wno, and also in the case of the variable frequency
vector w(z).

4.8 Comments and References

This chapter does not pretend to be a complete and consistent development of algo-
rithms and their numerical-analytic implementation for the problems of resonance
analytic dynamics, described by nonlinear differential equations. It is a kind of in-
troduction to such a development. But in any case, examples such as the construc-
tion of Lyapunov and Krylov—-Bogolyubov transforms, the construction of Hill’s
solutions and Mathieu functions prove the ample efficiency of numerical-analytic
methods and the enlarged possibility of implementation of the corresponding algo-
rithms by these methods compared with purely analytic technique. The described
version of numerical-analytic methods, mainly providing for the implementation
of algorithms by way of operations on the appropriate structures with numerical
(but not literal) coefficients, in a number of cases results in simple enough schemes
of calculation that require modest computer aids (e.g., Hill solutions and Mathieu
functions). Certainly, in many problems, e.g. in the three-body problem described
above, implementation of algorithms requires computers with large enough mem-
ory and operating speed. This is mainly due to the fact that we propose to focus
on iterations with quadratic convergence. It is this computational process that
allows us to surmount to a certain extent the small denominators problem that is
typical for problems of resonance analytic dynamics. We would also note that for
the further development of the proposed numerical-analytic methods one should
use modern computer analytic calculus packages like MAPLE, MATHEMATICA
3.0 (see Wolfram [1]) and other similar software.

Section 4.1 For the derivation of algorithms for the Lyapunov transformation
the material described in the papers Erugin [1], Lyapunov [1], Woodcock, et al. [1],
Starzhinski and Yakubovich [1] is used.

Section 4.2 Algorithms in the construction of Green and Lyapunov matrices
were derived in accordance with Lyapunov [1], Grebenikov and Ryabov [1,4].

Section 4.3 The derived algorithms are new.

Section 4.4 The described method of the construction of periodic Hill solu-
tions conforms to Grebenikov and Ryabov [4].

Section 4.5 The described full algorithm for the construction of Mathieu func-
tions and the computer program are new.
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Section 4.6 The shortened version of the described algorithm for the con-
struction of solutions to the three-body problem was given in Ryabov [3, 4].

Section 4.7 The described algorithm corresponds to that from (Grebenikov
and Ryabov [1].
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